The answer to the question can be written in either English or Portuguese and should be returned by
the 3rd of march.

We consider the Ising model with plus boundary condition on Z? associated with inverse temperature
B > 0 and magnetic field h € R in the box Ay := [1, N]. The probability of a configuration o € Qx =
{—1,1}IA~1 is given by
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with the convention that o [ga, = 1. Recall that 85’\, is the set of edges with at least one end in Ay. We
use the notation (-)%, 5., for expectation with respect to wh Bih

We set ¢(3, h) =lim N~?log Zn 5,5 and recall that for every 8 > 0, ¢(f, h) is infinitely differentiable
everywhere, except, possibly, at zero. We set m™*(3) = limy, 0+ Ont (8, h).

1 A few inequalities
1. Show that for any z € Ay, 8> 0 and h > 0.
<Uz>;\r,7ﬂ)h < tanh(45 + h),
Deduce from it that m*(8) < tanh(40).

2. Prove that for any h € R
(0205 5.0] < tanh(48 +n]),

3. Show that for any h € R.
2
3h<Uz>zJ(z,5,h >1- (<Ux>JJ\rf,,8,h) :

Deduce from it that (3, h) is strictly convex in h, and that for h > 0

(Uﬁpﬁﬁ > tanh(h).

4. Show that when h > 0
36<Ux>;\r/,/3,h >(1- <Ux>JJ\r/,/3,h) Z<Uy>;\r/,/3,h-

y~z

Deduce from it in particular that 8 — Op (8, h) is strictly increasing when h > 0.

2 Deviation for the magnetization

We defined the magnetization and renormalized magnetization by

MN::ZO’z and mN::$Zaz.
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We know under <>}ﬁh converges to dp (5, h) when h # 0 and to m*(8) when h = 0. The aim of
this exercise is to estimate the probability of observing an unusual magnetization.



2.1 Large deviation bounds

1. Show that for any a € R
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2. Prove that for any v > 0, A > 0
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3. Deduce from it that
1
2 108 1N g (M > w) < —max (u— (8, b+ A) + $(8, b))

lim sup
A>0

4. Prove a similar bound for

. 1
lim sup N2 log N;_ﬁ,h(mN < u).

5. From the above deduce that when m*(8) = 0 for any ¢ > 0 there exists d(¢) > 0 and C. such that
for all vV 2
1k go(lmn| > €) < Cee N,

Derive a similar statement for h # 0.

6. When m*(5) > 0, show that
18 pollma] > m*(8) + &) < Coe N,
2.2 On the probability of reversing the magnetization
We assume in this section that A = 0, and that the

1. Show that for any N, for any finite sequence of vertices xz1,...,z; in Ay, and any sequences
(61, ex) € {—=1,1}%
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2. Show that for every § > 0 for all N and k sufficiently large we can find (z1,...,z) in Ay, and
(e1,...,ex) € {—1,1}* such that

:u’N7ﬂ(UC61:€15"'7UIk:Ek)S (m—a) .

3. Set 0 An:={x €Ay : Jye€ A?V, x ~ y}. Let show that

AN-1) (N-2)7? B
N2 + N2 <mN72>N—2,B'

<mN | Oy = —, Vo € 87AN>}7ﬂ = —

4. Show that for an explicit constant C' for every € > 0 and every N sufficiently large

ki s(Imy +m*(B)] <€) > e N,

2.3 On the probability of observing an intermediate magnetization

Given a € [-m*(B), m*(/3)]. Using the ideas of the previous section as well as some new ones, show that
for there exists a constant C' such that for every N large enough.

wh p(Imy —al <e) > e N,

(if this is more simple one can restrict to the case a = 0)



