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ABSTRACT

In this article we consider the three parameter family of elliptic curves E;: y2 —4(x —11)° + 1 (x —11) +
t3=0,1€C3, and study the modular holomorphic foliation F,, in C? whose leaves are constant locus

of the integration of a 1-form w over topological cycles of E;. Using the Gauss—Manin connection of the

family E,, we show that F, is an algebraic foliation. In the case w = x—“f—", we prove that a transcendent

leaf of F,, contains at most one point with algebraic coordinates and the leaves of F,, corresponding
to the zeros of integrals, never cross such a point. Using the generalized period map associated to the
family E;, we find a uniformization of £, in T, where T C C3 is the locus of parameters ¢ for which
E; is smooth. We find also a real first integral of F,, restricted to T and show that F,, is given by the
Ramanujan relations between the Eisenstein series.

1. INTRODUCTION

A classical way to study an object in algebraic geometry, is to put it inside a
family and then try to understand its behavior as a member of the family. In other
words, one looks the object inside a certain moduli space. The Abelian integrals
which appear in the deformation of holomorphic foliations with a first integral in
a complex manifold of dimension two (see {4,8,15,16}), can be studied in this way
provided that we consider, apart from the parameter of the first integral, some other
parameters. The first natural object to look is the constant locus of integrals. This
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yields to holomorphic foliations in the parameter space, which we call modular
foliations. The defining equations of such holomorphic foliations can be calculated
using the Gauss—Manin connection and it turns out that they are always defined
over Q, i.e. the ingredient of the defining equations are polynomials in the para-
meters and with coefficients in Q. Modular foliations, apart from topological and
dynamical properties, enjoy certain arithmetical properties. They are an important
link between the transcendental problems in number theory and their counterparts
in holomorphic foliations/differential equations. They are classified as transversely
homogeneous foliations (see [6]) and recently some authors have studied examples
of such foliations (see [3,12,13,25] and the references there). In this article I want to
report on a class of such foliations associated to a three parameter family of elliptic
curves. For simplicity, we explain the results of this article for one of such foliations
which is important from historical point of view and its transverse group structure
is SL(2, Z).

After calculating the Gauss—Manin connection of the following family of elliptic
curves

(1) E:y =4 -1’ +n(x-1n)+n=0, 1eC

and considering its relation with the inverse of the period map, we get the following
ordinary differential equation:

fi =1} — fyt2,
(2) Ra: t2 =411ty — 613,
fy=6tit3 — 112,
which is called the Ramanujan relations, because he has observed that the Eisen-

stein series form a solution of (2) (one gets the classical relations by changing the
coordinates (71, 2, 13) > (12t1, 12t2’ 3(]2)2 13), see [21], p. 4). We denote by F(Ra)

the singular holomorphic foliation induced by (2) in C3. Its singularities
Sing(Ra) := {(1, 121}, 81]) |1, € C}

form a one-dimensional curve in C>. The discriminant of the family (1) is given by
A= 27t32 - t23. Fort e T :=C3\ {A =0}, E, is an smooth elliptic curve and so we
can take a basis of the Z-module H(E;, Z), namely (81, 6;) = (81,1, 82,1), such that
the intersection matrix in this basis is ( _01 é) Let w;, i = 1,2, be two meromorphic
differential 1-forms in C? such that the restriction of w; to E,, t € T, is of the
second type, i.e it may have poles but no residues around the poles. For instance,
take w; = d—y’f, W) = i;’—x. Define

B, (2) ——Im(/w,/a),) i=12,
1

)

By, () = (/wlfwz—fwszl)
1 )

1
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It is easy to show that the above functions do not depend on the choice of 8;, &
(see the definition of the period map in Section 2) and hence they define analytic
functions on 7.

We define

d
K;:{teT'/uzo, forsomeO;ﬁBeHl(E,,Z)]
y
s

and

My={teT|Bwz()=r), Mo :=|JM, reR
y
s<r
- - d d dx [ dx _~_;
Using the Lege.ndre relatxop ﬁsl 7‘ S5 f51 = sz £} =2xi one can show that
|Bax xdsx | restricted to My is identically 1. We also define
yry

Ny:={teMy|Bu xax @) =w), |wl=1, weC.
yry

For t € C*\ Sing(F(Ra)) we denote by L, the leaf of F(Ra) through . Let H :=
{z € C | Im(z) > 0} be the Poincaré upper half plane and D :={z € C| |z] < 1} be
the unit disk.

Theorem 1. The following is true:

1. The leaves of F(Ra) in a neighborhood of t € T are given by the level surfaces
Of(fsl Lﬁi, f52 %’5) (T, t) ~ C2. In particular, the function Bxax is a real first
integral of F(Ra) and for \w| =1, Ny, 5 are F(Ra)-invariant. ’

2. Fort e X := (Mg\ K)UM_q the leaf L, is biholomorphic to D and fort € T\ X
the leaf L, is biholomorphic to D\ {0}.

3. The set K is F(Ra)-invariant and it is a dense subset of My. For all t € K there
is a holomorphic map D — C3, transverse to Sing(Ra) at some point p, which
is a biholomorphy between I\ {0} and L,.

4. Forallt € T the leaf L, has an accumulation point at T if and only if t € M.

5. The discriminant variety {A = 0} is F(Ra)-invariant and all the leaves in
{A = 0} are algebraic.

In Section 6 we have defined an elliptic modular foliation associated to a differ-
ential form w in C? such that o restricted to the fibers of (1) is holomorphic. It
is based on the first statement in Theorem 1, Part 1. Such foliations have real first
integrals and leave the discriminant variety invariant.

The proof of the above theorem is based on the fact that the foliation F(Ra)
restricted to T is uniformized by the inverse of the period map (see for instance
[11] for similar topics). Despite the fact that this theorem does not completely
describe the dynamics of F(Ra), it shows that a modular foliation is not a strange
foliation from dynamical/topological point of view. However, such foliations arise

265



some new questions and problems related to holomorphic foliations. For a given
algebraic holomorphic foliation F in C3 defined over Q, the field of algebraic
numbers, a transcendent leaf L of F how frequently crosses points with algebraic
coordinates? The set L N Q? can be empty or a one element set. For F(Ra) these
are the only possibilities.

Theorem 2. The following is true:

1. For any point t € C>\ {A =0}, the set Q° N L, is empty or has only one
element. In other words, every transcendent leaf contains at most one point
with algebraic coordinates.

2. KNQ? =40, i.e forall p € K at least one of the coordinates of p is transcendent
number.

The main idea behind the proof of the above theorem is the first part of Theorem 1
and consequences of the Abelian subvariety theorem on periods of elliptic curves
(see [28] and the references there). We will also give an alternative proof for the
second part of the above theorem, using a result on transcendence of the values of
the Eisenstein series.

I have made a good use of SINGULAR for doing the calculations in this article.
The text is written in such a way that the reader can carry out all calculations using
any software in commutative algebra. An exception to this is the calculation of the
Gauss—Manin connection in Section 2, for which one can use a combination of hand
and computer calculations or one must know the general algorithms introduced in
[17]. The general definition of a modular foliation can be done using connections on
algebraic varieties. The forthcoming text [20] will discuss such foliations, specially
those related to the Gauss—Manin connection of fibrations. In the article [18]
we have developed the notion of a differential modular form in which we have
essentially used the same techniques of this article.

In the classical theory of elliptic integrals, the parameter ¢ in (1) is equal to
zero and one considers the versal deformation of the singularity y?> — 4x3 =0. In
this article we have generalized the classical Weierstrass theorem and proved that
for the inverse of the generalized period map, #; appears as the Eisenstein series of
weight 2i. The novelty is the appearance of ¢, as the Eisenstein series of weight 2.

The paper is organized as follows: In Section 2 we define the period map, cal-
culate its derivative and the Gauss~Manin connection associated to the family (1).
In Section 3 we introduce the action of an algebraic group on C? and its relation
with the period map. We prove that the period map is a biholomorphism and
using its inverse, we obtain the differential equation (2). In Section 4 we describe
the uniformization of F(Ra)|r. In Section 5 we prove Theorem 1. In Section 6
we introduce the general notion of an elliptic modular foliation associated to the
family (1). Section 7 is devoted to a theorem on periods of Abelian varieties
defined over Q and its corollaries on the periods of elliptic curves. In Section 8
we prove Theorem 2. In Section 9 we study another family of elliptic curves
and corresponding modular foliations. Finally in Section 10 we discuss some
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problems related to limit cycles arising from deformations of the family (1) inside
holomorphic foliations.

2. PERIOD MAP AND ITS DERIVATION

For some technical reasons, which will be clear iater, it is convenient to introduce a
new parameter fo and work with the family:

3) E: ¥ —45x — 1) +(x — 1) + 13, t=(to, 11,12, 13) € C*.

Its discriminant is A := to(27z‘()t32 - tg). We will use the notations in the Introduction
for this family.
Let

P= {x = (x‘ x2> € GL(2,0) | Im(x153) > 0]-
X3 X4

dx xdx
yy
elliptic curve E, form a basis of Hd‘R(E ;). The associated period map is given by:

1 f W] f a)z)]
T — SL2,Z)\ P, S 8 .
pm:T —SLQ.Z)\P, t [ L (f52w1 ‘o

It is well defined and holomorphic. Here v/i = ¢2*/* and (81, 8,) is a basis of the
Z-module H;(E;,Z) such that the intersection matrix in this basis is (_01 3) Note
that §; = 8;, i =1, 2, is a continuous family of cycles depending on ¢. Different
choices of §;, 8; will lead to the action of SL(2, Z) on P from the left. If there is no
risk of confusion, we will also use pm for the map from T to P.

It is well know that the entries of (w1, wy) :=( ) restricted to each regular

Remark 1. A classical way for choosing the cycles 81, 8, is given by the Picard—
Lefschetz theory (see for instance [15] and the references there). For the fixed
parameters #o # 0, f; and 1, # 0, define f:C? — C as

FG,y) ==y +4t0(x —1)® — ta(x — 11).

3
The function f has two critical values given by 3, /3 = & %5' In a regular fiber

E, of f one can take two cycles §; and 8, such that (81, 82) =1 and §; (resp. &2)
vanishes along a straight line connecting t3 to 73 (resp. #3). The corresponding anti-
clockwise monodromy around the critical value f3 (resp. #3) can be computed using
the Picard—Lefschetz formula:

81+ 81, Sr> 83+ 61 (resp. 8 = &1 — &, S2 0 82).

It is not hard to see that the canonical map 1 (C \ {3, f3}, ) — (T, t) induced by
inclusion is an isomorphism of groups and so:
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a(T,1) = (A1, A2) =SL(2,7),

I 0 [ -1
(10w

Note that if we define g; := A} A*IA ! ( ) g = A‘IA‘1 =(_ 0 1) then
we have SL(2,7) = (g1, g2 | g1 = g2 =1, where [ is the identity 2 x 2 matrix.

where

Proposition 1. Consider pm as a holomorphic matrix valued function in T. We
have

4 dpm(t) =pm(r) - A", teT,

Where A = %Z?zl A;dt; and

Stotitat3 — 9t0t3 + 1123 —3ton13
Stotints +9nntl — tnt3 + 385 —3nnnt — 18063 + 363

Ao= (
A 0 0
"I\ 21—} 0)
9.2
A = ——t0t1t3 + t()tz 3813
2= 9 212 _ 92,5 1. 21,
i+ totjtz —tot2t3 510t — 1h0l;

g < 3:3{132 — 31313 312 )
) 1 9,2
32680 —93nts + ot =32t + 13t

)

Proof. The proof is a mere calculation The calculation of the derivative of the
period map for the differential form 4 y L and the case #; = 0 is classical and can be
found in ([24] p. 304, [23] ). For the convenience of the reader we explain only the
first row of A3. For p(x) = 4t9(x —11)3 — 1o(x — ;) — t3 we have:

A=—-p - ai+p-a,

where

ay = =3613x" + 144151 + (=2161317 + 15651)x”
+ (144131 — 30630110 x — 366317 + 1583171, — 113,

ay = (~1083)x” + (3241311 )x” + (3248317 + 2713 12)x
+ (1081385 — 275111, — 2718 13).

Now we consider y as a function in x and make the projection of H;(E;, Z) in the
x-plane. The derivation with respect to #3 goes inside of the integral and
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9 (dx) ldx 1 (=p'ay+ pay)dx 1<1 ,)dx
—_— — = —_—— = — = — —az—-a _—_
am\y) 2py A 2py A Yy

9 dx
=321t — =153 | —
( T Re 3) y
, Xxdx .
—3tyt,—— modulo relatively exact 1-forms
y

(see [22] p. 41 for a description of calculations modulo relatively exact 1-forms).
Note that in the third equality above we use y?> = p(x) and the fact that modulo
exact forms we have

pajdx aydp ady 1 a;dx
= = e —ald = .
Zpy 2py p

Recall that a meromorphic differential form w in C? is relatively exact for the
family (1) if its restriction to each elliptic curve E;, A(r) # 01is an exact form. This
is equivalent to say that fa w=0forall § € Hi(E;, 7).

The matrix A is in fact the Gauss-Manin connection of the family E, with
respect to the basis w. We consider (3) as an elliptic curve E defined over Q1) =
Q(to, 11, 12, 13). According to Grothendieck [7], the de Rham cohomology H&R(E )
of E is well defined. Any element of H (}R(E ) can be represented by a meromorphic
differential 1-form in C? = {(x, y)} whose restriction to a generic elliptic curve E;
is a differential form of the second type i.¢. a meromorphic differential form on E,
with no residues around its poles. In the case we are considering, each element in
H G{R(E ) can be represented by a differential form with a unique pole at infinity and
H le(E ) is a Q(r)-vector space with the basis {[‘{7"], [%]}. Roughly speaking, the
Gauss—-Manin connection is a Q-linear operator V: Hgr (E) — QlT ®q(r) Har (E),
where Q1. is the set of algebraic differential 1-forms defined over Q in 7. It satisfies
the Leibniz rule V(pn) =dp @ n + pVn, p € Q(t), n € HL(E) and

(6) d/n =/\7n, n€ Hig(E).
5 5

We write V(w) = Bw, w:= (5’}’1, %ﬁ)”, use (6) and conclude that B = L °0_0 A;.
The Gauss—Manin connection is an integrable connection. For our example, this
translates into:

dB=BAB equivalently for B = (a)“ wlz) ,
W W

dw|) = w12 Awy), dwp = Awy + 011 Ao, don = Ao,

dwny = wa1 Ao + w3 Awl.

For the procedures which calculate the Gauss~Manin connection see [17].
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3. ACTION OF AN ALGEBRAIC GROUP

The algebraic group
M Go=|(R P | beC.hkpeCt
0 k

acts on P from the right by the usual multiplication of matrices. It acts also in C*
as follows:

8) teg = (tokl—lkgl, t]kl_lkz + k3k1_], t2k1—3k2, t3k1_4k%)

ko k
t=(to, 11,0, €C g=("" " )eGo.
0 K

The relation between these two actions of Gy is given by the following proposition:
Proposition 2. The period pm is a biholomorphism and
) pm(teg) =pm(r)-g, teC* geGo.
Proof. We first prove (9). Let
a:C? = C%, (x,y) > (& kix — kaky L kg kL y).
Then

Kk (f) = y? — dtok2k (ke — kaky T — 1)’
+ ook (k; Thix — kaky ' — 1) + takaky?
=y — 41k Uk (x — (tukokt + kak 1))
+ ok ko (x — (tikaky ! + kaky 1)) + t3k; k3.

This implies that « induces an isomorphism of elliptic curves
(o2 Etog —> Et.

Now

a_la)—' k;l O w= k] O —la)
T\ kb kY )T T\ ke ’

where w = (iy’ﬁ, i;”—")", and so

pm(t) =pm(teg) g~

which proves (9).
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Let B be a 4 x 4 matrix and the ith row of B constitutes of the first and second
rows of A;. We use the explicit expressions for A;’s in Proposition | and we derive
the following equality:

3 3
det(B) = 102°.

The matrix B is the derivation of the period map seen as a local function from
C* to C*. This shows that pm is regular at each point + € T and hence it is
locally a biholomorphism. The period map pm induces a local biholomorphic
map pm:T/Go — SL(2,Z) \ H=C. One can compactify SL(2, Z) \ H by adding
the cusp SL(2,Z)/Q = {c} (see [9]) and the map pm is continuous at v and
sends v to ¢, where v is the point induced by t027t32 - t23 =0 in C*/Gy. Using
Picard’s Great theorem we conclude that pm is a biholomorphism and so pm is a
biholomorphism. O

We denote by
F=(Fy,Fi,F, F3):P>SLR,Z)\P—>T

the map obtained by the composition of the canonical map o and the inverse of the
period map. Taking F of (9) we have

Fo(xg) = Fo(x)ky k3,
(10)  Fixg) = Fi(oky ke +kak;
Fy(xg) = Rk ka,  F3(xg)=Fy(x)k*k3, VxeL, geGo.
By Legendre’s theorem det(x) is equal to one on pm(l x 0 x C x C) and so the
same is true for Fydet(x). But the last function is invariant under the action of Gy
and so it is the constant function 1. This means that Fy(x) = det(x)~!.
We consider pm as a map sending the vector (2, 11, f2, 13) to (x1, X2, x3, x4). Its

derivative at ¢ is a 4 x 4 matrix whose ith column constitutes of the first and second
row of +xAl. We use (5) to derive the equality

(dF), = (dpm);!

= det(x)™!
—Foxy Foxa
y 1r; (12FoFixs — 12FoFixg — Faxy)  —Fixs + x4
4F Fyxy — 3Fyx4 — 6F3x3 —Fxs
ﬁ(l8FgF1 Fyx3 — 12FgFsxq — Fix3)  —2F3x;
Fox —Fox;
ﬁ(—lZFofol + 12FgFixa+ Fax))  Fixp—x;
~4F 1 Fox1 +3Fxy + 6F3x4 Frxy

§lf0-(—18F()F1 Fix; +12FyF3xp + Fzle) 2F3x;
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Define g;(z) := F; (] *0]), z € H. The equalities of the first column of the above
matrix imply that (g;, g2, g3) :H — T satisfies the ordinary differential equation (2).
The equalities (10) imply that g;’s satisfy

(1) (cz+d) " g(Ad) =gi(2), =23,
(12) (cz+d)?g1(A7) = g1(2) +clez+d) ™", (i Z)eSL(Z,Z).

In fact g; s, up to some constants, are the Eisenstein series. More precisely, we have
the following proposition.

Proposition 3. e have

4k .
(13) gk (2) =ak(1 + (—1)k”;k Zazk—l(n)eh”"), k=1,2,3, zeH,

nz1

where By is the kth Bernoulli number (B = é, By =5, B3 = %, ...), gi(n) =

Zdln di'

2mi 2mi\? 27i\3
(14) Poo = (a1, a2, a3) (12, 2( 12) ,8( 12))

Proof. The statement for g, and g3 follows from the Weierstrass Uniformization
theorem (see for instance [23]). Note that in our definition of the period map the
factor \/_% appears. The functions g, k = 1, 2, 3, have finite growth at infinity, i.e.
limym(z)— +oo 8k (2) = ax < oo. For g this follows from the Ramanujan relations (2)
and the equality 3‘% = Zniqﬁ, where q = ¢?™%. The set M of holomorphic
functions on H which have finite growth at infinity and satisfy (12) contains only
one element. The reason is as follows: The difference of any two elements of M has
finite growth at infinity and satisfy (11) with i = 1. Such a holomorphic function
is a modular form of weight 2 which does not exist (see [9]). Now the function g,
and its corresponding series in (13) have finite growth at infinity and satisfy (12)
(see [1], p. 69). Therefore, they must be equal. O

4. UNIFORMIZATION OF F(RA)
From this section on, we set fg = | and work again with the family (1). We use the

same notations for pm, P, Gg, T, A and so on. For instance, redefine

P = [x = (x‘ xz) e GL(2,C) ‘ Im(x53) > 0, det(x) =1
X3 X4

and

i k kl 7 *
GO_KO k“) | KeCkec }
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The action of G on C* is given by
teg:=(nk 2 +kk ' k™t nk™®),
kK
— 35—
t=(t,nn)el g= (O k‘l) € Gy.
We also define

g=(g1,g,8):H->TcCC,

Ra:= (1 — — a+(4tt 6t) .

=\ -3y 12 = 6t3 =30 )3
1

n = (l‘i2 - 1—2—1‘2) dt — (4t — 613) dty,

1
= (4111 — 613) dt3 — <6t1t3 - §t22> dt,

1 1
m = <t12 - Etz) dty — <6t1t3 - §t22) dn,

ng = 3tz3dty — 2t dts.
The foliation F(Ra) is induced by n;,i =1, 2, 3. We have
dA(Ra) = (2.2713d13 — 313d1) (Ra)

1
=2.27t3 (6[11‘3 - §t22> - 3t22(4t1t2 —613)
=121 A.

This implies that the variety Ag := {A = 0} is invariant by the foliation F(Ra).
Inside Ao we have the algebraic leaf {(t;,0,0) € C*} of F(Ra). We parameterize
Ao by (312, £3), t € C and conclude that (2) restricted to Ag is given by

t'—2m—t2

12
=1 —

(15) F(Ra)|ag: {
il

2
It has the first integral t71 -+ %t. This implies that the leaves of F(Ra) inside Ag
are given by:
Z;B - 2((t1 +0) - 112)1/2 =2(t;+¢), ceC.

Proposition 4. The following is a uniformization of the foliation F (Ra) restricted
toT:

u:H x (C*\ {(0,0)}) > T,
(caz — )7 c4 )

0 €4z — €2

(z,c2,c4) = g(z)O(
(16)
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= (g1 (caz — )" + (caz — €2), £2(2) (caz — e2)*,

83(2)(caz — 2)®).

Proof. One may check directly that for fixed c;, ¢4 the map induced by u is tangent
to (2) which implies the proposition. We give another proof which uses the period
map: From (5) we have

1 2m Ing \"
d(pm)(t) = —pm(t 4 2 ) )
(Pm)(®) AP ()(%t3771—3t2773+%t1772 -in

Therefore,

apmio)(ra) =pmed (7 )=(7 5).

This implies that the x, and x4 coordinates of the pull forward of the vector field
Ra by pm are zero. Therefore, the leaves of F(Ra) in the period domain are of the

form
2az—a)b o\ [z -1\ {(caz—c)! 4 -
(caz—e)™' ) \1 O 0 caz—c2 )’

5. PROOF OF THEOREM 1

We follow the notations introduced in Section 4. In particular we work with the

family (3) with 1o = 1.

Proof of 1. The first part follows from Proposition 4. The leaves of the pull-forward
of the foliation F(Ra) by the period map pm have constant x; and x4 coordinates.
By definition of B;a4x :=Im(x;x3) in the period domain, we conclude that M, ’s are

y
F(Ra)-invariant. On Mg an x € P can be written in the form (’;‘3 );‘;'), reR, x4(x; —
rx3) = 1. Then
X4
(17)  Buax rax () = Tlxy —ris) = =,
yry X4

which implies that N,,’s are 7 (Ra)-invariants. [

Proof of 2. Let us define
_Jfz2zea=e)™t ‘ c2
Laves = {( (zca —c2)7! C4> < HMSTT
We look at a leaf L, ., of F(Ra) at the period domain P. The leaf [L., ] C
SL(2,Z) \ P may not be biholomorphic to H \ {z—i} if there exists A € SL(2,Z)
which maps a point of L., ., to another point in L, .. This implies that

Alcz, c4]" =[c2, c4]'" and hence £ e Q. After taking another representative for the
leaf [L., c,], we can assume that ¢4 = 0. Now, the only elements of SL(2, Z) which
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maps [c7, 0] to itself are of the form ((]) ll’) b € Z. This implies that the corresponding
leaf in T is biholomorphic to D\ {0}. If B,u: (1) <0 and ¢t ¢ K, then % ¢ H and
y

L; is biholomorphic to H. If Bya, (f) > 0 then i—i € H and L, is biholomorphic to
"y y
H\(2). O

Proof of 3. Take t € K and a cycle § € H\(E;, Z) such that f; x—?—"— =0and § is
not of the form né’ for some 2 <n € N and & € H((E;,Z). We choose another
8" € Hy(E;,7Z) such that (§', §) is a basis of H;(E;,Z) and the intersection matrix
in this basis is ( 401 01) Now pm(¢) has zero x4-coordinate and so its B ,%x is zero.
This implies that K ¢ M. It is dense because an element (’;13 );‘1’) € Mo C L can be
approximated by the elements in My with r € Q.

The image of the map g is the locus of the points ¢ in 7' such that pm(z) is of the
form (2 7') in a basis of H,(E;, Z). We look g as a function of g = ¢>™/% and we
have

d
2(0) = poo, a—g(O) = (=24ay, 2403, —504a3),
q

where g;’s are defined in (14). This implies that the image of g intersects Sing(Ra)
transversely. For ¢ € K the x4-coordinate of pm is zero and the leaf through ¢,
namely L,, has constant xp-coordinate, namely ¢;. By (16) L, is uniformized by

u(z) = (c381(2). 382(2). 3g3(z)), ze€H.

This implies that L, intersects Sing(Ra) transversely at (c3a1, cjaz, c5as).

Note that the leaf space SL(2,Z) \ (C? \ {Im(ca¢4) > 0}) of the foliation F(Ra)
in M, is biholomorphic to the quasi affine set C2 \ {272 — £ = 0} using the
Eisenstein series. The same is true for M, .o. The leaf space in My is isomorphic to
C* x SL(2,Z) \ R as a set and so has no reasonable structure. O

Proofof 4. Lett € T and the leaf L, through ¢ have an accumulation pointat# € T.
We use the period map pm and look F(Ra) in the period domain. For (¢, c4) €
C2\ {0} the set S = {A(c2, c4)™ | A € SL(2, Z)} has an accumulation point in C? if
and only if Z—i € R U oo or equivalently BL;%_X ®=0 0

Proof of 5. It is already proved in Section4. O

6. ELLIPTIC MODULAR FOLIATIONS

Let n be any meromorphic differential 1-form in C* whose restriction to a smooth
elliptic curve E; gives us a differential form of the second type. For instance, one
can take n = E(L»yy_ﬁﬂ or p(x, y)(Bxdy — 2ydx), where p is a polynomial in x, y.
Such a 1-form can be written in the form

d d .
(18) n=pi (t)—JE + pz(t))i—)£ modulo relatively exact 1-forms,
y y
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where p; and p; are two meromorphic functions in r with poles along A =0
(a meromorphic one form 7 in C? is called relatively exact if its restriction to each
smooth elliptic curve E, is an exact form).

An elliptic modular foliation F;, associated to 7 is a foliation in C ={(t1, 1, 13)}
given locally by the constant locus of the integrals fa, n,8: € H(E;, Z), i.e. along
the leaves of F; the integral fs, n as a function in ¢ is constant. The algebraic
description of F;, is as follows: We write n = pw, where w = (de’ ﬁ%)" and
p = (p1, p2). If Vo = Bw is the Gauss-Manin connection of the family (1) with
respect to the basis w (see Section 2) then

V(n) =V(pw)=(dp+ pBw
and it is easy to see that
(19 Fy: dp1+ pron + prwy =0, dpy + p1wi2 + prwp =0,

where B = (2’)’2{]’ ‘:}222) By the first part of Theorem 1 we know that F,4 = F(Ra).

y
Using the above expression for F, one can show that {A =0} is F,-invariant and
every leaf of 7, inside {A = 0} is algebraic.

Example 1. For s a fixed complex number, the foliation F(+x4x is given by the
Y

vector field:

242t 1t+s2 0 + (411ty + dtps 6t)a
§— — 2 6L
i+2ms—n o 112 448 D50

1, d
- = 6t35) —.
+ (6t1 3 3t2 + 3S) on

For s = 0 this is the foliation F(Ra) discussed in the previous sections and for
s = o¢ this is the trivial foliation Fux: dt; =0, dt3 =0.
y

Example 2. We have i;il = (—z‘l2 + 1—12t2)d7" + 2t1)‘—;1—’£ modulo relatively exact
forms and so F 2, is given by:
¥y

2
(—48t] +24t}t, — 481113 + 1) Py
1

' 9
+(=3848 1, + 17281713 — 961115 + 481, 13) ™
2

2
+ (=5768713 + 961715 — 144111213 — 813 +28853) .
3

7. ABELIAN SUBVARIETY THEOREM

In this section we are going to state a consequence of the Abelian subvariety
theorem on periods of an Abelian variety defined over Q. For the convenience of the
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reader, we recall some basic facts about Abelian varieties. For further information
the reader is referred to [10] for the analytic theory and [14] for the arithmetic
theory of Abelian varieties.

An Abelian variety A viewed as a complex manifold is biholomorphic to C8/A,
where A is a lattice of rank 2g in C8. In addition we have an embedding of A in
some projective space which makes sense to say that A is defined over Q. From now
on, we work only with the category of Abelian varieties defined over Q. According
to Grothendieck [7] the de Rham cohomology H(}R(A) can be constructed in the
context of algebraic geometry and it is a Q-vector space of dimension 2dim(A).
Every [w] € H (}R(A) is represented by a differential form w of the first or second
type defined over Q. A differential 1-form w on A is called to be of the first type if
it is holomorphic on A and it is called to be of the second type if it is meromorphic
with poles but no residues around the poles. Let Ay, A; be two Abelian varieties of
the same dimension defined over Q. An isogeny between A; and A, is a surjective
morphism f:A; — Aj of algebraic varieties defined over Q with f(04,) =04,.
It is well known that every isogeny is a group homomorphism and there is
another isogeny g:A; — Ay such that g o f = nyu, for some n € N, where ny,
is the multiplication by » map in A;. The isogeny f induces an isomorphism
fetHi(A1,Q) > Hi(A2, Q) (resp. f*:Hjp(A2) > Hip(A))) of Q-vector spaces
(resp. Q-vector spaces). For A = Ay = A, simple, it turns out that Endy(A) =
End(A) @z Q is a division algebra, i.e. it is a ring, possibly non-commutative,
in which every non-zero element has an inverse. An Abelian variety is called
simple if it does not contain a non trivial Abelian subvariety. Every Abelian variety
is isogenous to the direct product AI;I X A’;z x - x A of simple, pairwise
non-isogenous Abelian varieties A;, all defined over Q and this decomposition is
unique up to isogeny and permutation of the components. For an Abelian variety A
defined over Q the period set

P(A) = l/w |8 Hi(4,Q), o] € HC{R(A)}

8

is a Q-vector space of dimension at most (2dim A)2. We are going to state the
precise description of dimg P(A).

Let A be a simple Abelian variety. The division algebra k := Endy(A) acts both
on Hi(A,Q) and H(}R(A) and we have

/a):fa-w, ack, [w]eH&R(A).
ad 8

This means that the periods of a - § reduces to the periods of §. Let H (A, Q) =
j‘:l k8 j be the decomposition of Hi(A, Q) under the action of k. Each k - §;

. . . . _ dimg Hi(A.Q) _  2dim(A)
is a Q-vector space of dimension dimg & and so s = —§% mok = GimgEndo(A))"
Considering r = 2dim A differential forms w;, w3,...,», which form a basis

4dim(A)?

1 : Py—
of Hip (A), we obtain s,4 := Timg (Bndo (A7)

periods fs,-“’i’ i=12,..,r j=
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1,2,...,s, which span the Q-vector space P(A) and may be @-independent. If
A is isogenous to the direct product A’f1 x A;‘z X -+ X A of simple, pairwise
non-isogenous Abelian varieties A;, all defined over Q , then we obtain ) ;_, 54,
periods which span the Q-vector space P(A). In fact, they form a basis and there is
no more relation between the periods of A.

Theorem 3. Let A be an Abelian variety defined over Q and isogenous to the
direct product A’f‘ X A;Z x - x AM of simple, pairwise non-isogenous Abelian
varieties A;, all defined over Q. Then the Q-vector space V4 generated by 1,2ri
together with all periods 5w, § € Hi(A,Q), @] € H{z(A), has dimension

. 2. dim(4;)?

dimg, (V) =2+4§ FmgErde (A1)

Note that the above theorem says a little bit more: The collection of s4 periods
which we described before are Q-linear independent among themselves and even
with the numbers 1, 7. The above theorem is a consequence of Wiistholz analytic
subgroup theorem (see for instance [27], Lemma 1). It is stated and proved in
Theorem 6.1 of [26] (Appendix). Similar theorems are stated and used by many
authors (see [28], Satz 1, Satz 2; [27], Proposition 2; [19], Corollary 1). In this text
we need the following corollaries of the above theorem.

Corollary 1. Let A) and A, be two Abelian varieties over Q with a common
non-zero period, i.e. there exist [w;] € Hle(Ag), 8; € Hi(A;,Q), i =1,2, such that
f51 W) = f52 @ # 0. Then there is sub Abelian varieties B; of A and By of Ay with
By isogenous to By. In particular, if A\ and Ay are simple then A, is isogenous
to As. In this case, we have an isogeny a: A) — A such that a*[w;] = n[w;] and
a,8) = nd, for some n € N, where a*: H&R(Az) — HC{R(AI) and a,: Hi(A, Q) —
H1(A,, Q) are the induced maps in the first cohomology, respectively homology.

Note that all the Abelian varieties and isogenies in the above corollary are defined
over Q.

Proof of Corollary 1. If there is no common factor in the decomposition of A}
and A; into simple Abelian varieties then applying Theorem 3 to A; and A; and
A1 x Az we conclude that dim@ P(A1 x Ay) = dim@ P(Ay) + dimQ P(A»). This
implies that P(A;1) N P(A2) = {0} which contradicts the hypothesis.

Now, let us prove the second part. Choose an isogeny b: A; — A, and let &, =
b, '8, and @, = b*w;. Since f52 @ = f;, @1 #0, there must be ¢ € Endo(A1) with
¢ - 8 = &,, otherwise by our hypothesis and Theorem 3 applied for A;, we will get
less dimension for P{A;). We choose n € N such that d :=n - ¢ € End(A4) and so
we have d,8; = né;. By our hypothesis we have

/d*d)zz / (Z)zzn/wl
5[ d*‘sl 61
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and so by Theorem 3 we must have d*@; = nw; (for this one can also use
[28], Satz 2). Now, e =bod:A| — A, has the properties: e,8; = nda, e*[wy] =
nlwy]. O

I do not know whether Corollary 1 is true for n =1 or not. To obtain n = 1 we
have to make more hypothesis.

Corollary 2. Let A;, i = 1,2, be two simple Abelian varieties defined over Q and
0+#[wi]e Hle(Ai) such that the Z-modules { |, swi | 8 € Hi(A;, Z)} coincide. Then
there is an isomorphism a: Ay — Ay such that a*[w;] = [w1].

Proof. We fix 8; € Hi(A;,Z), i = 1,2, such that f51 W = fsz wy # 0, apply
Corollary 1 and obtain an isogeny a: A} — A; with a*[w;] = nlw;] and a.8; = né,
for some n € N. We claim that a,H (A|,Z) = nH(A3,7Z). For an arbitrary
8 € Hi(A,Z) we have

fwzzfnwl =nfa)2 for some &' € Hy(A3, Z).

axd 1 8

Therefore, we have [ as_ns @2 =0. Since A; is simple, by Theorem 3 we have
a8 = nd’ and so a,Hi(A|,Z) C nHi{(A3,Z). In the same way we prove that
nHi(A2,Z) Ca.Hi(Ay, 7).

Let Ay, := {x € Aj | nx = 0} be the n-torsion points of Aj. There is an
isomorphism b: Ay — Az such that b o ngq, = a. To construct b we proceed as
follows: For a moment assume that a‘l(OAz) = Ay ,. The quotient B := A1 /A1,
is a well-defined Abelian group defined over Q and the isogenies a and n4, induce
isomorphisms @: B — A, and 7: B — A; of Abelian varieties. The isomorphism
b:=aon! satisfies bon 4, =a. In fact it is the one which we want: we have
b8 = b (nd)) = La.81 = & and b*en = tnb*wr = la*wy = wy.

Let us prove a~1(04,) = A} ». It is enough to prove this equality in the analytic
context. We identify t4, =14, = C&, where the first isomorphism is given by the
derivative of @ at 04,, H1(A;,Z) = A; C C# and obtain a Z-linearmap a: A} — A
which induces a C-linear isomorphism C8 — C$ (we identify A; with C8/A;,
i=1,2, and a with a). We have a(A|) = nA; and A, = %/Al. Therefore
aA;, =0 mod Aj;. If a(x) =0 mod A, then a(nx) = nd = a(§’) for some
8 € Ap, 8 € Ay. Since a is injective we have nx =8 andsox € A;,. DO

8. PROOF OF THEOREM 2

For a modular foliation 7, we define:

K,,:{teT \ /n=0forsome8€H1(E,Z)},
5

-1
P:CP»C, Pyt):=te <p(2) ‘;;) = (tlpg + p1p2, 2P, t3pg),
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and
A = det(D, Py),
where p;, i = 1,2, are given by (18). Using the commutative diagram

T\(p2=0} 5 SL©2,Z)\P
P"IJ’ \Lﬁn ’
T 2 SL@R, 7))\ P

~ -1
where P, is the map given by the action of (2 i ;) from left on SL(2, Z) \ P, one
can show that P, maps every leaf of F;, to a leaf of 7 (Ra) (possibly a point) and so

D, P (X(1)) = A- Ra(P(r)) for some A eC[t],

where X =) ?=1 X; —33 is a polynomial vector field tangent to 7, and X;’s have no
]
common factors.

Theorem 4. Let 7, be an elliptic modular foliation associated to the family (1)
and n, where n is defined over Q. The following is true:

1. For any point a € Q* N (T \ {p1 = p2 = 0}) we have:
Q@ NL, C Py Pyla).

In particular, for a € T \ ({A = 0} U {py = 0}) the intersection Q*NL,is finite.
2. K, NQ? is the Q-rational points of the algebraic set

(20)  {reT|0=1[nlg]le HR(E)}.

Proof. Since 7 is define over Q, we have py, p> € Q(t1, 12, 13). If a leaf L of F,
contains two distinct ¢; € T, i = 1,2 points with algebraic coordinates then by
the definition of a modular foliation, the period Z-modules { fa nlée Hy(E,y, L)},
i = 1,2, coincide. We apply Corollary 2 and conclude that there is an isomorphism
b: Eqy — Eqy With b*[@] =[0]. Let b*[ p2(az) "' €] = k%, k € C. We have

k pila) _ pa@)™  pi(ay)
pm(a1)<0 pz(al))—pm(a2)< 0 Pz(az))'

Taking determinant of the above equality we get k = pa(a;)~! and using (9), we
conclude that P,(a;) = Py(az).

If for some 0 # § € H|(E;,Z) we have fa n = 0 then using Theorem 3 we
conclude that 0 = [5|g,] € Hle(E,). Note that the set (20) is equal to {p;(t) =
p2()=0}. O
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Theorem 2 follows from Theorem 4 for n = % The map P.q; is identity and
y

the set (20) is empty.

For the second part of Theorem 2 we give another proof. Recall the notations
in Section 4. Suppose that there is a parameter r € T N Q> such that s xdx _ (),
for some § € H(E;, Z). We can assume that § is not a multiple of another cycle in
H\(E;,Z). The corresponding period matrix of ¢ in a basis (8, §) of H,(E,, Z) has
zero x4-coordinate and so the numbers

X1 X2\ -2 X1 .
ti=Fi<x3 0)x3 lgi(;g>’ i=2,3,
X1 X2 ) X1
tHh=F = —_
1 1(x3 0) X3 gl<x3)
are in Q. This implies that for z = ’;—; € H we have
83 82 g§ =
81 81 8>
This is in contradiction with the following theorems.

Theorem (Nesterenko 1996, [21]). For any z € H, the set

2rit 81(z) £(z) g3(2)
e w ] a3

contains at least three algebraically independent numbers over Q.

9. THE FAMILY ¥2 —4Ty(X — T))(X - T))(X — T3)

In this section we consider the family
QD) E: Y —dnl—n)x —n)(x—13), 1eCh

with the discriminant A = ‘717-6— (to(t1 — 1) (fa — 13)(t3 — 17))?. First, let us identify
the monodromy group associated to this family. Fix a smooth elliptic curve E;.
In H(E,, Z) we distinguish three cycles as follows: In the x-plane, we join #_;
to tiv1,i=1,2,3, t4 =11, t—| =13 by a straight line 8; and above it in E,, we
consider the closed cycle §; = &;; — &2 which is a double covering of 5;, where
by definition §4 = §;. We assume that the triangle formed by 81,8, and 83 in the
x-plane is oriented anti-clockwise and so we have:

(22) 8, 8i41)=1, i=1,273.

Since H|(E;, Z) is of rank 2, we have n8, +n,8; +n383 =0 in Hy(E,, Z) for some
ny, nz,n3 € Z which are not simultaneously zero. The equalities (22) imply that
n1 = ny = n3 and so we have §; + §; + 83 = 0. A topological way to see this is to
assume that the oriented triangles 81 ; + 82 j 4+ 83,;, j = 1,2, are homotop to zero
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in E, (for a better intuition take the paths §; such that the triangle formed by them
has almost zero area).

We choose § = (81,687) as a basis of Hj(E,,Z). Let us now calculate the
monodromy group in the basis §. Since for fixed ¢, t;, #3 the elliptic curves E, with
fp varying are biholomorphic to each other, the monodromy around #y = 0 is trivial.
For calculating other monodromies we assume that 7 = 1. It is not difficult to see
that the monodromy around the hyperplane #;_y =1; 1 is given by

3 > 8i, 81 k> 8;1 — 24;, 8it1 +> 8i1 +26;.

We conclude that the monodromy group I in the basis (81, 8,)'" is generated by:

1 0 1 =2 -1 =2
Al—(2 1), Az—(o 1), A3—(2 3>,

where A; is the monodromy around the hyperplane t,_; = #;,(. This is the
congruence group 1"(2) = {A € SL(2,Z) | A =, I} which is isomorphic to the
permutation group in three elements. Now, we consider the period map pm: 7T —
'\ P, where T := C*\ {A = 0}. The calculation of the Gauss—Manin connection
of the family (21) in the basis & = (£, £4£)!" and hence the derivative of pm can
be done using the map which sends the family (21) to (3). We have

B = __dn ( - 1 )
2 )t —n) \ s —nl+n) 0
4 dt ( -1 1 )
20— -y \an—nti+85) n

" dn < —13 1)
20—t —p) \tih -t +h) B)’

where Vo = Bw. As before we can prove that the period map is a global
biholomorphism. We look at its inverse F = (Fy, F|, F2, F3) which satisfies:

—Foxs Foxs
FiFx3+ FiFsxs — Fixa — FoFaxs —Fixs +xg
det(x) | FiFoxs — FiFsxy + FaFaxs — Faxg  —Faxs+ x4
~FiFx3+ FiF3x3+ FaFxs — Faxg —Fix3 + x4
Foxy —Fgxy
—F1Fx) - FiBxa+ o+ BBy Fixg—x
—FiFx+ i Fsx — BFsx + Faxo; Faxp —x
Filxi — FiFsax) — FoFax1+ Faxp Faxp —x2

(23) (DF); =

It is easy to see that Fy(x) = det(x)~!. In a similar way as in Section 3 we define
the action of Gg on C* by

(24)  reg:=(tok; k3" niky ko + kski L 0k ks + kak Y i3k ke + Kk,

ki k
ects= () 1)<oo
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and it turns out that pm(teg) = pm(r)-g, t € C*, g € Gy. Taking F of this equality
we conclude that F;, i =1, 2, 3, satisfies

(25)  Filxg)=Fk 'k +kky ', i=123.

We define 6;, i = 1,2, 3, to be the restriction of F; to x = (¢ '&), z € H and consider
it as a function in z. Now, the equalities (25) imply that

a b

(26) (cz+d)%0;(A2) =6;(2) + clcz +d) 7, (c d)eF,i=1,2,3.

The first column of (23) implies that (81, 62, 63) :H — C? satisfies the differential
equation:

h=1(h+1)—nt,
(27) b=t +8)—un,
=t + ) — .

The foliation induced by the above equations in C3 has the axis #;,7, and 13 as a
singular set. It leaves the hyperplanes ¢; =¢; invariant and is integrable there. For

instance, a first integral in #; = t, is given by "t;ztz Considering the map from the
2
family (21) to (3), we conclude that:

1
g1= 5(91 + 0, + 63),

g2=4 Z (g1 —6)(g1 —8;),

1<i<j <3
g3 =4(g1 — 01)(g1 — 02)(g1 — 63).

We can write the Taylor series of 8;’s in g = 272, I do not know statements similar
to Proposition 3 for 6;%.
10. ANOTHER BASIS

Let us consider the family (3). Sometime it is useful to use the differential forms

-2 -2
(28) n = ?(Zx dy —3ydx) and np:= 7x(2xdy —3ydx).

They are related to w;, w; by:

dm  dx dm  xdx

af — y’ df  y

30 my _ %tltz - gt3 —%tz w]
(30 =1 i 2 2 4 6 .
7 —16570(8430Z1 ty = 36tpt1t3 — 5t5) —3hity — 513 w;

Note that the above matrix has determinant T(%‘zEA and so n;, i =1, 2, restricted to

29

a smooth elliptic curve E, form a basis of H le(E ). The calculation of the Gauss—
Manin connection with respect to the basis 1 = (11, n2)'" leads to:
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=\ Zsrf t2t3 + 9000113 — Jut5 — 3133 —Zaonnty — 182 + 363

0
27:013 t012 0/’

—t0t1t2t3 9lot3 + 3:; —Znn )

—6—3:(%:1:3 5tot22 82 13 )
63,2 15 63 2
—SRrin+ tot1t2 + Bunt Bidnn - Ll
2
Ay = 21t0t1t2 + -—tot3 , —21t0t263 )
2112 tl ) —9t0t1t3 tot2 —21t0t1t2+ St

where Vi = (% Z?:l A;dt)n. We have

d
For: 51"

3 ) 3
Fp: (—60t2 +58)) — + (48t11; — T2t3)— + (724113 — 4t2) — .
e ( i+ 2)811+( 12 3)8z2+( 113 4tz)3t3

Remark 2. Both differential forms w; and #; are invariant under the morphism
(x,y) > (x +5,y) and this is the reason why Fu = Fy, is given by dr, = 0,

¥y
dtz =0. This and the first row of the equality (30) implies that for constant #,, #3

the integral [ % is a degree one polynomial in #; and hence V2, % = 0. This
oy

equality can be also checked directly from the Gauss—Manin connection (5).

Remark 3. Consider the weighted ring R[x, y], deg(x) =2, deg(y) = 3. One
can extend the definition of the degree to the differential 1-forms w in R? by
setting deg(dx) = 2,deg(dy) = 3. Any real holomorphic foliation F(w) in R?
with deg(w) = 6 has no limit cycles. In fact, we can write w =df —any, a € R
(up to multiplication by a constant and a linear change of coordinates), where
f is the polynomial in (1) with + € R%, and if F(w) has a limit cycle & then
0= f;df =afym = (-2a) [ydx A dy, which is a contradiction. Considering
F(w), deg(w) =7, we can write w =df —an; — bz, a, b € R, and such a foliation
can have limit cycles because the integral fss n2 may have zeros, where §; is a
continuous family of real vanishing cycles parameterized by the image s of f. To
count the zeros of fas n2 we may do as follows: We choose another cycle 8, such that
8, and §; form a basis of Hy({f = s}, Z) with (3, §;) = 1. The real valued function
By (s) = Im( fas m fgs n2) is analytic in C\ {cy, ¢2}, where ¢1 and c; are critical values
of f. It is continuous and zero in ¢y, ¢; . The intersection of the real curve B; =0
with the real line R is a bound for the number of zeros of fas 2.
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