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Synthesizing Periodic Tilings of Regular Polygons



Motivation: tile the plane with regular polygons Kepler (1619)
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Rigidity: only 15 vertex neighborhoods
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Rigidity: only 11 tilings are 1-regular
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Goal: represent and synthesize complex k-regular tilings
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Understanding tilings: translation symmetries (group p1)
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Understanding tilings: fundamental domain

7 \ < 4 7 \ < A 7 \ < pi
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Hilbert & Cohn-Vossen (1952)



Hilbert & Cohn-Vossen (1952)

Regular systems of points



Reconstruct tiling from vertices
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Reconstruct tiling from vertices: edges



Reconstruct tiling from vertices: translation grid




Reconstruct tiling from vertices: fundamental domain




Reconstruct tiling from vertices: patch







Edges aligned to a few basic directions

roots of unity

2mi
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Edges aligned to a few basic directions
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Edges aligned to a few basic directions
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Edges aligned to a few basic directions
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Edges aligned to a few basic directions

roots of unity
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Edges aligned to a few basic directions

Fw,, tw,

roots of unity
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Vertices as integer linear combinations of basic directions




Vertices as integer linear combinations of basic directions




Vertices as integer linear combinations of basic directions




Vertices as integer linear combinations of basic directions
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Vertices as integer linear combinations of basic directions
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Vertices as integer linear combinations of basic directions
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Vertices as integer linear combinations of basic directions

O + wi2 + We + W12 + w1 + w12



Vertices as integer linear combinations of basic directions
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Vertices as integer linear combinations of basic directions

+ w1 + w12 + we + w4

O + wy2 + We + W12



Vertices as integer linear combinations of basic directions
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Translations as integer linear combinations of basic directions




Translations as integer linear combinations of basic directions




Translations as integer linear combinations of basic directions

O + w12



Translations as integer linear combinations of basic directions

O+ wi2 +ws + ws



Translations as integer linear combinations of basic directions

O+ wi2 +ws + we + wa



Translations as integer linear combinations of basic directions

O + wi2 + wyq + we + wy + ws



Translations as integer linear combinations of basic directions

O + wio + wy + wg + wy + wg + wWia



Translations as integer linear combinations of basic directions

O + wi2 + wyq + we + wq + we + wi2 + W12



Translations as integer linear combinations of basic directions

=1

O + wi2 + wyq + we + wq + we + wi2 + W12



Tiling symbols

Each tiling is represented by:

» two translation vectors
define the fundamental region

> set of seeds
vertices inside fundamental region

» translation vectors and seeds expressed as
integer linear combinations of
basic directions

Basic directions can be simplified:

wr+wy =0

w3 +wg =0

w2 +we +wg =0

wg —wiz +wi2 =0
wi =1, we=-1, wy=1

At most four basic directions needed

Unique representation
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Assisted acquisition from photographs




Assisted acquisition from photographs: user selects vertices




Assisted acquisition from photographs: user selects vertices



Assisted acquisition from photographs:
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connect vertices with basic directions

Q= {w17w47w8aw8}



Assisted acquisition from photographs: find translations by maximizing overlap
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Assisted acquisition from photographs: fundamental region
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Assisted acquisition from photographs: fundamental region
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Assisted acquisition from photographs: seeds

. . . Q - {w17w47w8558}
° o . . . t]_ = [171,1,0]
. . . . . t2 - [1,_1,0, 1]
. . . . . . Sl — [0? 0’0’0]
. . . o . . 52 o [07 0’0’ 1]
. . . . . . S3 _ [170’ 0’ 1]
Si=11,0,1,1]



Assisted acquisition from photographs: patch

. . . Q - {w17w47w8’w8}
° o . . . t]_ = [1,1,1,0]
. . . . . t2 - [1,_170, 1]
. . . . . . Sl — [0? 0’0’0]
. . . o . . SQ o [07 0’0’ 1]
. . . . . . S3 _ [170’ 0’ 1]
Si=11,0,1,1]



Assisted acquisition from photographs: tiling

O S (R

Q= {W1,w4, wSaEB}

t1=1[1,1,1,0]
ty=1[1,-1,0,1]
Sy =1[0,0,0,0]
Sy = 1[0,0,0, 1]
S5 =1[1,0,0, 1]
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Book & catalogue: 200+ Arquimedean tilings

“Sobre malhas arquimedianas”, Ricardo Sa e Asla Medeiros e S4, 2017



SOBRE MALHAS ARQUIMEDIANAS - CATALOGO ILUSTRADO - MALHAS DE 2NOS - RICARDO SA E ASLA MEDEIROS E SA - 2017
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Automatic acquisition from tiny point cloud images
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Automatic acquisition from tiny point cloud images
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Automatic acquisition from tiny point cloud images
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Automatic acquisition from tiny point cloud images
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Automatic acquisition from tiny point cloud images



Automatic acquisition from tiny point cloud images
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Automatic acquisition from tiny point cloud images
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Automatic acquisition from tiny point cloud images
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Automatic acquisition from tiny point cloud images
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Automatic acquisition from tiny point cloud images
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Automatic acquisition from tiny point cloud images
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Automatic acquisition from tiny point cloud images
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Automatic acquisition from tiny point cloud images
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Automatic acquisition from tiny point cloud images
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Automatic acquisition from tiny point cloud images
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Automatic acquisition from tiny point cloud images
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Automatic acquisition from tiny point cloud images
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Automatic acquisition from tiny point cloud images
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Automatic acquisition from tiny point cloud images
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Automatic acquisition from tiny point cloud images
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Automatic acquisition from tiny point cloud images
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Automatic acquisition from tiny point cloud images
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Automatic acquisition from tiny point cloud images
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Automatic acquisition from tiny point cloud images
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Automatic acquisition from tiny point cloud images
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Automatic acquisition from tiny point cloud images
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Automatic acquisition from tiny point cloud images
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Automatic acquisition from tiny point cloud images
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Automatic acquisition from tiny point cloud images
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Automatic acquisition from tiny point cloud images

. . . . . .
. . . .
. . . . . .
o o . . « e . . « o
. « o . . o o .
° . . ° . . ©
. . . . . .
. . .
. . .
. . . .
. N .
« e .
o . . o o
- .
.
. .
. .
.
. .
o o . « o
« e .
. . .
. . . .
. . . . . . .
. . . . . . .
. . . . o .
. . . . . . .
. « . . « o .
o o . . o« o . . ¢ e
. . . . © .
. . . .



Automatic acquisition from tiny point cloud images

. . . . . .
. . . .
. . . . . .
o o . . « e . . « o
. « o . . o o .
° . . ° . . ©
. . . . . .
. . .
. . .
. . . .
. N .
« e .
o . . o o
- .
.
. .
. .
.
. .
o o . « o
« e .
. . .
. . . .
. . . . . . .
. . . . . . .
. . . . o .
. . . . . . .
. « . . « o .
o o . . o« o . . ¢ e
. . . . © .
. . . .



Automatic acquisition from tiny point cloud images
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Automatic acquisition from tiny point cloud images
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Web interface to catalogue
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Synthesizing Periodic Tilings of Regular Polygons



