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Abstract. A survey of recent results on the dependence of Lyapunov expo-
nents on the underlying data.

To Jean-Christophe Yoccoz, in memoriam

1. Lyapunov exponents

The notion of Lyapunov exponent goes back to the stability theory for differential
equations developed in the doctoral thesis of Aleksandr M. Lyapunov [43], in the
late 19th century. Consider a quasi-linear differential equation

(1) x′ = L(t)x+R(t, x),

where L(t) : Rd → Rd is linear and R(t, x) is a perturbation of order bigger than 1:

sup
t

‖R(t, x)‖
‖x‖ → 0 as x→ 0.

Let t0 be fixed. The Lyapunov exponent function v 7→ λ(v) is defined by

(2) λ(v) = lim sup
t→∞

1

t
log ‖βv(t)‖

where βv denotes the solution of the linear equation

(3) x′ = L(t)x

with initial condition βv(t0) = v. It does not depend on the choice of t0.
It is clear that the solution β0(t) ≡ 0 of the linear equation (3) is exponentially

stable if λ < 0. The stability theorem of Lyapunov states that the zero solution
remains exponentially stable for the non-linear equation (1), under an additional
condition called Lyapunov regularity. The monograph of Barreira, Pesin [10] con-
tains a detailed presentation of this topic.

Furstenberg, Kesten [27] proved in 1960 that the limit in (2) exists for almost
every x, relative to any probability measure invariant under the flow. A few years
later, in 1968, Oseledets [47] proved that Lyapunov regularity also holds for almost
every point. These two results brought the subject of Lyapunov exponents firmly
to the camp of ergodic theory, where it has prospered since. To give their precise
statements, we need the notion of linear cocycle. For simplicity of the presentation
we will restrict ourselves to the discrete-time case, but there is an entirely parallel
theory for continuous-time.
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1.1. Linear cocycles. Let f :M →M be a measurable transformation and µ be
a probability measure on M invariant under f . Let A : M → G be a measurable
function with values in a matrix group G ⊂ GL(d). The linear cocycle defined by
A over f is the skew-product

F :M × R
d →M × R

d, F (x, v) = (f(x), A(x)v).

On some occasions where the map f is fixed, we allow ourselves to call A itself a
cocycle. We speak of G-cocycle when we wish to make the group G explicit.

Observe that Fn(x, v) = (fn(x), An(x)v) for every n ≥ 0, where

An(x) = A(fn−1(x)) · · ·A(f(x))A(x).
If f is invertible, the identity remains true for n < 0, with

An(x) = A(fn(x))−1 · · ·A(f−2(x))−1A(f−1(x))−1.

Example 1.1 (Derivative cocycles). Let f : M → M be a local diffeomorphism on
a manifold M and µ be an invariant probability measure. Assuming that M is
parallelizable, meaning that the tangent bundle TM is trivial, we may view the
derivative A(x) = Df(x) at each point as a matrix. Thus the tangent map

Df : TM → TM, Df(x, v) = (f(x), Df(x)v)

is a linear cocycle, in the previous sense.

More generally, one could define a linear cocycle to be an endomorphism V → V
of any finite-dimensional vector bundle V →M , which would include the derivative
of any diffeomorphism on any manifold. However, such a definition would compli-
cate our notations a bit, without adding any essential value for our purposes. So,
we stick to the case where V is a trivial vector bundle M × Rd.

Example 1.2 (Random matrices). Let ν be any probability distribution on a group
G ⊂ GL(d). The following construction models the stochastic process where one
picks matrices at random in G, successively and independently, according to the
probability distribution ν. Let M = GN, µ = νN and f :M →M be the shift map.
Then let A :M → G be the projection to the zeroth coordinate, defined by

(4) A
(
(gj)j

)
= g0.

Note that An
(
(gj)j

)
= gn−1 · · · g1g0 for every n ≥ 1. We may also replace N with

Z, that is, we may take M = GZ and µ = νZ. Then the shift map f : M → M
becomes invertible and An

(
(gj)j

)
= g−1

n · · · g−1
−1 if n < 0.

1.2. Theorem of Furstenberg-Kesten. The ergodic theory of Lyapunov expo-
nents was initiated by the following result of Furstenberg, Kesten [27]:

Theorem 1.3 (Furstenberg, Kesten). Assuming that x 7→ log+ ‖A(x)‖ is integrable

with respect to µ, there exists a measurable function λ+ :M → R such that

lim
n

1

n
log ‖An(x)‖ = λ+(x) for µ-almost every x.

Similarly, assuming that x 7→ log+ ‖A(x)−1‖ is integrable with respect to µ, there
exists a measurable function λ− :M → R such that

lim
n

− 1

n
log ‖An(x)−1‖ = λ−(x) for µ-almost every x.

Moreover, λ+ ≥ λ− and λ± ◦ f = λ± at µ-almost every point. In particular, if

(f, µ) is ergodic then the functions λ± are constant on some full µ-measure set.
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Theorem 1.3 is a special case of the sub-additive ergodic theorem, proven a few
years later by Kingman [36]. The statement of the sub-additive ergodic theorem
can be found in Viana [61, Sections 3.1–3.2], together with an elementary proof due
to Avila and Bochi. It also gives the following useful relations:

(5)

∫
λ+ dµ = lim

n

∫
1

n
log ‖An‖ dµ = inf

n

∫
1

n
log ‖An‖ dµ and

∫
λ− dµ = lim

n

∫
− 1

n
log ‖(An)−1‖ dµ = sup

n

∫
− 1

n
log ‖(An)−1‖ dµ.

Remark 1.4. It follows from (5) that A 7→
∫
λ+ dµ is upper semi-continuous and

A 7→
∫
λ− dµ is lower semi-continuous, with respect to the C0 topology in the space

of maps M → G. So, any A : M → G for which λ+ = λ− at µ-almost every point
is a continuity point for the integrated Lyapunov exponents

∫
λ± dµ.

1.3. Theorem of Oseledets. This is a refinement of Theorem 1.3 in that the
conclusion is formulated in terms of the norms of the images ‖An(x)v‖, for every
non-zero v ∈ Rd, rather than the norm ‖An(x)‖ of the matrix itself. That is, while
Theorem 1.3 is concerned with the matrices An(x), the next statement is about
their individual column vectors.

Theorem 1.5 (Oseledets). Assume that log+ ‖A‖ is integrable with respect to µ.
Then at µ-almost every x ∈ M there exist an integer k(x) ≥ 1, a flag Rd = V 1

x >

· · · > V
k(x)
x > {0}, and real numbers λ1(x) > · · · > λk(x)(x) such that for any

i = 1, . . . , k(x),

(1) the functions x 7→ k(x), λi(x), V
i
x are measurable;

(2) k(x) = k(f(x)), λi(x) = λi(f(x)) and A(x)V
i
x = V i

f(x) at µ-almost every x;

(3) lim
n

1

n
log ‖An(x)v‖ = λi(x) for every v ∈ V i

x \ V i+1
x .

If the system (f, µ) is ergodic then the functions x 7→ k(x), λi(x), dim V i
x are con-

stant µ-almost everywhere.

The conclusion of this theorem may be sharpened considerably when the map f
is invertible, as long as we also assume that log+ ‖A−1‖ is integrable with respect
to µ. Indeed, in this case instead of a flag one has a direct sum decomposition

Rd = E1
x ⊕ · · · ⊕ E

k(x)
x with

A(x)Ei
x = Ei

f(x) and lim
n→±∞

1

n
log ‖An(x)v‖ for every v ∈ Ei

x \ {0}.

The flag and the decomposition are related through V i
x = Ei

x⊕V i+1
x . This invertible

version of the Oseledets theorem also asserts that

(6) lim
n→±∞

1

n
log | detAn(x)| =

∑

i

λi(x) dimEi
x for µ-almost every x.

The identity in (6) is precisely the Lyapunov regularity condition for x.
The Oseledets theorem was first proven in [47]. Alternative arguments followed,

by Raghunathan [51], Ruelle [53] and others. Dynamical systems proofs can be
found in Walters [66] and Viana [61, Sections 4.2–4.3].

The numbers λi are called the Lyapunov exponents of the linear cocycle. The
number mi = dimV i − dim V i+1 (= dimEi in the invertible case) is called the
multiplicity of the corresponding Lyapunov exponent λi. The Lyapunov spectrum

is the set of Lyapunov exponents counted with multiplicity, that is, the ordered list
χ1 ≥ · · · ≥ χd where each exponent λi is repeated mi times.
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The proof of the Oseledets theorem also gives that the functions λ+ and λ− in
Theorem 1.3 coincide with the largest and the smallest Lyapunov exponents:

(7) λ1 = λ+ and λk = λ−.

Thus we call them extremal Lyapunov exponents. It is possible (and useful) to
express all the Lyapunov exponents in terms of the extremal Lyapunov exponents
of certain linear cocycles induced by A, as we are going to explain.

Remark 1.6. For 1 ≤ l ≤ d, the exterior l-power of Rd is the vector space Λl(Rd)
of alternating l-linear forms ω : (Rd)∗ × · · · × (Rd)∗ → R on the dual space (Rd)∗.
Each linear map L : Rd → Rd induces a linear map ΛlL : Λl(Rd) → Λl(Rd), by

(8) ΛlL(ω) : (φ1, . . . , φl) 7→ ω(φ1 ◦ L, . . . , φl ◦ L),
for ω ∈ Λl(Rd) and φ1, . . . , φl ∈ (Rd)∗.

Thus each linear cocycle F : M×R
d →M×R

d, F (x, v) = (f(x), A(x)v) induces
a linear cocycle

ΛlF :M × Λl(Rd) →M × Λl(Rd), ΛlF (x, ω) = (f(x),ΛlA(x)ω)

on the exterior power. Let λl± be the functions given by Theorem 1.3 for ΛlF . One

can prove (see [61, Proposition 4.7]) that the Lyapunov exponents of ΛlF counted
with multiplicity are the sums χi1 + · · · + χil with 1 ≤ i1 < · · · < il ≤ d. In
particular,

(9) λl+ = χ1 + · · ·+ χl and λ
l
− = χd−l+1 + · · ·+ χd for 1 ≤ l ≤ d.

By Remark 1.4, it follows that the maps

A 7→
∫
(χ1 + · · ·+ χl) dµ and A 7→

∫
(χd−l+1 + · · ·+ χd) dµ

are, respectively, upper and lower semi-continuous. Finally, (9) may be written as

(10) χl = λl+ − λl−1
+ = λd−l−1

− − λd−l
− for 1 ≤ l ≤ d.

1.4. The continuity problem. The theory of Lyapunov exponents grew into a
very broad area and active field in ergodic theory and dynamical systems, with sev-
eral outstanding problems and applications. See, for instance, Barreira, Pesin [10]
and Viana [61].

The problem of non-triviality of the Lyapunov spectrum – when are λ− and
λ+ distinct? – goes back to the foundational work of Furstenberg [26] and was
explored by many others, most notably Ledrappier [40] and, more recently, Bonatti,
Gomez-Mont, Viana [15], Viana [60], Avila, Viana [5], and Avila, Santamaria,
Viana [2]. An important by-product is the Invariance Principle (see [15, 5, 2]), a
general statement to the effect that situations with λ− = λ+ are very rigid, at the
measurable, topological and even metric level.

Applications of this principle in smooth dynamics include, among others: the
stable Bernoulli theorem of Avila, Viana [5, Theorem A]; the rigid dichotomy theo-
rem of Avila, Viana, Wilkinson [6, Main Theorem 1]; the construction of measures
of maximal entropy by Hertz, Hertz, Tahzibi, Ures [34] and Ures, Viana, Yang [58],
and of physical measures by Viana, Yang [64]; the rigidity theory for invariant
measures with large entropy by Tahzibi, Yang [56] and for Lyapunov exponents of
Anosov diffeomorphisms by Saghin, Yang [54]; and the density and openness of hy-
perbolicity among some partially hyperbolic diffeomorphisms with two-dimensional
center bundle, proved by Maŕın [46] and Liang, Maŕın, Yang [42].

The related problem of simplicity of the Lyapunov spectrum – when are all the
Lyapunov exponents distinct, wit multiplicity 1? – was initiated by Guivarc’h,
Raugi [32] and Gol’dsheid, Margulis [29] and has also been the object of consider-
able interest in recent years: see for instance Bonatti, Viana [16], Avila, Viana [3, 4],
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Cambrainha, Matheus [20] and Poletti, Viana [50]. A main applications was the
proof of the Zorich–Kontsevich conjecture on the Lyapunov spectrum of the Te-
ichmüller flow on the moduli space of Abelian differentials, by Avila, Viana [4].

In this paper we are mostly concerned with the following problem: how do Lya-
punov exponents depend on their underlying data F and µ? We follow more closely
a particular thread of results, concerning continuous dependence of Lyapunov ex-
ponents. Some recent progress about regularity of Hölder type is also mentioned.
Even finer regularity such as smoothness, or the real-analyticity in Ruelle [52] and
Peres [49], uses different methods and is not dealt with here.

For the most part, we focus on cocycles driven by hyperbolic (”chaotic”) systems.
The reader is referred to the works of Duarte, Klein [23, 24] for related discussions
that include also the case of cocycles over quasi-periodic transformations. Besides,
a survey paper devoted more directly to the quasi-periodic case is currently under
preparation, by Disheng Xu.

Another distinctive feature of our selection is that we try and focus on “gen-
eral cases”. For instance, irreducibility conditions play a very limited role in what
follows, although they are a usual ingredient in most results on dependence of
Lyapunov exponents, including the continuity theorem of Furstenberg, Kifer [28],
the Hölder and even smooth dependence proved by LePage [48], the real-analytic
variation with the probability weights obtained by Peres [49], and the theory devel-
oped by Duarte, Klein [23, 24] to prove various moduli of continuity for Lyapunov
exponents.

For similar reasons, important subclasses such as Schrödinger cocycles, with their
rich toolbox of more specific methods, are mentioned only briefly. In this regard,
check Goldstein, Schlag [30], Bourgain, Jitomirskaya [18, 17], Duarte, Klein [23, 24],
Damanik [21] and the references therein.

Acknowledgements. Conversations with Jiagang Yang, Artur Avila, Alex Eskin,
Mauricio Poletti, Pedro Duarte and Silvius Klein were very useful. Adriana Sánchez
and El Hadji Yaya Tall pointed several corrections to the text. I am also grateful
to Clark Butler for sharing his thoughts about non-uniform fiber-bunching.

2. The C0 setting: discontinuity

2.1. Theorem of Mañé-Bochi. At his address to the 1983 International Congress
of Mathematicians, in Warsaw, Mañé [45] claimed the following fact:

Theorem 2.1 (Mañé, Bochi). Every area-preserving diffeomorphism f : M → M
on a compact surface either is Anosov or can be approximated in the C1 topology

by an area-preserving diffeomorphism whose Lyapunov exponents vanish at almost

every point.

Anosov diffeomorphisms exist only on the torus T2: for all other compact surfaces
the theorem asserts that Lyapunov exponents can be cancelled by arbitrarily C1-
small perturbations of the diffeomorphism. Unfortunately, Mañé never published
the proof and only an incomplete draft existed at the time of his passing in 1995.
In his 2001 doctoral thesis, Bochi [11] gave the first complete proof and also stated
the following related result for linear cocycles:

Theorem 2.2 (Mañé, Bochi). Given any invertible aperiodic ergodic system (f, µ)
on a compact Hausdorff space, every continuous cocycle A : M → SL(2) which is

not uniformly hyperbolic may be approximated in the C0 topology by another whose

Lyapunov exponents vanish at µ-almost every point.



6 MARCELO VIANA

By aperiodic we mean that the set of periodic points has zero measure. Uniform
hyperbolicity means that there exist constants C > 0 and λ < 1 and there exists a
direct sum decomposition R2 = Eu

x ⊕ Es
x such that for every x ∈M

(a) A(x)Es
x = Es

f(x) and A(x)E
u
x = Eu

f(x) and

(b) ‖An(x) | Es
x‖ ≤ Cλn and ‖(An(x) | Eu

x )
−1‖ ≤ Cλn < 1 for every n ≥ 1.

Such a decomposition is automatically continuous and it is clear that its existence
prevents the Lyapunov exponents from vanishing. One can show that uniform
hyperbolicity is a stable property, that is, it still holds for any cocycle in a C0

neighborhood. Moreover, the two invariant sub-bundles x 7→ Eu
x and x 7→ Es

x vary
continuously with the map A.

Theorem 2.1 may be viewed as a kind of restriction of Theorem 2.2 to the special
case of derivative cocycles (Example 1.1). Indeed, by definition, a diffeomorphism
f :M →M on a surface is Anosov if and only its derivative is uniformly hyperbolic.
Moreover, the C1 topology for diffeomorphisms corresponds to the C0 topology at
the level of their derivatives. Theorem 2.1 is much harder though, because in that
setting one can not perturb the map A without perturbing the base dynamics f as
well. Nevertheless, Bochi [11] was also able to complete the proof of Theorem 2.1,
based on Mañé’s draft. In the meantime the continuity problem had also been
highlighted by the pioneer work of Knill [37, 38] on SL(2)-cocycles.

Theorems 2.1 and 2.2 imply that the Lyapunov exponents depend in a very
discontinuous fashion on the surface diffeomorphism f : M → M , relative to the
C1 topology, or the linear cocycle A : M → SL(2), relative to the C0 topology.
Indeed, according to the theorem, the only possible continuity points are those sys-
tems which are uniformly hyperbolic or whose Lyapunov exponents vanish almost
everywhere. The next couple of remarks prove that these are indeed continuity
points.

Remark 2.3. For SL(2)-cocycles the relation (6) means that λ+(x) + λ−(x) = 0 at
almost every point. Thus the Lyapunov exponents coincide if and only if they van-
ish. By Remark 1.4, it follows that every SL(2)-cocycle whose Lyapunov exponents
vanish almost everywhere is a continuity point for

∫
λ± dµ. In particular, this holds

for the derivative cocycles of area-preserving diffeomorphisms.

Remark 2.4. For uniformly hyperbolic SL(2)-cocycles, the Oseledets decomposition
must coincide, in its domain, with the hyperbolic decomposition R2 = Eu

x ⊕Es
x. So,

the fact that the hyperbolic decomposition varies continuously with A :M → SL(2)
implies that every uniformly hyperbolic SL(2)-cocycle is also a continuity point for
the integrated Lyapunov exponents. In particular, this holds for the derivative
cocycles of area-preserving Anosov diffeomorphisms (on the 2-torus).

2.2. Higher dimensions. These conclusions have been extended to arbitrary di-
mension by Bochi, Viana [13] and Bochi [12], as we are going to explain. The
results concern both diffeomorphisms, volume-preserving or even symplectic, and
G-cocycles, for various matrix groups G, but we recall the precise statements only
the latter setting.

In dimensions bigger than 2, uniform hyperbolicity is replaced by the notion of
dominated decomposition: instead of (b) above, one requires that

(c) ‖An(x) | Es
x‖ ‖(An(x) | Eu

x )
−1‖ ≤ Cλn for every n ≥ 1.

This means that, for typical tangent vectors, their forward iterates converge to Eu

and their backward iterates converge to Es, at uniform exponential rates. It is not
difficult to check that (b) and (c) are equivalent in the SL(2) case, assuming that
(a) holds.

More generally, we say that a direct sum decomposition Rd = E1
x⊕· · ·⊕Ek

x into
any number k ≥ 1 of factors is dominated if there are C > 0 and λ < 1 such that
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(A) A(x)Ei
x = Ei

f(x) for every x ∈M and i = 1, . . . , k;

(C) ‖An(x) | Es,i
x ‖ ‖(An(x) | Eu,i

x )−1‖ ≤ Cλn for all x ∈M and i = 1, . . . , k−1,
where Eu,i

x = E1
x ⊕ · · · ⊕ Ei

x and Es,i
x = Ei+1

x ⊕ · · · ⊕ Ek
x .

By convention, the trivial decomposition into a single factor E1
x = R

d is considered
to be dominated.

Let G be any closed subgroup of GL(d) that acts transitively on the projective
space PRd, for example SL(d). Other interesting examples, for even d = 2k, are the
symplectic group Sp(2k) and the complex linear groups GL(k,C) and SL(k,C).

Theorem 2.5 (Bochi, Viana). Let (f, µ) be an invertible aperiodic ergodic system

on a compact Hausdorff space M . Denote by C0(M,G) the space of continuous

maps A : M → G equipped with the C0 topology. Then A ∈ C0(M,G) is a conti-

nuity point for the map

(11) X : C0(M,G) → R
d, A 7→

(
χ1, . . . , χd)

if and only if the Oseledets decomposition of the corresponding cocycle F over f
extends to a dominated decomposition on the whole M .

Note that χi =
∫
χi dµ for every i = 1, . . . , k, by ergodicity. Keep in mind that

the conclusion of the theorem includes the case when the Oseledets decomposition is
trivial, that is, when it consists of a single factor E1

x = R
d at µ-almost every point.

Obviously, this happens if and only if χ1 = · · · = χd or, equivalently, λ+ = λ−.
It is well-known (see [39, §31.X]) that the set of continuity points of any semi-

continuous function on a Baire space is a residual subset of the space. By Re-
marks 1.4 and 1.6 this applies to the Lyapunov exponents λl± of all exterior powers.
So, it follows from (10) that the set of continuity points of the map (11) is a residual
subset of C0(M,G). This yields the following:

Corollary 2.6 (Bochi, Viana). There exists a residual subset R of C0(M,G) such
that the Oseledets decomposition of the linear cocycle F defined over f by every

A ∈ R extends to a dominated decomposition over the whole M .

3. Random matrices: continuity

In contrast with the considerations in the previous section, continuous depen-
dence of Lyapunov exponents on the underlying data has also been proven in some
significant cases. We start with the following result about random matrices.

3.1. Irreducible cocycles. Consider the one-sided case in Example 1.2, that is,
M = GN and µ = νN. Keep in mind that, since Bernoulli measures are ergodic, the
Lyapunov exponents χi(x) are constant µ-almost everywhere.

We call ν irreducible if the matrices g ∈ supp ν have no common invariant
subspace and strongly irreducible if there is no finite family of subspaces of Rd

invariant under every g in the support of ν.
Furstenberg, Kifer [28] proved that every irreducible probability measure is a

continuity point for the largest Lyapunov exponent ν 7→ λ+(ν). More precisely,
λ+(νk) → λ+(ν) for any sequence (νk)k converging to ν in the weak∗ topology and
satisfying uniform integrability: for any ε > 0 there is R > 0 such that

∫

‖g‖>R

log ‖g‖ dνk(g) +
∫

‖g−1‖>R

log ‖g−1‖ dνk(g) < ε for every k.

Closely related results were obtained independently by Hennion [33].
We are going to outline the proof, as that allows us to clarify the role of the

irreducibility hypothesis. For a detailed presentation and much related information,
see Viana [61, Chapters 5 and 6].
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3.2. Stationary measures. Given a probability distribution ν on G, a probability
measure η on PRd is called ν-stationary if

(12) η(E) =

∫

G

η
(
g−1(E)

)
dν(g) for every measurable set E ⊂ PR

d.

One can check that η is ν-stationary if and only if the product measure νN × η is
invariant under the projective cocycle

PF : GN × PR
d → GN × PR

d, PF
(
(gn)n, ξ

)
=

(
(gn+1)n, g0ξ

)
.

The set Stat(ν) of stationary measures is a non-empty, convex, compact subset
of the space M(PRd) of probability measures on PRd, equipped with the weak∗

topology. Moreover, the map ν 7→ Stat(ν) is upper semi-continuous with respect
to the Hausdorff topology in the space of compact subsets of M(PRd). That is, if
ηk ∈ Stat(νk) for every k and (νk)k converges to ν then every accumulation point
of (ηk)k is contained in Stat(ν).

Consider the dilation function φ : G× PRd → R defined by

φ(g, ξ) = log
‖gv‖
‖v‖ ,

where v ∈ Rd is any vector in the direction ξ ∈ PRd. By a result of Furstenberg
(see [61, Proposition 6.7]),

(13) λ+(ν) = max
{∫

G×PRd

φd(ν × η) : η ∈ Stat(ν)
}
.

It follows that ν 7→ λ+(ν) is continuous at every point ν for which there exists a
unique stationary measure or, more generally, for which

(14) η 7→
∫

G×PRd

φd(ν × η) is constant on Stat(ν).

3.3. Continuity for irreducible cocycles. It turns out that irreducibility implies
(14): for instance, that can be deduced from the “deterministic filtration” theorem
of Furstenberg, Kifer [28] and Hennion [33] that we recall in (16)–(19) below. In this
way it follows that the largest Lyapunov exponent is continuous at every irreducible
measure.

For a proof that does not use the deterministic filtration theorem but assumes
strong irreducibility, see Viana [61, Section 6.2.2]. In [28] the conclusion is extended
to the case when ν is only quasi-irreducible, meaning that there exists at most one
invariant subspace.

Remark 3.1. If ν is such that there is no proper algebraic submanifold of GL(d)
containing its support then (Gol’dsheid, Margulis [29, Lemmas 4.2 and 4.5]) there
exists a unique ν-stationary measure η on PRd, and it satisfies η(V ) = 0 for any
proper algebraic submanifold V of PRd.

This holds, for example, if supp ν has non-empty interior. Now, it is not difficult
to check that every probability measure on GL(d) can be weak∗-approximated by
an open set of probability measures whose supports have non-empty interior. Thus
stable uniqueness of the stationary measure is weak∗-dense.

3.4. Continuity theorem for d = 2. The situation becomes a whole lot more
subtle when one has to deal with probability measures ν for which (14) breaks
down:

Example 3.2. Let ν = (δg1 + δg2)/2 with

g1 =

(
2−1 0
0 2

)
and g2 =

(
8 0
0 8−1

)
.
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The horizontal and vertical axes, X and Y , are invariant under both matrices, and
so they must coincide with the Oseledets subspaces at almost every point. Then
the Lyapunov exponents are also easy to find: λ+ = log 2 and λ− = − log 2. Both
Dirac masses δX and δY , corresponding to the two coordinate axes, are ν-stationary.
Moreover,

∫
φd(δX × µ) = log 2 = λ+ and

∫
φd(δY × µ) = − log 2 = λ−.

By Remark 3.1, one can find nearby probability measures νk admitting a unique
stationary measure ηk. We know that (ηk)k accumulates inside Stat(ν), but where
exactly? Unless it converges to δX , the Lyapunov exponent λ+ cannot be continu-
ous. Does (ηk)k actually converge to δX?

This issue was first dealt with in the thesis of Bocker [14], where it was shown
that the answer is positive in dimension 2, at least for probability measures with
compact support in GL(2). Let us give the precise statement.

For any d ≥ 2, let G(d) be the space of compactly supported probability measures
on GL(d), equipped with the weakest topology, T , such that

(i) T is stronger than the weak∗ topology restricted to G(d) and
(ii) T is stronger than the pull-back of the Hausdorff topology by ν 7→ supp ν.

In other words, two compactly supported probability measures are close relative to
T if and only if they are weak∗-close and their supports are Hausdorff-close.

Theorem 3.3 (Bocker, Viana). The extremal Lyapunov exponents ν 7→ λ±(ν) vary
continuously on G(2).

For probability measures supported on finite sets, that is, of the form

ν = p1δg1 + · · ·+ pNδgN ,

this just means that the Lyapunov exponents λ± vary continuously with the proba-
bility weights p1, . . . , pN > 0 and the coefficients of the matrices g1, . . . , gN ∈ GL(2),
at every point (irreducible or not). The following example shows that this may fail
when some of the probability weights vanishes, and it also explains why the condi-
tion (ii) in the definition of T can not be omitted.

Example 3.4 (Kifer). Let ν = p1δg1 + p2δg2 for p1, p2 > 0 such that p1+ p2 = 1 and

g1 =

(
2−1 0
0 2

)
and g2 =

(
0 −1
1 0

)
.

The two coordinate axes are fixed under g1 and they are permuted by g2. Using this
observation one can check that λ+ = λ− = 0 for every p2 > 0. However, λ+ = log 2
and λ− = − log 2 when p2 = 0. Thus (1, 0, g1, g2) is a point of discontinuity for the
maps (p1, p2, g1, g2) 7→ λ±. Observe that ν = p1δg1 + p2δg2 does not converge to
δg1 in the T topology when p2 → 0+, because supp ν = {g1, g2} does not converge
to supp δg1 = {g1} in the Hausdorff topology.

Theorem 3.3 was extended to Markov products of GL(2)-matrices by Malheiro,
Viana [44]. Further extensions will be discussed in a while.

3.5. A probabilistic repeller. There are now two different approaches to prov-
ing Theorem 3.3. The starting point is the same. Suppose that ν is a point of
discontinuity for λ+. Then there exists (νk)k converging to ν in G(2) and, using
(13), for each k there exists some νk-stationary measure ηk such that

(15) λ+(νk) =

∫
φd(νk × ηk) does not converge to λ+(ν).
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By compactness, we may assume that (ηk)k converges to some η in the weak∗

topology, and by semi-continuity of the set of stationary measures we have that η
is ν-stationary. Then

∫
φd(νk × ηk) →

∫
φd(ν × η),

and (15) means that this limit is strictly smaller than λ+(ν) (recall Remark 15).
Then, by the deterministic filtration theorem in [28, 33], there exists E ∈ PR2

such that

gE = E for every g ∈ supp ν;(16)

lim
n
n−1 log ‖gn−1 · · · g0v‖ = λ−(ν) for v ∈ E, νZ-almost surely;(17)

lim
n
n−1 log ‖gn−1 · · · g0v‖ = λ+(ν) for v ∈ E⊥, νZ-almost surely;(18)

η({E}) > 0.(19)

Examples of subspaces E and stationary measures η satisfying (16)–(19) do exist:
for instance, E = Y and η = δY in Example 3.2.

The strategy to prove that points of discontinuity do not exist is to show that in
these circumstances η can not be the limit of stationary measures ηk for probability
measures νk converging to ν. More precisely, one shows that if E satisfies (16)–(18)
then η({E}) = 0 for every ν-stationary measure η which is a limit of stationary
measures ηk for nearby probability distributions νk.

The key observation behind this is that properties (17) and (18) imply that E is
a local repeller for the random walk defined by ν on the projective space: νN-almost
surely, orbits (gn · · · g1ξ)n of points ξ ≈ E move away from E as n→ ∞. That kind
of repelling behavior persists for nearby probability distributions νk, so that the
corresponding stationary measures ηk should not be able to accumulate too much
mass on the vicinity of E. Then an atom at E could not exist for any weak∗-limit
measure η.

This strategy was implemented in the original proof [14] by considering a kind of
discretization of the ambient space PR2, namely, a suitable partition into intervals.
The transitions between such intervals are analyzed to derive explicit estimates of
the mass of the stationary measure ηk on a neighborhood of E. It is not immediately
clear how such an approach can be extended to other dimensions d, as the geometry
becomes a lot more complicated when one replaces intervals by higher dimensional
domains.

3.6. The energy method. A different implementation of the strategy we just de-
scribed was devised by Avila, Eskin, Viana [1] to extend the statement to arbitrary
dimension:

Theorem 3.5 (Avila, Eskin, Viana). The map ν 7→ (χ1, . . . , χd) is continuous on

G(d), for every d ≥ 2.

Recall that χ1 ≥ · · · ≥ χd are the Lyapunov exponents counted with multiplicity.
It follows from (10) that to prove Theorem 3.5 it suffices to show that ν 7→ λ+(ν) is
continuous on G(d) for any dimension d ≥ 2. The proof uses ideas from the theory
of optimal transport. We are going to present these ideas in the case d = 2, as it is
much simpler than the general one, while providing much of the flavor.

The main ingredient is the following result, whose proof is given in Appendix A.
For each r > 0, let E(r) ⊂ P denote the neighborhood of radius r around E.

Theorem 3.6 (Avila, Eskin, Viana). Let ν ∈ G(2) satisfy λ−(ν) < λ+(ν) and

conditions (16)–(18). Then there exist ε0 > 0, q > 0, s > 0 and a neighborhood
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U ⊂ G(2) of ν such that

η′ (E(qε)) <
2

3
η′ (E(ε)))

for every ε ∈ (0, ε0), every non-atomic η′ ∈ Stat(ν′) and every ν′ ∈ U whose

support is contained in the sε-neighborhood of supp ν.

Let us explain how to deduce Theorem 3.5 for d = 2. Suppose that there does
exist (νk)k → ν such that limk λ+(νk) < λ+(ν). By Remark 3.1, arbitrarily close
to each νk we may find ν′k ∈ G(2) such that there is a unique ν′k-stationary measure
and that measure is non-atomic. In particular, we may choose (ν′k)k such that

lim
k
ν′k = lim

k
νk = ν and lim

k
λ+(ν

′
k) ≤ lim

k
λ+(νk) < λ(ν)

(using the fact that λ+ is upper semi-continuous, cf. Remark 1.4). So, up to replac-
ing (νk)k with (ν′k)k, we may suppose from the beginning that the νk-stationary
measure ηk is unique and non-atomic.

Then, applying Theorem 3.6 we find that

ηk (E(aε)) <
2

3
ηk (E(ε)))

for ε ∈ (0, ε0) and k sufficiently large. Taking the weak∗ limit, we get that

η (E(aε)) ≤ 2

3
η (E(ε)))

for ε > 0 arbitrarily close to zero. Then η({E}) = 0, which contradicts (19).
Similar arguments, but without the explicit estimate in Theorem 3.6, were used

in Viana [61, Chapter 10], Malheiro, Viana [44] and Backes, Brown, Butler [8].
Theorem 3.6 has other applications, for proving moduli of continuity of Lyapunov
exponents, as we will comment upon in Section 5.

It is an intriguing question whether the previous continuity statements can be
extended to general probability measures on GL(d), not necessarily compactly sup-
ported. An obvious first difficulty is to find a suitable topology for such probability
measures: recall that the topology in G(d) is defined in terms of the Hausdorff
topology for the supports, which does not extend to the non-compact case.

In this context, Adriana Sánchez [55] proved that λ+ and −λ− are upper semi-
continuous relative to the Wasserstein distance (see Section 5 below), but not with
respect to the weak∗ topology. Moreover, they need not be continuous with respect
to the Wasserstein topology.

4. Towards a global theory

How can we insert the two contrasting types of behavior described in the previous
couple of sections into a consistent global picture of how Lyapunov exponents vary
with the cocycle? A natural first step is to try to relate the spaces of linear cocycles
involved in the two situations, and the corresponding topologies.

On the one hand, Section 2 deals with cocycles that are continuous, a rather mild
regularity property. On the other hand, according to (4), Section 3 is concerned
only with cocycles that are locally constant, meaning that the value of A depends
only on the zeroth coordinate in M = GN or GZ. The latter is a strong regularity
condition, as we will explain in a while.

This suggests that one may try to develop some intuition about the problem by
“interpolating” between these two classes. One way to do this is through Hölder
continuity. Let us begin by introducing a suitable setting.
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4.1. Measures with local product structure. Let (M,d) be a compact metric
space and f :M →M be a hyperbolic homeomorphism. What this means (see [60])
is that there exist constants ε > 0, δ > 0, λs < 1 and λu < 1 such that the local

stable and local unstable sets

W s
ε (x) = {y ∈M : d(fn(x), fn(y)) ≤ ε for every n ≥ 0} and

Wu
ε (x) = {y ∈M : d(fn(x), fn(y)) ≤ ε for every n ≤ 0}

satisfy

(a) d(f(x), f(y)) ≤ λsd(x, y) if y ∈W s
ε (x);

(b) d(f−1(x), f−1(y)) ≤ λud(x, y) if y ∈Wu
ε (x);

(c) if d(x, z) < 2δ then Wu
ε (x) ∩W s

ε (x) consists of a single point, [x, y], and
this point varies continuously with (x, y).

Anosov diffeomorphisms on compact manifolds are the first examples that come to
mind, but the following construction highlights that differentiability has little to do
with it.

Example 4.1. Let M = XZ, where X is a discrete topological space (for instance,
a finite set). Given any ρ < 1, consider the distance dρ defined on M by

(20) dρ
(
(αn)n, (βn)n

)
) = ρm

where m ∈ N ∪ {∞} is minimum such that either αm 6= βm or α−m 6= β−m. All
these distances induce the product topology on M . The shift map f : M → M is
a hyperbolic homeomorphism: just take ε = δ = 1 and observe that

W s
ε

(
(αn)n

)
=

{
(βn)n : αm = βm for every m ≥ 0} and

Wu
ε

(
(αn)n

)
=

{
(βn)n : αm = βm for every m ≤ 0},

and we may take λs = λu = ρ.

Property (c) in the definition above implies that, for any x ∈M , the map

Φx :W s
δ (x) ×Wu

δ (x) →M, (y, z) 7→ [y, z]

is a homeomorphism onto a neighborhood Vx of x. Let µ be an f -invariant proba-
bility measure with local product structure, meaning that for every x there exist a
measurable function ρx : Vx → (0,∞) and probability measures µs

x on W s
δ (x) and

µu
x on Wu

δ (x) such that

µ(E) =

∫ (
χE ◦ Φx

)
ρx dµ

s
x × dµu

x for any measurable E ⊂ Vx.

That is, µ | Vx = ρx dµ
s
x × dµu

x if we identify Vx with W s
δ (x) ×Wu

δ (x) through Φx.
For example, it is clear that any Bernoulli measure µ = νZ on M = XZ has local

product structure. The same is true, more generally, for any Markov measure on
M = XZ.

4.2. Hölder continuous cocycles. Let θ > 0. A matrix-valued function A on M
is said to be θ-Hölder if there exists C > 0 such that

(21) ‖A(x)−A(y)‖ ≤ Cd(x, y)θ for any x, y ∈M with d(x, y) ≤ 1.

The smallest such constant C is denoted by Hθ(A). We equip the space of θ-Hölder
maps A : M → GL(d) with the distance

Dθ(A,B) = sup
M

‖A−B‖+Hθ(A−B).

It is clear from (21) that θ 7→ Hθ(A) is non-decreasing, for any A, and so the
set of θ-Hölder functions is non-increasing in θ. We use 0-Hölder as a synonym to
continuous and we define H0(A) = 0 for every continuous A. It is also clear that,
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in the setting of Example 4.1, locally constant functions are ∞-Hölder, meaning
that they are θ-Hölder for every θ > 0, with bounded Hθ(A).

The following construction shows that Lyapunov exponents may vary discontin-
uously in the space of θ-Hölder cocycles, if θ > 0 is close enough to zero.

Example 4.2. Let f :M →M be the shift map on M = {g1, g2}Z, where

g1 =

(
σ−1 0
0 σ

)
and g2 =

(
σ 0
0 σ−1

)
with σ > 1.

Consider any p2 > p1 > 0 with p1 + p2 = 1, and let ν = p1δg1 + p2δg2 and
µ = νZ. The corresponding Lyapunov exponents are λ+ = (p2 − p1) log σ and
λ− = (p1 − p2) log σ. It is proven in [61, Section 9.3] that, for any θ > 0 such that

(22) σρ2θ > 1,

the locally constant cocycle A
(
(αn)n

)
= α0 may be Dθ-approximated by θ-Hölder

cocycles B :M → SL(2) for which the Lyapunov exponents vanish identically. Note
that (22) does hold for every θ > 0 close enough to zero.

4.3. Fiber-bunching. It is particularly interesting that the condition (22) on θ
depends on how ”chaotic” the base map f is or, more precisely, on its hyperbolicity
rates λs = λu = ρ (recall Example 4.1). In fact, (22) is reminiscent of a partial
hyperbolicity condition on the linear cocycle that arises naturally in various dif-
ferent contexts (for instance, Viana [59], Bonatti, Gomez-Mont, Viana [15], Alves,
Santamaria, Viana [2] and Backes [7]) and which we call fiber-bunching. That is
defined as follows.

Take f : M → M to be a hyperbolic homeomorphism, with hyperbolicity rates
λs and λu. Fix θ > 0 and take A : M → GL(d) to be θ-Hölder. For ∗ ∈ {u, s}, we
say that A is ∗-bunched if there is κ ≥ 1 such that

(23) sup
x

‖Aκ(x)‖ ‖Aκ(x)−1‖λκθ∗ < 1.

Then we say that A is fiber-bunched if it is both u-bunched and s-bunched.
For example, for M = XZ and d = dρ as in Examples 4.1 and 4.2, both u-

bunching and s-bunching may be written as

(24) σ2ρθ < 1.

Thus (22) is a bit stronger than saying that the cocycle is not fiber-bunched. It is
apparent from the proof in [61, Section 9.3] that (22) is probably not optimal; we
will return to this in a while.

These observations suggest that continuity of the Lyapunov exponents may be
somehow related to fiber-bunching. The following conjecture was first stated in [61,
Conjecture 10.2] for the case d = 2:

Conjecture 4.3. For any θ > 0 and d ≥ 2, the Lyapunov exponents λ± vary contin-
uously in the subset of fiber-bunched θ-Hölder GL(d)-cocycles.

4.4. Invariant holonomies. The reason fiber-bunching is useful in this context is
that it implies the existence of invariant holonomies between the fibers over points
on the stable (or unstable) manifold. To explain this, let us first interpret the
fiber-bunching condition (23) geometrically, as follows.

Given any B ∈ GL(d), denote by DBξ the derivative of its action PR
d → PR

d

on projective space at each point ξ ∈ PRd. An elementary calculation shows that

‖DBξ‖ ≤ ‖B‖ ‖B−1‖ and ‖DB−1
ξ ‖ ≤ ‖B‖ ‖B−1‖ for every ξ ∈ PR

d

(both inequalities are sharp). Thus, fiber-bunching (23) entails

sup
x,ξ

‖DAκ(x)−1
ξ ‖λκθs < 1 and sup

x,ξ

‖DAκ(x)ξ‖λκθu < 1.
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The first inequality means that the projective cocycle PF is never quite as con-
tracting along the fibers {x} × PRd as the base dynamics f is along stable sets.
Analogously, the second inequality means that PF is never quite as expanding
along the fibers as f is along unstable sets. In other words, the family of fibers
{x} × PRd is a center lamination for the projective cocycle: the behavior of the
dynamics along the laminae is weaker, in terms of expansion and contraction, than
its behavior transversely to the laminae.

Then, by analogy with the theory of normal hyperbolicity for diffeomorphisms
(Hirsch, Pugh, Shub [35]), one would expect PF to admit two other invariant
laminations, a strong-stable lamination Ws whose leaves are graphs over the stable
sets of f and a strong-unstable lamination Wu whose leaves are graphs over the
unstable sets of f . And such laminations would define holonomy maps between the
vertical fibers of points in the same stable set

hsx,y : {x} × PR
d → {y} × PR

d, for y ∈ W s(x)

or the same unstable set

hux,y : {x} × PR
d → {y} × PR

d, for y ∈ Wu(x)

defined by projection along the laminae of Ws and Wu, respectively.
Of course, PF need not be a diffeomorphism (we are not even assuming that M

is a manifold!) and so the general theory can not be applied here. But one can
indeed find such stable and unstable holonomies directly:

Proposition 4.4. Take f : M → M to be a hyperbolic homeomorphism and let

A :M → GL(d) be Hölder continuous.

(1) If A is s-bunched then hsx,y = limnA
n(y)−1An(x) exists for any points x, y

with y ∈W s(x).
(2) If A is u-bunched then hux,z = limnA

n(f−n(z))An(f−n(x))−1 exists for any

points x, y with y ∈ Wu(x).

Moreover, for both ∗ ∈ {s, u} and any z ∈M ,

(a) h∗w,w = id and h∗x,y = h∗w,y ◦ h∗x,w for any x, y, w ∈W ∗(z);
(b) h∗

f(x),f(y) ◦A(x) = A(y) ◦ h∗x,y for any x, y ∈ W ∗(z);

(c) (x, y, ξ) 7→ h∗x,y(ξ) is continuous restricted to points x, y in the same W ∗
ε (z);

(d) h∗x,y is Hölder continuous, with uniform Hölder constants, restricted to

points x, y in the same W ∗
ε (z).

This observation goes back to Bonatti, Gomez-Mont, Viana [15] and was ex-
panded subsequently, especially by Avila, Santamaria, Viana [2], who considered
cocycles over maps that are only partially hyperbolic.

We call ∗-holonomy any family of maps {h∗x,y : x ∈ M, y ∈ Wu(x)} satisfying
conditions (a), (b), (c) and (d) in Proposition 4.4. We use the expression invari-

ant holonomies to refer to both s-holonomies and u-holonomies. The proposition
provides one construction of invariant holonomies in the fiber-bunching case: such
holonomies are not necessarily unique, unless we impose some additional regularity.
Moreover, invariant holonomies may exist in the absence of bunching:

Example 4.5. For a locally constant cocycle A : GZ → G take

hsx,y = id if x, y ∈W s
ε (z) and hux,y = id if x, y ∈Wu

loc(z)

and then extend the definition using the invariance property (b). This yields in-
variant holonomies for A, regardless of whether it is fiber-bunched or not.

Example 4.6. If {h∗x,y} are invariant holonomies for F : M × Rd → M × Rd then,

given any 1 ≤ k ≤ d− 1, the exterior powers {Λlh∗x,y} are invariant holonomies for
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the cocycle ΛlF :M ×Λl(Rd) →M×Λl(Rd). The latter need not be fiber-bunched
even if F is.

On the other hand, fiber-bunching ensures the stable existence of invariant
holonomies: if A is fiber-bunched then so is any cocycle in some C0-neighborhood
U , and so Proposition 4.4 provides invariant holonomies for every B ∈ U . In
addition, those invariant holonomies vary continuously with B.

4.5. Continuity and fiber-bunching. The following conjecture was first stated
in Viana [61, Section 10.6] for the case d = 2.

Conjecture 4.7. Let t 7→ At be a continuous parametrized family of maps At :M →
GL(d) and assume that each At admits invariant holonomies {hst,x,y} and {hut,x,y}
varying continuously with the parameter t. Then the Lyapunov exponents λ±(At)
also vary continuously with t.

This is a strong statement: by the observations in the previous section, it contains
Conjecture 4.3 as well as Theorems 3.3 and 3.5. The case d = 2 has just been proven
by Backes, Brown, Butler [8]:

Theorem 4.8 (Backes, Brown, Butler). Let f : M → M be a hyperbolic homeo-

morphism and µ be an f -invariant probability measure with local product structure.

Then Conjecture 4.7 is true for d = 2.

The proof relies on the strategy introduced by Avila, Eskin, Viana [1] discussed
in Sections 3.3 through 3.6 and in Appendix A, suitably extended to non-locally
constant cocycles. This extension is highly non-trivial.

Related to this, Backes, Poletti, Sánchez [9] gave a partial proof of Conjec-
ture 4.3 for fiber-bunched cocycles over volume-preserving partially hyperbolic dif-
feomorphisms: assuming the diffeomorphism is accessible and center-bunched, the
subset of SL(2,R)-cocycles with non-vanishing Lyapunov exponents is open. The
accessibility assumption cannot be omitted.

Motivated by Example 4.2, Viana [61, Section 10.6] also suggested that fiber-
bunching may be a necessary condition for continuity, for cocycles that are not hy-
perbolic (Remark 2.4) and whose Lyapunov exponents do not vanish (Remark 2.3).
In this direction, Butler [19] has improved substantially on Example 4.2:

Theorem 4.9 (Butler). For A as in Example 4.2, assume that σ2(p2−p1)ρθ ≥ 1.
Then, for every neighborhood U of A in the space of θ-Hölder maps M → SL(2) and
every 0 < τ ≤ (p2 − p1) log σ, there exists B ∈ U for which the Lyapunov exponent

λ+ = τ . In particular, A is a discontinuity point for λ+ with respect to Dθ.

As observed in (24), in this context the fiber-bunching condition is σ2ρθ > 1.
Thus, by choosing p2 close to 1, Theorem 4.9 provides examples of discontinuity
of the Lyapunov exponents arbitrarily close to being fiber-bunched. Observe also
that, for µ-almost every x,

lim
κ

1

κ
‖Aκ(x)‖ ‖Aκ(x)−1‖ = λ+ − λ− = 2(p2 − p1) log σ.

Thus the hypothesis of Theorem 4.9 may be read to mean that fiber-bunching
breaks down on typical orbits.

Another curious observation is that it is not known whether one may take τ = 0.
In other words, we do not know whether A is approximated by cocycles whose
exponents vanish, as is the case under the stronger hypothesis in Example 4.2.

Some very interesting progress has been attained recently, assuming that (23)
holds if one replaces supremum with essential supremum and allows κ to depend
on x. That notion of non-uniform fiber-bunching goes back to Viana [60] and is
being pursued most effectively by Clark Butler and his collaborators.
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Non-uniformly fiber-bunched cocycles are nearly as well behaved as fiber-bunched
cocycles: in particular, they admit stable and unstable holonomies, with uniform
estimates, on subsets with measure arbitrarily close to 1. So, if the answer to the
following key question happens to be positive then the theory developed in the
fiber-bunched case will suffice to handle the θ-Hölder generic case:

Problem 4.10 (Butler). Are non-uniformly fiber-bunched cocycles dense in the set
of all θ-Hölder continuous cocycles that do not admit a dominated splitting?

5. Moduli of continuity

The singular values of a matrix g ∈ GL(d) are the square roots σ1 ≥ · · · ≥ σd ≥ 0
of the eigenvalues of the positive definite self-adjoint matrix g∗g. Geometrically,
they correspond to the lengths of the semi-axes of the ellipsoid g({v ∈ Rd : ‖v‖ ≤ 1}.
We say that ν has the contraction property if the quotient σ1(g)/σ2(g) is unbounded
on the closed semi-group generated by the support of ν.

For the time being, let us consider probability measures ν with finite support on
GL(d), that is, of the form

(25) ν = p1δg1 + · · ·+ pNδgN

with p1, . . . , pN > 0 and g1, . . . , gN ∈ GL(d). Take the distance d(ν, ν′) between
two such measures to be defined by

(26) d(ν, ν′) = max {|pi − p′i|, ‖gi − g′i‖ : i = 1, . . . , N} .
Le Page [41] proved that the largest Lyapunov exponent is locally Hölder continuous
on the set of strongly irreducible measures with the contraction property:

Theorem 5.1 (Le Page). Let K be a compact set of values of p1, . . . , pN > 0
and g1, . . . , gN ∈ GL(d) for which ν =

∑
i piδgi is strongly irreducible and has the

contraction property. Then there exist constants C > 0 and β > 0 such that

(27) |λ+(ν)− λ+(ν
′)| ≤ Cd(ν, ν′)β for every ν, ν′ ∈ K.

By Guivarc’h, Raugi [31, 32], the hypotheses imply that the largest Lyapunov λ+
has multiplicity 1. Duarte, Klein [22] have just announced that this latter condition
suffices for local weak-Hölder continuity, at least in dimension 2:

Theorem 5.2 (Duarte, Klein). Let K be a compact set of values of p1, . . . , pN > 0
and g1, . . . , gN ∈ GL(2) for which ν =

∑
i piδgi satisfies λ−(ν) < λ+(ν). Then

there exist constants C > 0, β > 0 and γ ∈ (0, 1) such that

(28) |λ+(ν)− λ+(ν
′)| ≤ C exp

(
−β

(
log

1

d(ν, ν′)

)γ)
for every ν, ν′ ∈ K.

It is clear that (28) becomes stronger when either β or γ increases; note that
Hölder continuity (27) corresponds to the case γ = 1. An example of Duarte, Klein,
Santos [25] shows that the assumption λ− < λ+ can not be removed.

It is possible to say quite a lot more about this subject, as we are going to
explain. To begin with, let us eliminate the assumption that supp ν is finite. Recall
that G(2) denotes the space of compactly supported probability measures on GL(2),
equipped with the weakest topology T such that

(i) ν 7→
∫
G
ϕdν is continuous for any continuous ϕ : G→ R and

(ii) ν 7→ supp ν is continuous with respect to the Hausdorff topology.

Let dW (·, ·) be the Wasserstein distance (see Villani [65, Chapter I.6]) on G(2),

dW (ν1, ν2) = sup

{∫

G

ψ d(ν1 − ν2) : ψ is 1-Lipschitz

}
,
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and dH be the distance defined on the space of compact subsets of G by

dH(K1,K2) = inf {r > 0 : K1 ⊂ Br(K2) and K2 ⊂ Br(K1)} ,

where the neighborhoods are with respect to the distance

(29) dG(g1, g2) = ‖g1 − g2‖+ ‖g−1
1 − g−1

2 ‖

on the group G. It is not difficult to check that

(30) dT (ν1, ν2) = dW (ν1, ν2) + dH(supp ν1, supp ν2)

defines a distance on G(2) compatible with the topology T and whose restriction
to the set of measures of the form (25) is Lipschitz equivalent to (26).

Tall, Viana [57] have recently proven that the Lyapunov exponents are actually
Hölder continuous at every point of G(2) whose Lyapunov spectrum is simple:

Theorem 5.3 (Tall, Viana). For every ν ∈ G(2) with λ−(ν) < λ+(ν) there exist

constants C > 0 and β > 0 and a neighborhood U ⊂ G(2) such that

|λ±(ν)− λ±(ν
′)| ≤ CdT (ν, ν

′)β for every ν′ ∈ U .

In the setting of Theorem 5.3 there exists a unique maximal ν-stationary measure
ηu, given by

ηu =

∫

GL(2)Z
δEu

x
dµ(x)

The proof of the theorem is based on proving that ηu is a kind of hyperbolic
attractor for the random walk defined by ν or, more specifically, to the operator Pν

acting on the space of probability measures on the projective space PR2 through

Pν(η) =

∫

G

g∗η dν(g).

Tall, Viana [57] also prove that the Lyapunov exponents are log-Hölder contin-

uous at every point of G(2):

Theorem 5.4 (Tall, Viana). For every ν ∈ G(2) there exist constants C > 0 and

β > 0 and a neighborhood U ⊂ G(2) such that

|λ±(ν)− λ±(ν
′)| ≤ C

(
log

1

dT (ν, ν′)

)−β

for every ν′ ∈ U .

The strategy of the proof is to show that when λ−(ν) = λ+(ν) the random walk
has power-law “diffusion” to infinity: there exists α > 0 such that for any compact
set K outside the support of the stationary measures and any initial point, the
probability that the random orbit hits K at time n decays as O(n−α). In the
simplest case, when the matrices g ∈ supp ν admit a common eigenbasis, this
follows easily from the central limit theorem, with α = 1/2.

These results should extend to arbitrary dimension, as follows:

Conjecture 5.5. For every d ≥ 2 and ν ∈ G(d) there exist constants C > 0 and
β > 0 and a neighborhood U ⊂ G(d) such that

|χi(ν
′)− χi(ν

′′)| ≤ C

(
log

1

dT (ν′, ν′′)

)−β

for every ν′, ν′′ ∈ U and i = 1, . . . d.

If the spectrum of ν is simple then we even have

|χi(ν
′)− χi(ν

′′)| ≤ CdT (ν
′, ν′′)β for every ν′, ν′′ ∈ U and i = 1, . . . d.
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6. Continuity in C0 topology

Recently, it was observed by Viana, Yang [63] that Theorem 2.2 is no longer true,
in general, when the base dynamics f : M → M is non-invertible. More precisely,
take f : M → M to be a C1+Holder expanding map on a compact manifold, that
is, such that there exists σ > 1 satisfying

‖Df(x)v‖ ≥ σ‖v‖ for every x ∈M and v ∈ TxM .

Let µ be the equilibrium state of some Hölder continuous potential (see [62, Chap-
ter 12]). Denote

PR
2,2 = {(u, v) ∈ (PR2)2 : u 6= v}.

Given any continuous A : M → SL(2), we call invariant section any continuous
map ξ :M → PR2 or ξ :M → PR2,2 such that

(31) ξ(f(x)) = A(x)ξ(x) for every x ∈M .

Theorem 6.1 (Viana, Yang). If A is C1+Holder and has no invariant section then

it is a continuity point for the function B 7→ λ+(B) in the space of continuous maps

B :M → SL(2) equipped with the C0 topology. Moreover, λ+(A) > 0 if and only if

there exists some periodic point p ∈M such that Aper(p)(p) is a hyperbolic matrix.

In the latter case, λ+(·) is bounded from zero for all continuous cocycles on a
C0-neighborhood of A. Thus, in the non-invertible setting it is usually not possible
to “kill” Lyapunov exponents by small perturbations, even in the C0 topology!
Here is a concrete example:

Example 6.2. Take f : S1 → S1, f(x) = kx mod Z, for some integer k ≥ 4, and
µ be the equilibrium state for any Hölder continuous potential (for instance, µ =
Lebesgue measure on S1). Let A : S1 → SL(2) be given by A(x) = A0Rx, where
A0 ∈ SL(2) is a hyperbolic matrix and Rx is the rotation by angle x. Note that
p = 0 is a fixed point for f and, by construction, A(p) = A0 is hyperbolic. We are
going to check that A admits no invariant section ξ.

First, consider the case of sections ξ : S1 → PR2 with values in projective space.
Let deg ξ denote the topological degree of ξ. It follows from (31) that

k deg ξ = deg(ξ ◦ f) = degA+ deg ξ = 2 + deg ξ

where the term 2 comes from the fact that S1 → PR2, x 7→ A0Rxv has degree 2 for
any v. This is impossible when k ≥ 4, and so this first case can not happen.

Now let us consider the case of sections ξ : S1 → PR2,2 with values in PR2,2.
This can be reduced to the previous case through the following construction. Let
π : S1 → S1 be the 2-to-1 covering map given by π(x) = 2x mod Z. Observe that

f is its own lift with respect to this covering map: f ◦π = π◦f . Let Ã : S1 → SL(2)

be the lift of A, that is, Ã(x) = A(π(x)) for every x ∈ S1. Let η : S1 → PR2 be a lift
of ξ, that is, such that ξ(y) = η(π−1(y)) for every y ∈ S1. There are two such lifts,
related by the deck transformation x 7→ −x of the covering map. Choose η such
that A(p)η(p) = η(p). Then A(x)η(x) = η(f(x)) for every x ∈ S1. According to
the previous paragraph, this is not possible. Thus the second case can not happen
either.

By Theorem 6.1, it follows that λ(B) > 0 for every continuous B : S1 → SL(2)
in a C0-neighborhood of A.

It is not immediately clear how to insert this last result into the picture that we
sketched in the previous section. Indeed, there is no bunching condition at all in
Theorem 6.1, not apparently, at least, neither there seems to be any assumption
about invariant holonomies. As it turns out, the latter does exist, in hidden form,
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so that the theorem may turn out to be a nice, albeit unexpected, confirmation of
the previous ideas.

The way one often deals with a non-invertible transformation f :M →M is by
means of its natural extension. By this we means the shift map

f̂ : M̂ → M̂, (. . . , x−n, . . . , x−1, x0) 7→ (. . . , x−n, . . . , x−1, x0, f(x0))

on the space M̂ of the pre-orbits of f , that is, the sequences (x−n)n such that
f(x−n) = x−n+1 for every n ≥ 1. Note that

π ◦ f̂ = f ◦ π, where π : M̂ →M is defined by π
(
(x−n)n

)
= x0.

Under very mild assumptions (see [62, Section 2.4.2]), an f -invariant measure µ

admits a unique lift to an f̂ -invariant measure µ̂ such that π∗µ̂ = µ.

When f is an expanding map, the natural extension f̂ is a hyperbolic homeo-
morphism: for any x̂ = (x−n)n in M̂ ,

• the local stable set W s
loc(x̂) is the fiber π−1(x̂) of the canonical projection

π(x̂) = x0, and
• the local unstable set Wu

loc(x̂) consists of the points ŷ = (y−n)n such that
d(x−n, y−n) < ρ for every n ≥ 0.

Moreover, the lift µ̂ of any equilibrium state µ̂ of f is an equilibrium state of f̂ and
it has local product structure (see [16, Section 2.2], for instance). It also follows

that µ̂ is ergodic and supported on the whole M̂ .
Let Â : M̂ → SL(2) be defined by Â = A ◦ π. As Â is constant on local stable

sets, F̂A also admits trivial invariant s-holonomies:

hsx̂,ŷ = id for any ŷ ∈ W s
loc(x̂).

Incidentally, it is not difficult to find a distance on M̂ relative to which Â is s-
bunched. Given any constant ρ < 1, the function

d̂(x̂, ŷ) =

∞∑

n=0

ρnd(x−n, y−n)

is a distance on M̂ . It is clear that d̂(x̂, ŷ) ≥ d(π(x̂), π(ŷ)) for any x̂, ŷ ∈ M̂ , and so

Â is θ-Hölder continuous with respect to d̂ if A is θ-Hölder continuous with respect
to d. Moreover,

• d̂(f̂−1(x̂), f̂−1(ŷ)) ≤ σ−1d̂(ŷ, x̂) if ŷ ∈Wu
loc(x̂) and

• d̂(f̂(x̂), f̂(ŷ)) = ρd̂(ŷ, x̂) if ŷ ∈W s
loc(x̂).

Choosing ρ > 0 small enough that

(32) sup
x

‖A(x)‖‖A(x)−1‖ρθ < 1 for every x ∈M

we get that A is s-bunched.
With these observations in mind, we propose the following stronger version of

Conjecture 4.7:

Conjecture 6.3. Let t 7→ At be a continuous parametrized family of maps At :
M → GL(d) and assume that each At admits either stable holonomies {hst,x,y} or

unstable holonomies {hut,x,y}, varying continuously with the parameter t. Then the
Lyapunov exponents λ±(At) also vary continuously with t.
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Appendix A. Proof of Theorem 3.6

The ideas in this appendix are read out from Avila, Eskin, Viana [1], where they
appear in a much more complicated setup. In Sections A.1 through A.3 we develop
certain general tools and in Sections A.4 to A.7 we use them to prove the theorem.

Fix A = A(ν∞) ≥ 1 and a compact neighborhood V = V (ν) ⊂ G of the support
of ν such that, for every g ∈ V and u, u′ ∈ P ,

(33) − log d(u, u′)−A ≤ − log d(gu, gu′) ≤ − log d(u, u′) +A.

For each n ≥ 1, let V (n) = V (n)(ν) be the (compact) set of all products gn−1 · · · g0
with gi ∈ V for every i and ζ(n) be the n-th convolution of a measure ζ on G, that
is, the push-forward of ζn under the map

Gn → G, (g0, . . . , gn−1) 7→ gn−1 · · · g0.
Choose the neighborhood U ⊂ G(2) of ν small enough that supp ν′ ⊂ V for every
ν′ ∈ U . Then supp ν′(n) ⊂ V (n) for every n ≥ 1. An additional condition on U will
be imposed at the end of Section A.4.

A.1. Markov operators and couplings. Let X be some measurable space with
a measurable G-action and B(X) denote the Banach space of bounded measurable
real functions on X . Given any measurable family θ = {θu : u ∈ X} of non-negative
measures on G, define

(34) Pθ : B(X) → B(X), Pθϕ(u) =

∫

G

ϕ(gu) dθu(g).

The dual operator P∗
θ is defined on the space of finite signed measures by

(35)

∫

P

ϕd(P∗
θ η) =

∫

P

Pθϕdη for any ϕ ∈ B(X).

A probability measure η on X is called θ-stationary if P∗
θ η = η, that is, if

∫

P

Pθϕdη =

∫

P

ϕdη for every ϕ ∈ B(X).

We say that Pθ is a Markov operator if every θu is a probability measure.
A coupling of two measures η and η′ on measurable spacesX and X ′ is a measure

η̃ on the product space X×X ′ that projects to η on the first factor and to η′ on the
second factor. Denoting by π : X ×X ′ → X and π′ : X ×X ′ → X ′ the canonical
projections, this means that

π∗η̃ = η and π′
∗η̃ = η′.

Such a measure η̃ exists if and only if η(X) = η′(X ′). When η = η′ we speak of self-
coupling. A self-coupling is called symmetric if it is invariant under the involution
ι : (u, u′) 7→ (u′, u).

Lemma A.1. Take A ⊂ X and A′ ⊂ X ′ to be such that η(A) < η(X)/2 and

η′(A′) < η′(X ′)/2. Then there is a coupling η̂ of η and η′ such that η̂(A×A′) = 0.
When X = X ′, A = A′ and η = η′, the coupling η̂ may be taken to be symmetric.

Proof. Let B = X \A and B′ = X ′ \A′ and then take

η̂ =
1

η′(B′)
(η | A)× (η′ | B′) +

1

η(B)
(η | B)× (η′ | A′)

+
( 1

η(B)
+

1

η′(B′)
− c

η(B)η′(B′)

)
(η | B)× (η′ | B′),

where c = η(X) = η′(X ′). This η̂ is symmetric if X = X ′, A = A′ and η = η′. �

The following useful fact is contained in the proof of [61, Lemma 10.7]:
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Lemma A.2. Let X be a compact space and η be a measure on X such that

η({u}) < η(X)/2 for every u ∈ P . Then there exists a symmetric self-coupling η̂
of η that vanishes on a neighborhood of the diagonal.

Consider a Markov operator Pθ : B(X) → B(X) as in (34) and let

(36) P̃ : B(X ×X) → B(X ×X), P̃ψ̃(u, u′) =
∫

G×G

ψ̃(gu, g′u′) dθ̃u,u′(g, g′)

where each θ̃u,u′ is a coupling of θu and θ′u′ .

Lemma A.3. If η̃ is a self-coupling of η then P̃∗η̃ is a self-coupling of P∗
θ η.

Proof. Let ϕ̃ : X×X ′ → R be any bounded measurable function that depends only
on the first variable: ϕ̃(u, u′) = ϕ(u) for some ϕ ∈ B(X). By definition,

∫

X×X′

ϕ̃(u, u′) d(P̃∗η̃)(u, u′) =

∫

X×X′

∫

G×G

ϕ̃(gu, g′u′) dθ̃u,u′(g, g′) dη̃(u, u′)

=

∫

X×X′

∫

G×G

ϕ(gu) dθ̃u,u′(g, g′) dη̃(u, u′).

Since θ̃u,u′ projects to θu and η̃ projects to η on the first factor, this last expression
may be written as∫

X

∫

G

ϕ(gu) dθu(g) dη(u) =

∫

X

ϕ(u) d(P∗
θ η)(u).

This proves that P̃∗η̃ projects to P∗
θ η on the first factor. Analogously, it projects

to P∗
θ η on the second factor. �

A.2. Margulis functions. Let M be a measurable space and M = A ∪ B be a
partition into disjoint sets A and B. An (additive) Margulis function for a Markov
operator P : B(M) → B(M) relative to a partition (A,B) is a measurable function
ψ :M → [0,∞] such that

(i) there exists κA > 0 such that Pψ(x) ≤ ψ(x)− κA for every x ∈ A.
(ii) there exists κB > 0 such that Pψ(x) ≤ ψ(x) + κB for every x ∈ B.

Lemma A.4. Let ψ : M → [0,∞] be a Margulis function for a Markov operator

P : B(M) → B(M) and let η be a measure on M such that
∫
M
ψ dη < ∞ and∫

M
Pψ dη ≥

∫
X
ψ dη. Then

η(A) ≤ κB
κA + κB

η(M).

Proof. It follows from the definition that∫

M

ψ(x) dη(x) ≤
∫

M

Pψ(x) dη(x) ≤
∫

M

ψ(x) dη(x) − κAη(A) + κBη(B).

Thus κAη(A) − κBη(B) ≤ 0, which gives the claim. �

In the next result we take M = X × X , where X is a compact space, and we

consider P̃ : B(X ×X) → B(X ×X) to be as in (36).

Lemma A.5. Suppose that P̃ admits a Margulis function ψ : X ×X → [0,+∞]
such that

(a) ψ is bounded outside every neighborhood of the diagonal and

(b) ψ = limk ψk for some sequence of continuous functions ψk : X×X → [0,∞)
with ψk ≤ ψk+1 for every k.

Then every non-atomic θ-stationary measure η admits a self-coupling η̃ such that∫

X×X

ψ dη̃ <∞ and

∫

X×X

P̃ψ dη̃ ≥
∫

X×X

ψ dη̃.
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Proof. It is clear that the space C(η) of self-couplings of η is closed for the weak∗

topology, and so it is compact. We claim that the function η̂ 7→
∫
X×X

ψ dη̂ is

lower semicontinuous on this compact. Indeed, consider any η̂ ∈ C(η) and let
I =

∫
X×X

ψ dη̂. Since (ψk)k converges monotonically to ψ, given any ε > 0 we may
find k ≥ 1 such that

∫

X×X

ψk dη̂ ≥
{
I − ε if I <∞
ε−1 if I = ∞.

Since ψk is continuous,
∣∣∣∣
∫

X×X

ψk dξ̂ −
∫

X×X

ψk dη̂

∣∣∣∣ ≤ ε

for every ξ̂ ∈ C(η) sufficiently close to η̂ in the weak∗ topology. Then
∫

X×X

ψ dξ̂ ≥
∫

X×X

ψk dξ̂ ≥
∫

X×X

ψk dη̂ − ε ≥
{
I − 2ε if I <∞
ε−1 − ε > (2ε)−1 if I = ∞.

This proves the claim. It follows that there exists η̃ ∈ C(η) such that

(37)

∫

X×X

ψ dη̃ = inf

{∫

X×X

ψ dη̂ : η̂ ∈ C(η)

}
.

Note that the infimum is finite. Indeed, by Lemma A.2, there is some self-coupling
that vanishes on a neighborhood of the diagonal. By (a), the integral of ψ with
respect to such a self-coupling is finite.

By the definition (35), together with the assumption (b) and the monotone
convergence theorem, ∫

X×X

P̃ψ dη̃ =

∫

X×X

ψ dP̃∗η̃.

By Lemma A.3, the measure P̃∗η̃ is also in C(η). Hence,

(38)

∫

X×X

P̃ψ dη̂ ≥ inf

{∫

X×X

ψ dη̂ : η̂ ∈ C(η)

}
.

Combining (37) and (38), we get that
∫
X×X

P̃ψ dη̃ ≥
∫
X×X

ψ dη̃, as claimed. �

A.3. Adapted operators. Now let X be a measurable subset of P and ζ be a
measure on G. The ζ-core of X is the set

Xζ(X) = {u ∈ X : gu ∈ X for every g ∈ supp ζ} .

For example, it follows immediately from (33) that E(e−Anr) is contained in the
ν(n)-core of E(r) for any r > 0 and n ≥ 1.

We say that a Markov operator Pθ : B(X) → B(X) is adapted to ζ on X if it
may be written as Pθ = Pθ′ + Pθ′′ with

θu ≪ ζ for every u ∈ X and(39)

θ′u = ζ and θ′′u = 0 for every u ∈ Xζ(X).(40)

The next proposition shows that we can “adapt” a Markov operator to a subset:

Proposition A.6. Let X = E(r) and Pθ : B(X) → B(X) be a Markov operator

adapted to ν(n) on X, η be a θ-stationary measure on X and Y ⊂ Xν(n)(X). Then

there exists a Markov operator Pτ : B(Y ) → B(Y ) adapted to ν(n) on Y and such

that η | Y is a τ-stationary measure.



(DIS)CONTINUITY OF LYAPUNOV EXPONENTS 23

Proof. Write Pθ = Pθ′ +Pθ′′ as in (39)–(40). In particular, θ′′v = 0 for every v ∈ Y .
Let η be any θ-stationary measure. Let χ be the characteristic function of Y . Since
every θu is a probability measure and η is θ-stationary,

(41)

∫

X

∫

G

(
χ(gu)− χ(u)

)
dθu(g) dη(u) =

∫

X

(
Pθχ(u)− χ(u)

)
dη(u) = 0.

Define S(u) = {g ∈ G : gu ∈ Y } for each u ∈ X . Then
∫

G

(
χ(gu)− χ(u)

)
dθu(g) =

{
−θu(S(u)c) if u ∈ Y
θu(S(u)) if u ∈ X \ Y .

Thus (41) may be rewritten as

(42)

∫

Y

θu(S(u)
c) dη(u) =

∫

X\Y

θu(S(u)) dη(u).

Let I be this number. If I = 0, just take τ ′v = θv and τ ′′v = 0 for each v ∈ Y .
Otherwise, define

(43) τ ′v =
(
θv | S(v)

)
and τ ′′v = θv(S(v)

c)
1

I

∫

X\Y

(
θu | S(u)

)
dη(u)

for each v ∈ Y . We focus on this latter case, as the claims are easier when I = 0.
We claim that Pτ is ν(n)-adapted on Y . Begin by noting that every τv = τ ′v + τ

′′
v

is a probability measure:

τv(G) = θv(S(v)) + θv(S(v)
c)
1

I

∫

X\Y

θu(S(u)) dη(u) = θv(S(v)) + θv(S(v)
c) = 1.

Since θu ≪ ν(n) for every u ∈ X , it follows immediately from (43) that τv ≪ ν(n)

for every v ∈ Y . This gives property (39) for τ . Moreover, if v ∈ Y ⊂ Xν(n)(X)
then ν(n)(S(v)c) = 0 and so θu(S(v)

c) = 0 for every u ∈ X . Replacing that in (43)
we get τ ′v = θv and τ ′′v = 0 for every v ∈ Y . This gives property (40) for τ . That
proves our claim.

Finally, we claim that η | Y is τ -stationary. Given any ϕ ∈ B(Y ),
∫

Y

Pτϕ(v) dη(v) =

∫

Y

∫

S(v)

ϕ(gv) dθv(g) dη(v)

+
1

I

∫

Y

θv(S(v)
c) dη(v)

∫

X\Y

∫

S(u)

ϕ(gu) dθu(g) dη(u).

By the definition of I, the right-hand side reduces to
∫

Y

∫

S(v)

ϕ(gv) dθv(g) dη(v)+

∫

X\Y

∫

S(u)

ϕ(gu) dθu(g) dη(u)

=

∫

X

∫

S(u)

ϕ(gu) dθu(g) dη(u).

Viewing ϕ as a function on X that vanishes outside Y , this may rewritten as
∫

X

∫

G

ϕ(gv) dθv(g) dη(v) =

∫

X

Pθϕ(v) dη(v) =

∫

X

ϕ(v) dη(y).

Combining these three identities, and using once more that ϕ vanishes outside Y ,
we get that ∫

Y

Pτϕ(v) dη(v) =

∫

Y

ϕ(v) dη(v)

for every ϕ ∈ B(Y ), as claimed. �
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A.4. Hyperbolicity estimates. The tangent space to the projective space P at
each point u ∈ P may be identified with the orthogonal complement u⊥. Then the
derivative Dgu : u⊥ → (gu)⊥ of the action of g on P is given by

(44) Dguw =
[gw]⊥gu

‖gu‖/‖u‖ for w ∈ u⊥,

where [a]⊥b denotes the component of a orthogonal to b.

Proposition A.7. There exists κ = κ(ν) > 0 and for each δ > 0 there exists

N = N(ν, δ) ≥ 1 such that for every n ≥ N

(1) there exists E = E(ν, δ, n) ⊂ G with log |DgE | ≥ 5κn for every g ∈ E and

ν(n)(G \ E) < δ;
(2) there exist ε0 = ε0(ν, n) > 0, E0 = E0(ν, δ, n) ⊂ G and a neighborhood

U0 = U0(ν, δ, n) ⊂ G(2) of ν with

log d(gu, gu′) ≥ log d(u, u′) + 3κn for every g ∈ E0 and u 6= u′ in E(ε0)

and ν′(n)(G \ E0) < δ for every ν′ ∈ U0.

Proof. By condition (16), gE = E for ν-almost every g. Condition (17) says that,
νZ-almost surely,

(45) lim
n

1

n
log ‖(gn−1 · · · g0)v‖ = λ−(ν) for v ∈ E.

By the (proof of) theorem of Oseledets, (18) implies that, νZ-almost surely,

(46) lim
n

1

n
log ‖[(gn−1 · · · g0)w]⊥E‖ = λ+(ν) for w ∈ E⊥.

Fix κ > 0 such that 5κ < λ+(ν) − λ−(ν). Take unit vectors v ∈ E and w ∈ E⊥.
Replacing (45)–(46) in (44), it follows that, νZ-almost everywhere,

1

n
log ‖D(gn−1 · · · g0)Ew‖ =

1

n
log

‖[(gn−1 · · · g0)w]⊥E‖
‖(gn−1 · · · g0)v‖

> 5κ.

for every n sufficiently large. This proves claim (1).
Now consider the function

V (n) × P × P → R, (g, u, u′) 7→ log |DgE| − log
d(gu, gu′)

d(u, u′)
,

where the last term is taken to mean log |Dgu| when u = u′. By continuity, we can
find ε0 > 0 such that

(47)

∣∣∣∣log |DgE| − log
d(gu, gu′)

d(u, u′)

∣∣∣∣ < κ for any g ∈ V (n) and u, u′ ∈ E(ε0)

and ρ > 0 such that

(48) |log |DgE | − log |Dg′E || < κ for any g, g′ ∈ V (n) with ‖g − g′‖ < ρ.

Define E0 to be the ρ-neighborhood of E . By (47)–(48), for any g ∈ E0 there exists
g′ ∈ E such that for any u, u′ ∈ E(ε0),

log
d(gu, gu′)

d(u, u′)
> log |DgE | − κ > log |Dg′E | − 2κ > 5nκ− 2κ ≥ 3κn.

As ν(n)(G \ E) < δ, we may find a neighborhood U0 of ν such that ν′(n)(G \ E0) < δ
for every ν′ ∈ U0. This gives claim (2). �
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Fix δ ∈ (0, κ/10A) and take n ≥ N to be large enough that

(49)
Aδn+ log 2

κn+ log 2
<

1

10
.

This will be used in Section A.7. Take U ⊂ U0, so that Proposition A.7(2) holds
for all ν′ ∈ U .

A.5. A localized Markov operator. Let ε ∈ (0, ε0), ν
′ ∈ U and η′ ne a non-

atomic ν′-stationary measure. The push-forward of ν′(n) to G×G under the map
g 7→ (g, g) is called diagonal embedding of ν′(n) and is denoted diag ν′(n).

By definition, P∗
ν′η′ = η′. Using Proposition A.6 with X = P , Y = E(ε) and

η = η′, we find a Markov operator

Pθ : B(E(ε)) → B(E(ε)), Pθψ(u) =

∫

G

ψ(gu) dθu(g)

ν′(n)-adapted on E(ε) and such that Pθ(η
′ | E(ε)) = (η′ | E(ε)).

Fix positive constants ε′, ε′′ and s as follows:

ε′ =
ε

2
e−2An, ε′′ = ε′e−2κn and s =

1

2
e−2An.

Lemma A.8. Assuming that supp ν′ is contained in the sε-neighborhood of supp ν,

(1) gu /∈ E(ε′) for every u ∈ E(ε) \ E(ε′′) and g ∈ E0;
(2) gu /∈ E(ε′) for every u ∈ E(ε) \ Xν′(n)(E(ε)) and g ∈ supp ν′(n);

Proof. Claim (1) follows directly from Proposition A.7(2) and the definition of ε′′.
To prove claim (2), observe that it means that if there is g′ ∈ supp ν′(n) such that

d(g′u,E) > ε then d(gu,E) > ε′ for all g ∈ supp ν′(n). Write g = gn−1 · · · g0 and
g′ = g′n−1 · · · g′0 with gi, g

′
i ∈ supp ν′. By assumption, there exist hi, h

′
i ∈ supp ν

such that

‖g−1
i − h−1

i ‖ < sε and ‖g′i − h′i‖ < sε for every i.

Let v = gu. Then g′u = g′g−1v and the triangle inequality yields

d(g′u,E) ≤d(h′h−1v, E)

+
n−1∑

i=0

d(g′g−1
0 · · · g−1

i−1g
−1
i h−1

i+1 · · ·h−1
n−1v, g

′g−1
0 · · · g−1

i−1h
−1
i h−1

i+1 · · ·h−1
n−1v)

+
n−1∑

i=0

d(g′n−1 · · · g′i+1g
′
ih

′
i−1 · · ·h′0h−1v, g′n−1 · · · g′i+1h

′
ih

′
i−1 · · ·h′0h−1v).

By (33), this implies that

d(g′u,E) ≤ e2And(v, E)

+

n−1∑

i=0

eA(n+i)d(g−1
i h−1

i+1 · · ·h−1
n−1v, h

−1
i h−1

i+1 · · ·h−1
n−1v)

+

n−1∑

i=0

eA(n−1−i)d(g′ih
′
i−1 · · ·h′0h−1v, h′ih

′
i−1 · · ·h′0h−1v)

Using the easy fact that d(gu, hu) ≤ ‖g − h‖ for every g, h ∈ G and u ∈ P , we get

d(g′u,E) ≤ e2And(gu,E) +
n−1∑

i=0

eA(n+i)‖g−1
i − h−1

i ‖+
n−1∑

i=0

eA(n−1−i)‖g′i − h′i‖

≤ e2And(gu,E) +
2n−1∑

j=0

eAjsε ≤ e2An
[
d(gu,E) + sε

]
.
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By the definitions of ε′ and s, it follows that if d(gu,E) ≤ ε′ then

d(g′u,E) ≤ 2An

[
ε

2
e−2An +

1

2
e−2Anε

]
= ε.

This proves claim (2). �

Define

(50) θ̂u,u′ =

{
diag ν′(n) if u and u′ are in the ν′(n)-core of E(ε)
θu × θu′ otherwise.

Observe that θ̂u,u′ is always a coupling of θu and θu′ . Next, define

P̃ : B(E(ε)×E(ε)) → B(E(ε)×E(ε)), P̃ψ̃(u, u′) =
∫

G×G

ψ̃(gu, g′u′) dθ̃u,u′(g, g′)

where (check Figure 1) θ̃u,u′ = θ̂u,u′ unless both u and u′ are in the recoupling

subregion

Xν′(n)(E(ε)) \ E(ε′′),

in which case θ̃u,u′ is a coupling of θu = ν′(n) and θu′ = ν′(n) such that

(51) θ̃u,u′

(
(G \ E0)× (G \ E0)

)
= 0.

Such a coupling does exist, by Lemma A.1, because ν′(n)(G\E0) < δ < 1/2. Clearly,

θ̃u,u′ is a coupling of θu and θu′ for every u, u′ ∈ E(ε). So, by Lemma A.3, if η̃ is a

self-coupling of η | E(ε) then so is P̃∗η̃.

Ψ = log ΩΨ = log Ω

Ψ = log Ω Ψ = log Ω

border

core

recoupling

recoupling recoupling

recoupling

ε1ε1

ε
′

1ε
′

1

ε
′′

1ε
′′

1

Figure 1. The black dot marks the point (E,E). The diagram
on the left describes the region where Ψ ≡ logΩ. The one on the

right summarizes the recoupling procedure in the definition of P̃ .
For (u, u′) in the core region (white and light shaded), θu,u′ is given

by the diagonal embedding of ν′(n). On the recoupling subregion

(light shaded), θ̃u,u′ differs from θ̂u,u′ to ensure that for any pairs
(g, g′) in the support either gu /∈ E(ε′) or g′u′ /∈ E(ε′).

A.6. Exhibiting a Margulis function. Fix parameters Ω = (ε′ − ε′′)−1 and
ε′′′ = 1/(2Ω)e−κn, and define

(52) Ψ(u, u′) =

{
log

(
Ω+ d(u, u′)−1

)
if u ∈ E(ε′′) or u′ ∈ E(ε′′)

logΩ otherwise.

Assuming that supp ν′ ⊂ Bsε(supp ν) , we are going to prove that Ψ is a Margulis

function for P̃ relative to the partition of the domain E(ε)×E(ε) into the subsets
A = E(ε′′′)× E(ε′′′) and B = E(ε)× E(ε) \A.
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Lemma A.9. P̃Ψ(u, u′) ≤ Ψ(u, u′) +Aδn+ log 2 for every (u, u′) ∈ E(ε)× E(ε).

Proof. We begin by observing that

(53) Ψ(gu, g′u′) ≤ log 2Ω ≤ Ψ(u, u′) + log 2

when either gu /∈ E(ε′) or g′u′ /∈ E(ε′). Indeed, the second inequality is a direct
consequence of the definition (52). To prove the first one, suppose that gu /∈ E(ε′)
and, hence, gu /∈ E(ε′′). If g′u′ /∈ E(ε′′) then, by definition, Ψ(gu, g′u′) = logΩ.
Otherwise,

d(gu, g′u′) ≥ (ε′ − ε′′) = Ω−1

and so Ψ(gu, gu′) ≤ log
(
Ω + (ε′ − ε′′)−1

)
= log 2Ω. The case when g′u′ /∈ E(ε′) is

analogous. This completes the proof of (53).
Now suppose that u is in E(ε) \ Xν′(n)(E(ε)). By Lemma A.8(2), it follows that

gu /∈ E(ε′) for any g ∈ supp ν′(n). Analogously, if u′ is in E(ε) \ Xν′(n)(E(ε)) then
g′u′ /∈ E(ε′) for any g′ ∈ supp ν′(n). In both cases, we get that (53) holds for ν′(n)-

almost every g and g′. Since θ̃u,u′ = θ̂u,u′ is a coupling of θu and θu′ , and these two

measures are assumed to be absolutely continuous with respect to ν′(n), it follows

that (53) holds for θ̃u,u′ -almost every pair (g, g′). Integrating with respect to θ̂u,u′

we conclude that

(54) P̃Ψ(u, u′) ≤ Ψ(u, u′) + log 2

if at least one of the points u and u′ is in E(ε) \ Xν′(n)(E(ε)).
Next suppose that (u, u′) is in the recoupling region, that is, both u and u′ are

in Xν′(n)(E(ε)) \ E(ε′′). Then, by Lemma A.8(1) and (51), for θ̂u,u′ -almost every
pair (g, g′) either gu /∈ E(ε′) or g′u′ /∈ E(ε′). Thus, (53) applies once more, and we

get P̃Ψ(u, u′) ≤ Ψ(u, u′) + log 2 just as in the previous case.
We are left to treat the case when both u and u′ are in the ν′(n)-core of E(ε)

and at least one of them is in E(ε′′). Note that in this case,

θ̃u,u′ = θ̂u,u′ = diag ν′(n) and Ψ(u, u′) = log
(
Ω+ d(u, u′)−1

)
.

According to (33) and Proposition A.7(2),

− log d(gu, gu′) ≤ − log d(u, u′) +An for every g ∈ V (n) and

− log d(gu, gu′) ≤ − log d(u, u′)− 3κn ≤ − log d(u, u′) if g ∈ E0.
Consequently,

Ψ(gu, gu′) ≤ log(Ω + d(gu, gu′)−1) ≤ log(Ω + eAnd(u, u′)−1)

≤ log(Ω + d(u, u′)−1) +An = Ψ(u, u′) +An for every g ∈ V (n) and

Ψ(gu, gu′) ≤ log(Ω + d(gu, gu′)−1) ≤ log(Ω + d(u, u′)−1) = Ψ(u, u′) if g ∈ E0.

Recall that ν′(n)(G \ E0) < δ for any ν′ ∈ U . Integrating the second inequality over
E0 and the first one over the complement, we get that

(55) P̃Ψ(u, u′) =

∫

G

Ψ(gu, gu′) dν′(n)(g) ≤ Ψ(u, u′) +Aδn.

The conclusion of the lemma is contained in (54) and (55). �

Lemma A.10. P̃Ψ(u, u′) ≤ Ψ(u, u′)− κn+Aδn for any (u, u′) ∈ E(ε′′′)×E(ε′′′).

Proof. We are going to use the following easy inequalities: given c > 0 and x > 0,

log(Ω + cx) ≤ log(Ω + x) + log c if c ≥ 1 and(56)

log(Ω + cx) ≤ log(Ω + x) + log
√
c if x ≥ Ω/c.(57)
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Using (33) and Proposition A.7,

d(gu, gu′)−1 ≤ eAnd(u, u′)−1 for every g ∈ V (n) and

d(gu, gu′)−1 ≤ e−3κnd(u, u′)−1 if g ∈ E0.
Clearly, d(u, u′)−1 ≥ (2ε′′′)−1 = Ωeκn for any u and u′ in E(ε′′′). So, using (56)
with c = eAn and (57) with c = e−3κn,

Ψ(gu, gu′) = log(Ω + d(gu, gu′)−1) ≤ log(Ω + eAnd(u, u′)−1)

≤ log(Ω + d(u, u′)−1) +An = Ψ(u, u′) +An for any g ∈ V (n) and

Ψ(gu, gu′) = log(Ω + d(gu, gu′)−1) ≤ log(Ω + e−3κnd(u, u′)−1)

≤ log(Ω + d(u, u′)−1)− (3/2)κn = Ψ(u, u′)− (3/2)κn if g ∈ E0.
Integrating the second inequality over E0 and the first one over the complement,

P̃Ψ(u, u′) =

∫

G

Ψ(gu, gu′) dν′(n)(g) ≤ Ψ(u, u′)− (3/2)(1− δ)κn+Aδn

≤ Ψ(u, u′)− κn+ Aδn

for any u and u′ in E(ε′′′), as claimed. �

A.7. Conclusion of the proof. Lemmas A.9 and A.10 mean that Ψ is a Margulis

function for P̃ with respect to the partition

A = E(ε′′′)× E(ε′′′) and B = E(ε)× E(ε) \ E(ε′′′)× E(ε′′′)

of E(ε) × E(ε), with κA = κn − Aδn and κB = Aδn + log 2. Observe that (49)
means that

κB
κA + κB

<
1

10
.

The reader may easily check that Ψ satisfies the conditions (a) and (b) in
Lemma A.5. Hence, there exists some self-coupling η̃ of η′ | E(ε) such that

∫

E(ε)×E(ε)

Ψ dη̃ <∞ and

∫

E(ε)×E(ε)

Ψ dη̃ ≤
∫

E(ε)×E(ε)

P̃Ψ dη̃.

Applying Lemma A.4 to η̃, we get that

(58) η̃
(
E(ε′′′)× E(ε′′′)

)
<

1

10
η̃
(
E(ε)× E(ε)

)
.

Suppose that η′(E(ε′′′)) ≥ (2/3)η′(E(ε)). Since

η′(E(ε)) = η̃
(
E(ε)× E(ε)

)
and

η′(E(ε′′′)) = η̃
(
E(ε′′′)× E(ε)

)
= η̃

(
E(ε)× E(ε′′′)

)

it would follow that η̃
(
E(ε′′′) × E(ε′′′)

)
≥ (1/3)η̃

(
E(ε) × E(ε)

)
, which would con-

tradict (58). This proves Theorem 3.6 with q = ε′′′/ε.
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Preprint 2017.
[26] H. Furstenberg. Non-commuting random products. Trans. Amer. Math. Soc., 108:377–428,

1963.
[27] H. Furstenberg and H. Kesten. Products of random matrices. Ann. Math. Statist., 31:457–469,

1960.
[28] H. Furstenberg and Yu. Kifer. Random matrix products and measures in projective spaces.

Israel J. Math, 10:12–32, 1983.
[29] I. Ya. Gol’dsheid and G. A. Margulis. Lyapunov indices of a product of random matrices.

Uspekhi Mat. Nauk., 44:13–60, 1989.
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