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Preface

There are so many books on modular forms and elliptic curves that it might seem
useless to add another one. None of these books approach modular forms from the
point of view of differential equations and this differentiates the present book from
others. Moreover, most of these books prepare the reader for a better understand-
ing of Abelian varieties and Siegel modular forms, whereas in this book we pretend
to go in direction of Calabi-Yau varieties, and in particular Calabi-Yau threefolds.
This has resulted in a tremendous generalization of modular forms presented in
the author’s books “Modular and automorphic forms & beyond” published in 2022
and “Gauss-Manin connection in disguise: Calabi-Yau modular forms” published in
2017. Its origin partially comes from many g-expansion computations in theoretical
physics and in particular string theory. In one hand we want to collect many classical
topics related to elliptic curves, seen as one dimensional compact Calabi-Yau vari-
eties, and (elliptic) modular forms. This includes the arithmetic modularity theorem
which relates the L-functions of elliptic curves to those of modular forms. On the
other hand we have an eye on the generalization of all these into the framework of
arbitrary dimensional Calabi-Yau varieties and the corresponding Calabi-Yau mod-
ular forms.

Hossein Movasati
January 2020
Rio de Janeiro, RJ, Brazil






Chapter 1
Introduction

In 2002 I was a post-doc at Max-Planck Institute for Mathematics (MPIM) in Bonn
and was working on applications of abelian integrals in holomorphic foliations.
Meantime, I was looking for many appearances of periods and multiple integrals
in complex and algebraic geometry, and in particular, Hodge theory. At that time I
was looking for jobs, and for the first time I saw the word “modular form” in a post-
doc announcement at MPIM. I got the post-doc and I never imagined that one day
I am going to write my own book and view on this beautiful and elegant theory of
mathematics. After twenty years, one of my principal projects has been to put mod-
ular forms in a broader context. This has been summarized in the book [Mov22al]]. In
order to do this, I had to read the founding articles of the classical theory of modular
forms which is spread in the last two hundred years. The first part of the present
book is mainly the result of such a reading and the second part is dedicated to my
own view toward generalizations of modular forms.
Modular forms are holomorphic functions in the upper half plane

H:={r e C|Im(7) >0}

and elliptic curves are Riemann surfaces of genus one (the surface of a donut). With
this fast description of our main objects, it is clear that the complex analysis in
one variable plays an important role in the present text. Both objects enjoy many
arithmetic properties. Elliptic curves can be considered as Diophantine equations
and our main interest on modular forms comes from the fact that they are generating
functions for many unexpected counting in mathematics. Why generating functions
are useful might be explained with the simple example of Fibonacci numbers.

1.1 Fibonacci sequence

The Fibonacci sequence is defined in the following way
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Fopo=Fua+F, n>0, k=0 F=1 (1.1)
Few elements of this sequence are
1,1,2,3,5,8,13,21,....

Once you have a sequence of natural numbers in mathematics, it is recommended
to put it in a generating function:

F(q): =g+ +2¢°+3¢" + -+ Fq' ++-.

At the beginning this is just a formal power series, however, soon it will become
clear that it is a convergent series, and its radius of convergence carries many infor-
mation of the sequence F, itself. For now, let us do the following manipulation:

Flg) =Y Fd"=q+ ) (Fi1+F2)d"
n=0 n=2

=q+q-F(q)+4°F(q),

which implies that
q
F(q)= ——.
(@)= 1= e
Therefore, F (g) converges to a rational function. In order to find the radius of con-
vergence of a rational function, we have to find the roots of its denominator:

a4 g _@=p)"' (a-p)"
F(q) = 2 (l—a-¢)(1-B-q) l1—-a-q 1-B-q

(1.2)
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where o = % <1 +\@) , B= % (1 —\@) We conclude that

P 2 2
n \/5 I
which at first glance looks strange because we have found a formula for the in-
teger F, in terms of square root of 5. Since the radius of convergence of F (g) is

min{‘gﬂ,ﬁ} =max{|c|,|B|} = ||, we conclude that

F TR
lim —" zlian":E(l—&—\@).

n—roo f, 1 n—soo

This number is called the golden ratio or the golden number.
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11 n_ Fn+1 F
10/ F, F,o1 )

1.2 Fermat’s last theorem and arithmetic modularity theorem

Exercise 1.1 Show that

Modular forms and elliptic curves are firmly rooted in the fertile grounds of number
theory. As a proof of the mentioned fact and as an introduction to the present text we
mention the following: For p > 2 prime, the Fermat last theorem ask for a non-trivial
integer solution, that is a, b, c € Z with abc # 0, for the Diophantine equation

a? +b" +cP =0.

For a hypothetical solution (A,B,C) = (a”,b”,c”) of the Fermat equation with
abc # 0 [Fre86] considered the elliptic curve

Eapc:y* =x(x—A)(x+B).

From this, one construct a modular form fy pc and a Galois representation with
certain properties and then one proves that such objects do not exist. During this
passage one encounters the modularity conjecture which claims that every ellip-
tic curve over QQ is modular. Roughly speaking this means that every elliptic curve
over Q appears in the Jacobian of a modular curve of level N. Another formulation
of modularity property is by using L-functions which generalizes the famous Rie-
mann’s zeta function {(s) ;=Y ; n% Riemann hypothesis claims that all the non-
trivial zeros of { lies on Re(s) = % and it has strong consequences on the growth of
prime numbers. For the L-functions associated to elliptic curves one has the Birch-
Swinnerton Dyer conjecture which predicts the rank of an elliptic curve to be the
order of vanishing of the corresponding L-function at s = 1.

Modular forms as generating functions have many fascinating and mysterious
applications. Arithmetic modularity theorem is one of these. In many books and
articles we find the expression “Let E be an elliptic curve over Z”. This has an
intrinsic definition in terms of Grothendieck’s theory of schemes, that for now, we
don’t want to get into its details. We content ourselves with the example

E:y’+y=x"—x*

which the reader might consider it as a Diophantine equation, that is, we are inter-
ested to find x and y in the ring of integers, the field of rational numbers, finite fields,
etc. Let p be a prime number (don’t take the Grothendieck’s prime [) We count the
number of solutions N, of E modulo the prime p.

I A. Grothendieck (1928-2014) is one of the founders of modern Arithmetic Algebraic Geometry.
Once he was asked to give an example of a prime number and he answered: 57.
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Solutions

(0,0),(0,1), (1,0, (1,1)
(0,0),(0,2), (1,0), (1,2)
(0,0),(0,4), (1,0), (1,4)
(0,0),(0,6), (1,0, (1,6),...
(0,0),(0,10), (1,0), (1,10),...

QU w NS
=
S o & ka2

—_—
—

In total we have to substitute p? pairs (x,y),x,y =0,1,..., p— 1 inside E and verify
whether modulo prime p, the equality holds or not. The first four solutions in the
above table have to do with the fact that over integers E has already four solutions.
(0,0),(0,—1),(1,0),(1,—1). A priori, if we have computed N», N3, Ns, ..., Nj, this
doesn’t give any clue how to find the number N;3. We have to check 132 cases again.
In a modern language, we say that, we are counting the number of IF,-rational points
of E and we write
N,: =#E(F,).

Here F, := {0,1,2,...,p — 1} is the finite field with p elements. The theory of
modular forms, and in particular arithmetic modularity theorem, says that there is a
closed formula for the generating function of N,,’s. This is as follows. Let

N =q* [J01-4" (1.3)
n=1

be the Dedekind eta function.
Exercise 1.2 Show that the radius of convergence of the Dedekind 1 function is 1.

We consider it as a formal product. Let

— q2724+22£‘1 ﬁ(l _qn)Z ﬁ (1 _qlln)2

n=1 n=1
=q 2q2—q3+2q4+q5+2q672q772q972q10+q1172q12+4q13+
= anqn
n=1

The arithmetic modularity theorem tells us that

Ny=p—fp (1.4)
and f is a modular form.

Exercise 1.3 Find N, for all p < 23 and verify (I.4). In [MO97] the authors give
a list of modular forms f in terms of 1, together with the corresponding elliptic
curves. This includes our main example in this section. Verify N, = p — f}, for some
of these examples.
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More precisely, “f is a weight 2 new form for Iy (11)”. One of the aims of the
present text is to understand this statement. This phenomena is a part of a general
theorem:

Theorem 1.1 (Arithmetic modularity theorem) (/[Wil95 [BCDTO0I]) For any el-
liptic curve E over Q, there is a modular form f =Y, fuq" such that (T.4) holds
for all except a finite number of primes.

A precise statement, together with other equivalent versions will be presented in this
text.

Exercise 1.4 It is a natural question to ask whether f,, for non-prime » has an enu-
merative meaning or not. For instance, one can define N, := E(Z/nZ), that is N, is
the number of solutions of £ modulo n. For some small non-prime numbers n show
that N, = n — f, does not hold. Moreover f, is multiplicative, that is, f,f; = fum
for coprime n,m € 7Z however, n — N, is not multiplicative. The fact that f,,’s are
multiplicative follows from the theory of Hecke operators, see From this
theory we can also write formulas for f;;,, in terms of n and m for arbitrary n,m € N.

Exercise 1.5 Compute few coefficients of A =1(¢)** =q[I_,(1—¢")** =Y, t(n)q"
and verify the following equalities for examples of n,m € N:

7(n)T(m) = t(nm) (n,m) =1,
. (1.5)

(p)t(p") = t(p"™) +p'le(p™ 1), p prime.

The proof of these equalities will be done in using Hecke operators. T is
called the Ramanujan’s tau function.

Exercise 1.6 Let f =) | f,q" be a formal power series with f,, € Z and f; = 1.
Show that f can be written in the format:

oo

flg)=q[J(1—q")%", g€ (1.6)

n=1

For many examples of modular forms f which are not necessarily expressed in terms
of N see [LMF13]. For some of these compute g,’s and identify those f such that
gn 1s an increasing sequence of positive integers and with greatest common divisor
equal to one. For some examples of such f’s see [MN20]. Can you find more?

1.3 Beyond elliptic curves

There is a tremendous amount of effort to generalize the arithmetic modularity the-
orem beyond elliptic curves, see for instance the expository article [Yuil3]]. Here we
give an example taken from [Sch13| Section 15]. Let us consider the Fermat quartic
surface

X CP:xd+x +x5+x5=0.
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We count the number of solutions of this Diophantine equation over the field IF,, p #
2, that is,

#X(Fp): =#{[xo:x1 :x2: x3)|xg +x1 +x3 +x% =0}
Here, [xq : x| : x5 : x3] is the equivalence class
(x0,X1,%2,X3) ~ (0,31,Y2,¥3) &
Ja € F, — {0}, suchthat x; =ay;, i=0,1,2,3,4.
It turns out that for finite fields IF, with p prime we have
#X(F,)=1+b,+h-p+p*

where

n@40)° =q[J(1-¢")° =Y buq"
n=1

n=1

h=5+3x-1(p)+6-(x2(p) +2x-2(p))
and x,(p): = (%) is the Legendre symbol. Recall that

u 1 x? =, a has integer solution and p Ja
<) = —1x? =, a has no integer solution and p fa
p 0 pla

Exercise 1.7 Verify the above affirmation for p = 3,5,7,9. What goes wrong for
p=2?

There is no arithmetic modularity theorem for a member of the family of Diophan-
tine equations:

X:x4x 410+ +x —5yuxoxixong =0, WeZ, y#1,

that is, if for a fixed y € Z, y # 1, we count the number #X (F,) of solutions of this
equation over [F, then we do not know whether these numbers fit into any formal
power series which we understand it well from the complex analysis point of view.
The case y = 1 is different, as in this case X becomes singular, and after resolution
of singularities, it is a typical example of a rigid Calabi-Yau threefold. For a list of
such Diophantine equations see [Mey03|.

1.4 Prerequisites

The most critical prerequisite for following the first part of the present book is com-
plex analysis in one variable. We do not assume that the reader is familiar with
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algebraic geometry, as we aim to present all the prerequisites of schemes and curves
in this book. A basic knowledge of number theory is necessary for a smooth reading
of the present text. For this the reader might consult [IR90]. Even though, in the
present text we emphasize differential equation aspects of modular forms and ellip-
tic curves, no training in this topic is needed and we cover all the preliminaries. In
summary, a mathematics student in the last year of undergraduate must be able to
follow the text without major problems.

For the second part of the book we assume that the reader has basic training both
in Algebraic Topology and Algebraic Geometry, the first one being more crucial for
a smooth reading. However, it is expected that the reader learns the preliminaries
alongside the present book.

1.5 Organization of the book

[Chapter 2]is dedicated to the classical presentation of modular forms as holomorphic
functions in the upper half plane. We mainly follow classical texts in the subject,
however, the proof of some of fundamental theorems, such as finite generatedness
of modular forms and the functional equation of the Eisenstein series E», are either
left as exercises to the reader who is supposed to recover them from classical books,
or we have postponed them to the next chapters in which we have developed a
geometric theory of modular forms based on enhanced elliptic curves.

In we study elliptic integrals and related objects. This naturally takes
us to the theory of elliptic curves over complex numbers and the fact that they are
genus one oriented surfaces. After a fast overview of Picard-Lefschetz theory and
monodromy groups, which justifies the appearance of SL(2,7), we present Weier-
strass uniformization theorem, period map, Gauss-Manin connection, Picard-Fuchs
equation and Gauss hypergeometric function arising from elliptic integrals. At the
end we describe how to construct modular forms with the data of elliptic integrals.

We start with a basic presentation of algebraic geometry of curves
and attempt to convince the reader why using the language of curves as schemes
is useful. After a brief study of curves of genus zero, we focus on curves of genus
one which together with a marked point are called elliptic curves. There are two
fundamental subject in this chapter. First, the group structure of elliptic curves is
explained in Second, in we explain the fact that any
elliptic curve can be written in the Weierstrass format.

is dedicated to the Mordell-Weil theorem which says that the abelian
group of rational points of an elliptic curve is finitely generated. As this is a classical
theorem, and we do not have any simplification or a new contribution in understand-
ing it better, we have left many parts of the proof of this theorem as exercises to the
reader, who can consult other excellent books on the topic.

Torsion points and isogenies of elliptic curves are explained in [Chapter 6] These
are the main ingredients for the introduction of modular curves. Two fundamen-
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tal theorems of arithmetic nature, namely Nagel-Lutz and Mazur theorems, are an-
nounced in this chapter.

A fundamental concept responsible for many arithmetic properties of modular
forms is the notion of Hecke operators introduced in [Chapter 7] The geometric the-
ory of Hecke operators, specially those acting on quasi-modular forms, is not the
main focus of classical books in this subject, and this partially justifies our pre-
sentation. The first non-trivial application of this theory is the multiplicativity of
Ramanujan’s 7 function.

In we introduce modular forms for subgroups of SL(2,Z), and in par-
ticular, for congruence groups. Main examples of such modular forms appear in
the so-called arithmetic modularity theorem, however, we give many other exam-
ples arising from our geometric interpretation of modular forms. In this chapter we
also prove that the transcendental degree of the field generated by all these modular
forms is two. In this way, the Eisenstein series E4 and Eg are the building blocks of
the whole theory of modular forms.

In we start to elaborate the theory of quasi-modular forms in the al-
gebraic geometric framework which requires the concept of algebraic de Rham co-
homology and cup products. We briefly describe the incarnation of a quasi-modular
form as a holomorphic function on the upper half plane, however this is not the main
focus of our attention. The geometric framework has the advantage of a direct gen-
eralization to the context of Calabi-Yau varieties. In this chapter we introduce the
concept of generalized period map and period domain which is the bridge between
holomorphic and algebraic quasi-modular forms.



Part I
Elliptic curves and modular forms






Chapter 2
Modular forms

Am 23. Dezember 1751 wurden Euler die Arbeiten Fagnano’s zur Begutachtung
vorgelegt und regten ihn zur Entdeckung der Additionstheoreme an, so dass Ja-
cobi den genannten Tag als den Geburtstag der elliptischen Funktionen bezeichnete,
([Fri22 page x]).

2.1 Introduction

In this chapter we present the classical point of view for modular forms, that is,
as holomorphic functions in the upper half plane. They appear in a natural way as
coefficients in Taylor expansions of elliptic functions. According to [Zag08], the
word modular refers to the moduli space of complex curves of genus 1. Historically,
elliptic integrals and the lattices obtained by elliptic integrals have been first of
interest in mathematics, as they have to do with lengths of many well-known curves
such as lemniscate. Therefore, the reader might also start reading this book from
In the prehistory of elliptic functions we also find trigonometric functions
for which the reader is invited to read [Wei99, Chapter II].

2.2 Elliptic functions

Definition 2.1 A lattice A in C is a discrete subgroup of (C,+) which generate it
as an R-vector space

It follows easily that

A=7Zw; +7Zan = {nw1+mw2 ’ mmeZ},

11
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where w;,@; € C, w1, # 0, Im(%) # 0. By changing the order of @, @, if
necessary, we can assume that
(0]}
Im(7) >0, 71:=—. 2.1)
(7) .
A lattice in general is equipped with a Z-bilinear map A X A — Z. In our case
it is skew-symmetric, that is, {(a,b) = —(b,a) Ya,b € A, and so (o, ®) =
0, (@, ;) = 0. Therefore, (@w;,®;) := 1 determines (-,-) uniquely. The choice of
o1, a» with 2.I) and hence with (@», ;) := 1 is also called an orientation of A. If
we choose another basis @], @, with (@}, @{) := 1 then

/
[“’}} —A [“”} , AcSL(2,Z),
o, w

SL(2,Z) := { {2’ Z}

is the modular group. The quotient

where

a,b,c,d, €7, ad—bc:l}. 2.2)

PSL(2,Z):=SL(2,Z)/ £1
is also called the modular group. Let L be the space of lattices in C. The group
C = (C-{0},) (2.3)
acts on L from the right

LxCr—1L
(A L) — A A :=Zo A+ ZwA

which is just the rescaling the lattice A. For a lattice A the associated complex
tori is simply E := C/A. This means that two points zj,z5 € C are equivalent if
71 — 22 € A. The set C/A is an example of a Riemann surface or complex manifold.
It is called a real torus of dimension two or a complex torus of dimension one. It has
the structure of an abelian group which inherits from (C,+). Still we do not call it
an elliptic curve as this name is reserved for a similar object in algebraic geometry.
In mathematics when we have a space, then we start to study the set of its functions.
In our case, we are interested on meromorphic functions on C/A as we have:

Exercise 2.1 There is no (non-constant) holomorphic function on E := C/A. Hint:
The torus E is compact and any local holomorphic function in an open subset of C
which reachs its maximum is constant (maximum principle for holomorphic func-
tions in one variable).

The pull-back of a meromorphic function by the projection map C — E corresponds
to a meromorphic function f with
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Fig. 2.1 Lattice

@/Az@

f:C—=C,
fz+w)=f(z) VzeC, wmeA.

Fig. 2.2 Torus

Since A is generated by @, @,, the above functional equation of f is equivalent to



14 2 Modular forms

fzt o) = f(z)
f(z+a>;) = f(2) vzeC,

that is f is double periodic.We may also view f as a function in both z € C and
A € L. In this case we write f(z) = f(z,A). Since L is equipped with a C*-action, it
is natural to look for functions f with the functional equation

FAZAA) = A7F(z,A),¥A € CF, 2.4)

for some fixed a € Z.

Remark 2.1 In the following, we will use the notion of a meromorphic function
on spaces like L which are defined only set theoretically. All these spaces have the
structure of an analytic variety and such functions are meromorphic in the classical
sense.

Definition 2.2 A meromorphic function f with the property (2.4) is called an ellip-
tic function (of weight a). In other words, an elliptic function f is a meromorphic
function in C such that it is double periodic, that is, there is two Z linearly indepen-
dent complex numbers @;, @, € C such that

fz+ ) = f(z), fz+mm)=f(2)

Let us consider an elliptic function f and write its Laurent series at z = 0

faA)= Y fiA)"

n—=—oo

The coefficients f,,(A) are functions of the lattice A and it is easy to see that (2.4)
is equivalent to the following functional equations for f,,(A)’s

Fo(AA) = A7 £,(A) VA € C.

This is as follows

fAzan) = Y f(AA) ()

n=—oo

oo
R ( ) fn(A)z”> .

Definition 2.3 A meromorphic function f on the space L of lattices is called a mero-
morphic modular form of weight n € Z if

FAA)=A"f(A) YA EC*, AclL.

Therefore, from a meromorphic elliptic function of weight a we get meromorphic
modular form f, of weight n+ a. If we evaluate a meromorphic modular form f of
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weight n on lattices A = Z7+Z, let us say g(t) = f(tZ+ Z), with 7 in the upper
half plane
H:= {r € C| Im(t) > 0},

and regard them as a function in 7, we get a meromorphic function g in H with the
following functional equation:

at+b
cT+d

) =g(1), VreH, {‘; Z] € SL(2,2). 2.5)

(c’H—d)"g(

2.3 The modular group and its action

The following group acts on H by Mobius transformation

SL(2,R) := { [" b]

ad —bc=1,a,b,c,d, R},

cd
SL(2,R) x H — H,
_ at+b
(A7) — AT = &2,
where A = {? Z} € SL(2,R). This follows from
Im(7)det(A)
Im(AT) = —————~ 2.6
mAT) = ey dp (2.6)
An element A € SL(2,R) acts as identity on H if it is £/, where I = [(1) (1)] is the

identity matrix. Therefore, it is usefull to define
PSL(2,R) =SL(2,R)/ £1.

The protagonist of the present text is the group SL(2,Z) defined in (2.2).

Exercise 2.2 Show that the set
1 1
D:=<1eH _ESRC(T)SE’ [t| > 1

is the closure of a fundamental domain for the action of SL(2,Z) on H, see
For definitions and details see [Apo90, Section 2.3].

Note that we have to remove some boundary points of D in order to get the classical
definition of a fundamental domain. For simplicity we will not do it and call D the
classical fundamental domain of the action of SL(2,7Z) on H.
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Fig. 2.3 Fundamental domain

Exercise 2.3 Let 7 be in the classical fundamental domain and assume that it has
non-trivial stablizer under the action of SL(2,7Z), that is, there is A € SL(2,Z), A #

47 such that AT = 7. Then Tis p_ := *l%i‘/g,i,m = Lzﬁ and the corresponding
A is in the subgroup of SL(2,7Z) given by (S), (R), (S™'RS), where
01 11
S = [_1 O} ,R:= [_1 0] . 2.7

Note that the matrix S maps p_ to p; and S™> = —I,R~3 = —I. Hint: Since detA =
a—d++/(a+d)?—4

+1 and Im(7) >0 we get l[a+d| <2and 7= 5

Exercise 2.4 Show that the group SL(2,Z) is generated by the matrices S,R in
[2.7). The classical generators of SL(2,Z) are

11 01
T := {0 J = §:= [_1 O} . (2.8)

Hint: Note that 7 := SR™L. See [[Apo90|] Theorem 2.1.

Exercise 2.5 The group PSL(2,Z) is isomorphic to the free product of the cyclic
groups (S) and (R). Conclude that SL(2,7Z) is a free product with amalgamation
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SL(2,Z) = (S,R| S* =RS =1,8* = R%).

Exercise 2.6 implies that the left action of the group generated by S
and R on the vector [1,0]" consists of all [c,d] with coprime ¢,d € Z. Can you
describe the left action of the group generated by

1100 1000
01 00 0101

Mo:=155 10| M=]0010 (2.9)
0-5-11 0001

on a single vector, let us say [1,0,0,0]? In the case of mirror quintic Calabi-Yau
threefolds which will be discussed in|Part I} instead of SL(2,Z) we have this group
which has actually infinite index in Sp(4,7Z).

=5

2.4 Weierstrass g-function

When a group I acts on a space M discretely (for instance take the left action) and
we want to construct functions on the quotient space

I'M: =M/~ x~y&sx=Ay forsomeAel
the first recepie is to start with a function £ on M and define the formal sum

f(r)="Y f(Aq). (2.10)

Aell

If we don’t care about the convergence of f then we can easily check that it is
invariant under the action of I': For any B € I" we have

f(Bt) =Y f(AB7)

Ael’

= Y flar) = f(v).

Ael’

We have used the fact that the multiplication by B from the right induces a bijection
I' — I'". We get the function

J:I\M = C, f([1)) = f(1)

which we denote it again by f = f. If I" is finite then (Z.10) is a finite sum and so
f is well-defined, however, in general such a sum might not be convergent. In our
case, the lattice A as an additive group acts on C

AXxC—C,(A,z2) — z+A.
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For our purpose we start with f(z) =z7¢, a € Z and define

fa@) = fu(zA) 1= ) (2 @)™
WEA
= Z (z+now; +man) ¢
(n,m)ez?

Proposition 2.1 The infinite series f,(z) converges absolutely for a € N with a > 3.

Proof. The proof is taken from [Apo90, Lemma 2, page 8]. We can assume that the
sum is taken for all @ € A,|w| > R and |z] < R. There is a constant M depending on
R such that

Vo € A, with || > R,

0" vz e C, with |z] <R.

In order to see this we observe that |5 — 1| as a function in {|z| <R} x {® €
A| |@] > R} cannot tend to zero. For any sequence (z,, ®,) in its domain of defini-
tion, we can replace it with its subsequence such that z,, converges to a point zg and
@, is either constant or it converges to infinity.

It is enough to prove that the sum

1

(2.11)
WEA,0#0 |w‘a

is convergent. Let » and R be the minimum and maximum distances of O from the
parallelogram formed by £w; = @,. Then the parallelogram P, formed by four ver-
tices n(+®; &+ @,) has the minimum and maximum distances nr and nR, respec-
tively, from 0. Moreover, it has 8n points of the lattice. Therefore, the sum S, in
(2-17) corresponding to points of the lattice A in all parallelograms Py, Ps,..., P,
satisfies

8

8
o (127 ™) <8, < (1427 e,

It is no so difficult to show that Y} ~_, n~° for s > 1 is convergent, see for instance
[Proposition 10.1
Exercise 2.7 Show that f, does not converge for all z € C— A.

Despite the fact that f> does not converge, it is possible to correct the term in the
infinite sum f> and make it convegent.

Proposition 2.2 The Weierstrass @ function (read P) is
@A) =p@ =5+ ¥ (s o
LA =PR)= 7 —0)? o

0#0

is convergent.
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Proof. The proof is taken from [Apo90, Theorem 1.10]. We have

z2m—z)
(z—w)2w?

M-R-(2|o|+R)
lo]?|w]?

N S I
(—0)? o2

X

< MRQR/l0) 3R

|oo]? = o’
where we used the notation in the proof Proposition (2.2).

If we redifine f, := @(z) then we have

dfa
dz

=—a-far1, a=>2.

Moreover, it is easy to see that £(—z) = (z) that is @ is an even function.

Exercise 2.8 Show that the number of zeros of a non-constant elliptic function
counted in C/A is equal to the number of poles, counted with multiplicity, and
it is bigger than or equal to 2. Hint: See [|[Apo90, page 5-6].

Exercise 2.9 Show that there is no function f(®),® € A such that

)y

weA LT

1

+f(o)

()

is convergent.

The function & has poles at the points of A. We write the Laurent expansion of £
atz=0.

Theorem 2.1 For

0 < |z] < r:=min{|o|| © # 0}, (2.12)
we have . N
P(z) = 2t Y 2n+1)Gapsr -2,
n=1
where .
G2n+2 = Z W (2-13)

0#0

Proof. For zin (Z12) we have | 4| < 1 and

and so



20 2 Modular forms
Summing over ® € A, @ # 0,we get the result.

Exercise 2.10 The Weierstrass £ function can be written in terms of the variables

g := ¥ and w 1= 77

oy e L g
#let) = (2 (Z (—wg")? ' 12 mezz;n¢0(1—q"’)2>’

me7Z
_ i3 wq" (1 +wq™)
[OI(Z, T) - (271-) <”§Z (1 _qu)3 ) '

Hint: See for instance [Hus04, page 192] and [Obel8, Appendix B].

Exercise 2.11 The Weierstrass zeta and sigma functions are

o(z,A) =z - L) edt3(E) (2.14)
-3)
_1 L 1.z
C(Z’A>_z+w§;\ o) "ot W (2.15)
0#0

Show that 4 4
0@ =C(), (@) =-p@) (2.16)

Z Z
C(z+a))—C(z)=2§<;w>, o ¢2A (2.17)

Hint: see [Sil94a, page 40]. Is this sigma function is the same as the function in
[Eril6l page 404]7.

Exercise 2.12 Prove the following identity between Weierstrass & and {:
1P wW-p )
2 p(u) = p(v)
see [[Cha85| page 55].

=C(u+v)—&(u)—¢&(v), u,veC.

2.5 Differential equation of ©

In this section we remind the well-known fact that the transcendence degree of ellip-
tic functions is the dimension of the complex torus C/A which is one. In particular,
we must have a polynomial relation between & and any of its derivatives. The first
historical example is the following.

Theorem 2.2 The function @ satisfies the differential equation
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7 (2)° =4p()° — g200(z) — 83 (2.18)

where
g2 =60Gy, g3 = 140G, (2.19)

and G;’s are defined in (2.13).

Proof. Let f(z) be the difference of both sides of (2.18)). This is clearly an elliptic
function with possible poles at z € A. We show that f is holomorphic at z = 0 and
so f =0. We have

#(2) =% +6G3-7+20Gs -2 +---,
4
6

P2 =% — 24 —80Gs+ -,
4p(2)° = %+ 2% +60Gs+ -,

and hence
(2 —4p(2)* = 2% — 140G + -,
#(2) —49(2)3 +60G40(z) = —140Gg + - - - .

Exercise 2.13 If f is a non-constant elliptic function then Im(%) # 0, where @
and @, are periods of f.

Exercise 2.14 Prove that every elliptic function f can be written as

Ri[9(2)] + 7 (2)Ra[2(2)],

where R, R; are rational functions and & has the same set of periods as f. Hint: See
[Apo90, page 23, Exercise 5].
Exercise 2.15 Prove that

()2 + f82)* 4283 9(2)
%) = 43 (z) — g240(z) — 83

- (58)

Hint: See [[Apo90, page 24, Exercise 9].

Exercise 2.16 Show that

70 =690 - 322

The following exercise has been inspired by Picard’s curious example in [Mov22b|
Section 10], see also[Section 13.7

Exercise 2.17 Show that for all N € N, N > 2 there is an elliptic function f such
that it has a pole of order N at [0] € C/A, a zero of order N at % and no other pole or
zero. For instance, for N = 2 we have f = @(z,7) — #(3, 7). Compute f for N = 3.
Hint: See the hint of
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In a more algebraic gemetric framework the above exercise turns out to be

lcise 4241

2.6 Eisenstein series

The series :
Gui= Y, i noeven, n>4 (2.20)
WeEA, W#0

that we have seen[Theorem 2.1]are called Eisenstein series. In this theorem we have
also proved the convergence of G,,. They satisfy

Ga(AA) =A"G(A), VA eC. (2.21)
We usually define

Gu(1)=Gu(Z1+7) = Y _ TE€H,

(a,b)eZ?, (a,b)#(0,0) (a+b7)"
and by abuse of notation use the same letter G,,.

Exercise 2.18 Show also that G,, = 0, for n an odd number.

From the functional equation (2.21)) we deduce the following: For all A € SL(2,Z)

at+b
G,(AT) = G, | ——
n(A7) n(cr—l—d)

at+b
~G, (CTIdZJrZ)
= (ct+d)™"G,((at+b)Z+ (cT+d)Z)
= (ct+d)"G,(tZ+Z)
= (eT+d)"Gu(7)

In we will see that the limit limyy, 7)., G4(7) exists. This motivates us
to define (holomorphic) modular forms.

Definition 2.4 Let k € Z be an integer and f be a holomorphic function on the
upper half plane. Then f is called a modular form for the SL(2,Z) if

(cr+d)kf<zzis) =f(1) V (Z’g) € SL(2,7), 2.22)

and [ is holomorphic at infinity, that is, limyy,7) e f (7) exists.
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ico
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Fig. 2.4 g map

11
01
f(t). This implies that f defines a meromorphic function f in the punctured disc:

We know that T := ( ) € SL(2,Z), and so, a modular form f satisfies f(7+1) =

D" ={zeC| |z] <1}\{0}

which is defined by .
f(1) = f(q), where g := ™",
The map H — D" is depicted in We write the Laurent series of f at g = 0.

n=-o0

o)=Y fd". f.eC (2.23)

n=—co

This is also called the Fourier expansion of f. Since for a holomorhic modular form
we have assumed that limypy,(7) e f (1) exists, we conclude that f, = 0 for all integers
n<0.

Definition 2.5 A meromorphic modular form for I" = SL(2,Z) is a meromorphic
function in H such that apart from the functional equation (2.22) is also meromor-
phic at ieo, that is, in (2.23)) we have some M € Z such that f,, =0 for all n < M. Tt
is called weakly holomorphic modular form if it is holomorphic in H and possibly
meromorphic at ieo. It is called (holomorphic) modular form if it is holomorphic in
HU {ieo}. A meromorphic modular form of weight zero is called a modular function.

We use the letter f for f too, and write the g-expansion of a holomorhic modular
form as

oo

fu eZm'r
n
=0

f= an'qn:
n=0

n

It will be clear from the text whether we consider f as a function of 7 or g.



24 2 Modular forms

Definition 2.6 We say that a holomorphic modular form f is defined over Q if the
all the coefficients f;, in its Fourier expansion are rational numbers.

2.7 Fourier expansion of Eisenstein series

We know that the Eisenstein series are weakly holomorphic modular forms. In this
section we show that they are holomorphic at ico and so they are holomorphic mod-
ular forms. The computation in this section can be found in [Kob93a, page 110],
[[Apo90l page 18] and [Ser78l page 91].

Definition 2.7 Bernoulli numbers By are defined through the equality
o k

X X
=V B, —.
e — 1 k;) “ !

For instance, By =1, B} = ’71, B, = %, By = 5—01, Bg = ﬁ. It is easy to see that for
any odd k > 3 we have B, = 0.

Theorem 2.3 The Eisenstein series Gi(t), k > 4 has the following g-expansion

2k &
Gi(t) =28 (k) <1 -5 ) le(”)‘i") ;
k p=1
where §(k) ==Y, ﬁ is the Riemann’s zeta function evaluated at k, and

o4(n) = Zd“.

din

Let us first state the main ingredient of the proof of
Proposition 2.3 We have

2mi)*B
é’(k):f( ;l) k—]: k > 2 and even (2.24)
1 —2mi)k & -
Z k:( 77-71)' Znk—leZn'ma’kevazzaE(c_Z’
= (a+n) (k—1)! =

Proof. We have the following product formula for sine function

oo 2
sin(nta) = wa [ | <1 f “) , acC. (2.25)

2
n=1 n

We take the logarithmic derivative of (2.25) and get
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1 ¢ 1
- cot(T - 2.26
cot(ma) " a n; ( —|—n a— n) ( )
The left hand side of this equality is
'en'ia + e*ﬂ?ia ) 27
T COI(na) = eTia _ p—Tia =T+ e2mia _ |
=mi—2mi ) &M (2.27)
n=0
We get
=mi—2miy ¥, 2.28
’é P i lngb e ( )

We differentiate the above equality with respect to a, k — 1 times, and we get (2.25).
In (2.26) multiply both sides with a and set x := 27ia.

{_’_ X _1+i X n X
2 e—1 & (x+2min) (x—2m7in)

- 1+niz;cin (i (2;;)/(_ (Z;in)k>

k=0
o = s
=1-2
n;l kg; (2min)k+1
k odd
okl
=1-2 Z_: (zm)kHC(kH)
Kodd

We get the well-know formula (2.24).

Proof (Proof of|[Theorem 2.3)). Take a = mt,m € Z,m # 0, and we have
1 . ~ -1 nm

)} (mT+ n) k n;

ne7z

The result follows immediately:

i 1

Gi(7) k)+2 Zm;w CTEE (2.29)

= 2¢(k) <1+C( 2mi)" Z nk! m) (2.30)
'mn 1

Exercise 2.19 We know that the Eisenstein series Gy (7) for k > 1 odd number is
identically zero. However, we can take the equality (Z.29) as a new definition of
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Eisenstein series of odd weight k. In this case we have still the equality (2.30), and so
we know the formula for their Fourier expansions. Note that for £ odd, the number

% is conjecturally a transcendetal number. Describe the functional equation of
Gy (7),k > 3 under the action of SL(2,Z). For some hint see [BacI2].

Exercise 2.20 Give a direct proof of

lim  Gi(t) =2{(k), k>4even,
Im(7)—+-o0

whitout the computation of the g-expansion of Gy in in this section. This might

simplify the proof of without refering to [Exercise 2.10)

Exercise 2.21 Prove the product formula for sine in (2.25). Hint: Both sides have
the same zero set.

We will use the following new notation

= Gi/2L(k)=1—-= Z oi_1(n)q", (2.31)
Ey = 14240 (il (73(n)qn> : (2.32)
Eg = 1—504 (il 5(71)(]") : (2.33)
Eg = 14480 (il 67(n)q"> : (2.34)

It follows that the Eisenstein series Ej are defined over Q.

2.8 The Eisenstein series E;

For the discussion in this section we follow [Kob93a, page 112]. The proof of the

convergence of the Eisenstein series Gi(7) in[Proposition 2.1|is not valid for k =2

and actually in we have seen that

1

2
(nm)€Z2\(0,0) (mz+n)

doesn’t converge. Despite this we can define

=)

Z Z mT+n

Mm—=—o0 p=-—o0
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where ' means that if m = 0 then n # 0. The argument in [Section 2.7|shows that the
inner sum converge for any m and 7 € H and then the other sum converges. Here,
the order of summation is important. In a similar way as in[Section 2.7 we get

Ga(7) =28(2)Ex(7), Ex(t)=1—24 icl(n)q”.
n=1

Theorem 2.4 We have

T+b 12 ¢
)26 (£ By (1) = = 2.
(ct+d)"Es <c7:+d) 2(7) 2rict+d (2.35)

for all t’ ﬂ € SL(2,7).

For the proof of this theorem, first we note that if we define
flaA:=(ct4+d)? f(AT) —clct+d) "
for a holomorphic function f on H then
(fl24) l2B=fl2AB.
Since PSL(2,Z) is generated by T and S and is trivial for 7', it is enough to
verify for S, that is
12E, (Tl) :E2(1)+£1. (2.36)

We will give a more geometric proof of the above equality in|Section 9.12

Exercise 2.22 For an elementary proof of (2.36) using only complex analysis see
[Kob93a, page 113]. Reproduce this proof.

2.9 The algebra of modular forms

One of the fundamental theorems in modular forms is the following.

Theorem 2.5 The Eisenstein series E4 and Eg are algebraically independent over
C, that is, there is no polynomial P(X,Y ) with coefficients in C such that P(E4,E¢) =
0. Moreover any holomorphic modular form f of weight k can be written uniquely
as f = P(E4,Eg), where P is a homogeneous polynomial of degree k in the ring

C[X,Y], weight (X) =4, weight (Y) = 6. (2.37)

If f is defined over Q then P is also defined over Q, that is, P € Q[X,Y].
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There is a classical proof of which can be found in almost all books
on modular forms, see [Kob93al Proposition 10, page 118], [Apo90, Chapter 6] and
[Ser78l Section 3].

Exercise 2.23 Prove[Theorem 2.5|using the references above.

In we will give a new proof which is inspired by the author’s study
of the generalized period domain in [Mov08]]. The proof is based on the study of
elliptic integrals and Gauss-Manin connection. [Theorem 2.5|for the Eisenstein series
f =Ey, k>4 was known to [Ram16, page 180]. As it was typical to Ramanujan he
state this without proof.

Definition 2.8 We denote by M;(SL(2,7Z)) (resp. Mi(SL(2,7Z))g) the space of
modular forms of weight k for SL(2,Z) (resp. further defined over Q). We also
denote by M = M(SL(2,Z)) := @kezM(SL(2,Z)) and M(SL(2,Z))g the algebra
of modular forms.

By|Theorem 2.5} for k € Z, k <2 or k odd we have Mj = 0 and Mg = Q|[E4,Es|, My =
Q[E4, Egk, where E4 and Eg have the weights 4 and 6, respectively.

Exercise 2.24 Using prove that
E; =Eg, E4E¢=E\, E¢-Es=Ey

and derive the corresponding equalities for oy(n). For instance

n—1

67(11) = 63(71) + 120 Z 63(m)63(n—m).

m=1
The dimension of the space of modulex forms M is listed below:

kK |0]2]|4]|]6|8 |10 12|14 | 16| 18 k+12
dim(My) | 1| O] 1|11 1 2 1 2 2 |d| d+1

Note that

=~

dim(My) = #{(x,y) € Ng|4x+6y = k}

and
1

(1—¢")(1-q°)
The last column in the above table contains the following information.

Exercise 2.25 Show that for all k € N we have dim(Mj 1) = dim(My) + 1 and

i dim(My)g* = (2.38)
k=0

0 k is odd
dln’l(Mk) = LTJ +1 kevenk £ 2

k
Lé] kevenk=2

Definition 2.9 A holomorphic modular form f is called a cusp form if in its Fourier
expansion f =Y~ f»¢" we have fy = 0, that is, it has no constant term. We also
use the notation f(ieo) := fy.
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2.10 Ramanujan relations between Eisenstein series

The derivation f’ of a modular form f of weight k with respect to T € H is no more
a modular form. Its functional equation has three terms

(ct+d) " 2f(AT) = ke(ct+d) " f(7) + f(7).

It is possible to correct f with a multiple of £, and get a modular form again.

Proposition 2.4 We have the following map

of _ k
My~ My, frs 5= =2 By f, (2.39)

which is called the Serre derivative of f.

Proof. Let g be the Serre derivative of f. We have to show that g € Mj,. Only the
functional equation of g is non-trivial:

§(47) = (A7)~ K3 Ea(AT) (AT

i
= ke(et+d) £ () + (et +a) 2 f(1) —k((eT+d)* T Ex(7)
+c(et+d)) (et +d)kf(r)
= (ct+d)"?g(7),
ford = [*?] esL2,2)
“led T
We have
i = 2Wig—
ot~ MYy
and sometime it is useful to divide the Serre derivative over 27wi and redefine it

af k
quTq_EEZf'

Proposition 2.5 We have the following equalities between the Eisenstein series and

their derivatives .
_ 1 2
95 = 12(Ey —E4)

952 = $(ExEa — E) (2.40)
JE,
458 = 3(E2Es — E7)

The differential equation (2.40) is usually called the Ramanujan relations between
Eisenstein series, see [Ram16| page 181].
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Proof. The proof of the second and third equalities follows from the Serre deriva-
tive and dim(Ms) = dim(Mg) = 1. Further, we must check the equalities for the
coefficient of ¢°. The proof of the first equality follows in a similar way. We need
to prove that f(7) := — 2‘; aaETZ + E3 is a modular form of weight 4 and its constant

term is 1. For this we use the functional equation of E5 in[Theorem 2.4] Therefore,

by it must be Ej.

For a while the reader is invited to forget what he has learned in this section and
solve the following problem by elementary methods.

Exercise 2.26 Let Q[[q]] := {ao+a1q+axq* +---+anq" +---|a; € Q} be the ring
of formal power series in g and with rational coefficients. Addition and multiplica-
tion in Q[[g]] are defined in a natural way. We have also the derivation:

9+ Qllq]] — Qll4ll;

aq(a0+a1q+a2q2+"'+Clnqn+"') ::a1+2a2q+...+nanqn_l+... .
Show that there are unique series #1,1,#3 € Q[[g]] with #; = 1 —24¢ + - -- such that
qost = 12 (17 —12)

ttr—13) . (2.41)
Hits —lz)

B}
N
~
LS}
I
=W
—~

Morover, the coefficients of #;’s are integers. Use the encyclopedia of integer se-
quences oeis.org and find a closed formula for the coefficients of #;’s.

2.11 The product formula for discriminant

We make a linear combination of weight 12 modular forms Ef and E62 such that
the resulting modular form is a cusp form. This can be simplified into the following
definition:

(2n)12
1728

A= g3 —27g3 = (24 (4)60E4)> —27(2£(6)140)%E2 = (E3 — E?).

Recall that £ (4) = g—g, g(6) = 945, and hence, we have

1
1728

s

(2m) PA= o (Ej —Eg) =

n=1

The function 7(n) is called the Ramanujan 7 function.

Proposition 2.6 We have

1 (=]
(2.42)
1728 & 131

t(n)q" = q—24q° +252q° —14724" +4830¢° +- - - .
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Proof. This follows from Ramanujan relations between Eisenstein series. The log-
arithmic derivative of both sides in (2:42)) is E;. We also need to check that the
coefficient of ¢! in both side of (2.42) is one.

Exercise 2.27 Show that

27ti —12'26.35.72
(2xi) o

Ei—Eg = 691

From this derive an expression for 7(n) in terms of o1; and os. Show that
7(n) = 011 (n)( mod 691)
Hint: See [Kob93a, III, Section 2, 4].

For various recursion formulas for 7, see Ramanjan’s original article [Ram16, page
195]. The following was conjectured by [Ram16} page 197] and proved by [Del71]]
as a consequence of his proof for Weil conjectures in [Del73, |Del80].

Theorem 2.6 We have 0
[T(n)| <n12op(n),

where 6y(n) is the number of divisors of n.

See also [Ser69] for an overview of properties of 7. The following conjecture depite
being simple is still open.

Conjecture 2.1 (Lehmer’s conjecture) For all n € N we have

7(n) #0.

For information see the Wikipedia webpage on |“Ramanujan tau function”,
Another interesting function is

1728 - ¢ = 1 >
F = = = P.q".
(q) ES _E62 I_I (1 — q”) ngf) nq

n=1

It can be easily checked that P, is the unrestricted partition function, that is, P, is the
number of ways a positive integer n can be expressed as a sum of positive integers:

n=ay+a+---+ar,a €N

There is no restriction on k, order of a;’s, and repetion of a;’s is allowed. For more
information see [Apo90, Chapter 5]. According to [Apo90] the Dedekind eta func-

tion N
n(t):= e 1T (1 — ezmnT)

n=1

was introduced by Dedekind in 1877. We know that

A(t) = (2mi)2n*


https://en.wikipedia.org/wiki/Ramanujan_tau_function
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and the functional equation of A with respect to the action of SL(2,7Z). Taking 24-th
root of this we get

at+b
cT+d

): £(c1+d)%n(r)

for some € which is a 24-th root of unity and depends only on A and 7. In fact

ab
cd

n(2g) = e (—iera)) neo

ct+d

Exercise 2.28 (Dedekind functional equation) For all A = [ ] € SL(2,Z) with

¢ > 0 we have

where

Hint: See [[Apo90, Theorem 3.4].

01
ForA = [_1 O] we get

2.12 The j function

The following

3 o0
. 82 n
Jj(r) =1728—4/—=— = cnq
& 2783 n:z_l !
E} 1 2 3
= 1728——— = — +744 4196884 +21493760q" + 8642999704 + - - -

E; — E6 q

is called the j-function, or Klein’s modular function. It is holomorphic in H and has

a pole of order one at ice. From the functional equation of Eisenstein series it follows

that j is invariant under the action of SL(2,Z):

fat+b\ . ab
J(c’r—i—d) = j(7), V[C d] € SL(2,7). (2.43)
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Exercise 2.29 Show that the j-function satisfies the differential equation
S+ =0,

2_41; N . . .
where Q(j) = W and S(j) is the Schwarzian derivative of j with respect to
7. Hint: From the Ramanujan relations between Eisenstein series we can calculate
j,j',j",j" as rational functions in Ej,E4,Eg. Thus, there is a polynomial in four

variables which annihilate (j, j’, /", j").
Theorem 2.7 The map j: SL(2,Z)\H — C is one to one and surjective.

We will give a proof of this theorem in[Section 3.5]in which we explicitely construct
the inverse of j using elliptic integrals.

Exercise 2.30 can be proved by compactification SL(2,Z)\H as a
Riemann surface, for which we need only to add one more point to SL(2,7)\H, and
extending j to a holomorphic map of Riemann surfaces SL(2, Z)\H — P! which has
no crtical points, and hence it is a biholomorphism. Write a proof of this theorem
using some ingredients from [Apo90} Section 2.7].

Proposition 2.7 Any meromorphic modular function f can be written as a rational
function in j with coefficients in C. If further f is holomorphic in H then f can be
written as a polynomial in j with coefficients in C.

Proof. By|[Theorem 2.7] there is a meromorphic function g in C with finite number
of poles such that f = g( ). Since both j and f are meromorphic at infinity, it follows
that g is a rational function in P!. If f is holomorphic in H then g has no poles in C
and so it is polynomial.

There is a beautiful history behind the j-function. According to [Apo90, page
22, end of Chapter 1], Berwick in 1916 calculated the first seven coefficients of j,
Zuckerman the first 24 in 1939, and Van Wijngaarden the first 100 in 1953, see also
[Fri22} page 246] for coefficients of j for ¢", n < 4. The only reason for computing
such numbers, seems to be only the joy of playing with them and their mysteri-
ousness. In [Apo90] we also find some divisibility properties of ¢,’s due to D.H.
Lehmer in 1942 and J. Lehner in 1949. An asymptotic formula due to Petersson in
1932 and Rademacher in 1932 is also reported in this reference. In 1978 MacKay
noticed that 196884 = 196883 + 1 and 196883 is the number of dimensions in which
the Monster group can be most simply represented. Based on this observation J.H.
Conway and S.P. Norton in 1979 formulated the Monstrous moonshine conjecture
which relates all the coefficients in the j-function to the representation dimensions
of the monster group. In 1992 R. Borcherds solved this conjecture and got Fields
medal, see [Gan06] for more information on this conjecture. The proof does not give
any clue why elliptic curves must have something to do with the monster group, and
so the mystery involved around it still exists. For instance, in a private conversation
J.H. Conway expressed the fact that the proof for him is not satisfactory.
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2.13 Growth of coefficients

The growth of coefficients of arithmetic functions, and in particular, the Fourier
coefficients of modular forms has been of interest in the early stages of the the-
ory of modular forms. For instance, in [Ram16] we can find many asymptotic
behaviour of arithmetic functions. For the content of the present section we basi-
cally follow Hecke’s original article [Hec37]] and [Ser78, Section 4]. For two se-
quences f,,gn € C by f, = O(g,) we mean that g is bounded. In a similar way,
for two complex valued function f and g defined in a neighborhood of a € C we
f(x)

writef = O(g) or f ~,_,, g to say that 20 is bounded near a.

Theorem 2.8 ([Hec37|, Satz 5, Satz 6) If f is a holomorphic cusp form of weight
k for the group SL(2,7) then

where f = Z fuq" is the g-expansion of f. Let f be a holomorphic modular form
n=1
of weight k for SL(2,7Z). Then
fo=0("").

Proof. The Cauchy’s residue formula implies that

17 _p, dgq
fn—%/‘sf(q)q ;7

where 8 is a small circle turning around ¢ = 0 € C anticlockwise. We write g = e>™*

and T = x+iy. The integration in 7 is over the path with y constant and x running
from O to 1. We have

1
I :/f(r)efzm'"rdr:ez”y”/ Flx+iy)e 2y, (2.44)
Jo

The function | f (T)Im(r)g | is invariant under the action of SL(2,Z), and so, it gives
us a function in SL(2,Z)\H. Since

|f(T)| ~g—0 g ~y—+oo 3_2@7
this function is bounded when y — oo, and so, there exists a constant M such that
If(1)| <My ®  Vre€ inaneighborhood of i € H. (2.45)

From another side the complement of a neighborhood of ieo in SL(2,Z)\H is a com-
pact subset of SL(2,Z)\H and so the equality (2.43) ia true for all T € H but with
possibly larger constant M. We are using the fact that after adding ico to SL(2,Z)\H

it is a compact space. Putting (2.45) in (2.44) we have
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k
ful <P M-y2

Here, y can be any positive number, we put y = % and get the desired result.

Let us now prove the second part. Let E; be the Eisenstein series of weight k, and
A € C, be constant such that AE; + f is a cusp form. The second part follow from
the first part and the asymptotic behaviour of Fourier coefficient 6;_1(n) of Ej:

ok—1(n) = Zdl“l =o(nk ).
din

Because

din
L(i) <L#

Y (1) <X -ttk-n<e
din d d:ldkl

1

. k . -
Since n2 compared to n*~! is negligible, we get the result.

There is a better result which says that for a cusp form f, we have
k_1
fi=0(nt o), (.46)

where 0y (n) is the number of positive divisors of n. This implies that

ST

fo= O(n 5“)7 Ve >0
This is obtained by P. Deligne as a consequence (see [Del71]]) of his proof for Weil
conjectures (see [Del73| [Del80])). See also [Mil20].

The following simple proposition will be needed in the proof
Proposition 2.8 A non-zero modular form of weight k for SL(2,7) has a zero of
order < Tkz at infinity. The equality happens if and only if 12|k and f is a multiple of

k
ATz,

Proof. Let f be a modular form of weight k with a zero of order N € N at infinity.

We consider which is a modular function. By [Proposition 2.6| it has no poles
in H and by it is a polynomial in j. Its order at infinity is 12N —k
which is a non-positive integer. If k = 12N it is a polynomial of degree 0 and hence
i

l .
a 1S a constant.
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2.14 The numbers e, e;,e3

Theorem 2.9|in this section is taken from [Apo90, Theorem 1.14] and it would be
interesting to trace back the origin of this theorem. Our main reason for presenting

this in this section is|Exercise 2.38| The equalities (2.63)) in this theorem seems to be

novel, as I was not able to find them in the literature. For a lattice A = Zw; + Zw»,
let
el = [O(Za)l +Z(X)2, %) ’

o (Lo +Zw, Z),

ey .

9 (Lo + Loy, A52).

es .

Theorem 2.9 The numbers ey, e;,es are distinct and we have

49 (2) — g2 90) — g3 = (00 —e1) (p0) —e2) (D) —es)  247)

Proof. Since (z) is even, g/ (z) is odd. Therefore,

(i) () olote) olie) e

This implies that -, %, “22 are roots of £/(z). The function &/(z) has a pole
of order 3 at z=0 € C/A, and so the mentioned three points, are the only roots of
£ (z) and they are simple. The differential equation of £(z), implies that e}, e, €3
are roots of the left hand side of 4x> — g2x — g3. We show next that e1, e, and e3 are
distinct, for instance, e1 # e,. The elliptic function @(z) —e; for i = 1,2 has a double

root at %, because &/ (%w,) = 0. If ¢; = e, then this function must have pole order
> 4 at z = 0, which is a contradiction.

2.15 Jacobi’s theta functions

Jacobi’s theta function (or series) is the following infinite sum

+oo . .
Q(Z, "L') — Z eZmnz-Q—ﬂ?tnsz'7 z€ (C, teH

n=—oco

According to [EZ85| page 1] it was introduced in [Jac29| Section 52] and that is

the reason why the name Jacobi theta series. In the whole book Jacobi analyses the

elliptic integrals [ W, and it might be worthy to find out the motivation
—X —KeX

for Jacobi for defining such a series. Our treatment of theta series in this section is
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taken from [SSO3, Chapter 10]. For theta functions attached to lattices see [CS99,
Chapter 15 ], [Ebe94, Chapter 2].

Proposition 2.9 The Jacobi’s theta series is convergent in C x H and satisfies the
following functional equations:

1. 8(z+1,7)=6(z,7), ‘ A
2. 0(z+1,7) = 0(z,7)e e 2,
3. 06(z,1)=0 for Z:%+%+n+mr, n,mé€ 7.

Note that unlike Weierstrass  function, Jacobi’s theta function is holomorphic ev-
erywhere.

Proof. We first prove the convergence. For a fixed M, #) € R™, and for |z| < M and
Im(t) > 1o we have

oo
Z ‘eZEinz+mnzr

n=—oco

> )
< C Z eZEnMe Tn-ty
n=0

for some positive number C € R. The convergence follows from the fact that for
a,b € Rwith |a| < 1, the series Y, a’ b is always convergent. This shows that 6
converges is C x H. The proof of item 1 is immediate from the definition of 8. The
second item follows from

= . )

Z p2inz em(n +2n)T

n=-—oo

O(z+7,7)

Tee . . 2 ; .
_ Z eZﬂl(n+1)z em(n+l) T o WT 672mz

n=-—oo

— Q(Z, ‘L') _efm'r efzm'z.

The proof of the third item is as follows: Using the first and second items we only
need to consider the evaluation at z = % + 5. We have

1 E _ - 1y mi(n®4n)T
9(24-271')—2( )"e .

n=-—oo
For n > 0 the terms corresponding to n and —n — 1 cancel each other.

Theorem 2.10 We have

G(Z, T) — ﬁ (1 _qn) (1 +6]n7% e2m’z) (1 +q”7% e72m'z) ; (2.48)

n=1

where q = *™'.

Proof. Note that in [SS03] the authors have used ¢ = e™*. Let 7(z, T) be the right
hand side of (2.48). We prove that 77(z, 7) is a holomorphic function in C x H and
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satisfies the same properties as of 0(z, 7) in[Proposition 2.9| For the convergence we

use the criterion for convergence of infinite products. We have

(] _qn) (1 +qn7% eZT(iz) (1 _,’_qnfé 67271:1'1) =1 _’_qnf% (62711'1_’_67271:1'1) NI

=

and Z |g|"* converges. The first functional equation for 7 in [Proposition 2.9|is im-

n=1
mediate. The second functional equation follows from

n(z+1,7)=[J1-¢") (1+qn+% ezm) (1+qn—% e—277:iz)

n=1
(14—97% efzniz)

1 7(z,7)
(1 +q? eZm’z)

We have litf r = x for x # —1 and the second functional equation follows. The

product vanishes at a point (z,7) if £z+ (n — 3) T € Z+ 5 which gives us the third
item in for 7.
Now, let us prove (ZA8). Let F(z,7) = 229 This as a function in z is double

7(z,T
periodic and has no poles. Therefore, it is constant as a function in z. Therefore

C(t) = 60(z,7)/7(z,7). We put z = £ and z = } and respectively get

—

=

Y (~1)yq”
C(1) =% -, (2.49)
1— b10 1— n—x
0 (1=a) (1=
+o0
Y (-1 g
C(r) = ——2 . (2.50)

[T (1—¢*)(1—g*2)

n=1

The equalities (Z49) and (2.50) imply C(47) = C(7) for all T € H. Since ¢* — 0
when k — e we conclude that C(7) = 1.

Theorem 2.11 For t € H and z € C we have

-1 .
0 (z, ) = \F M 621, 7).
T 1

Here, we have chosen a branch of\/? , T € H such that for imaginary 7, it is positive.

It is convenient to replace z with % and rewrite the above formula:
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—1 2
0 (Z> = \/?_e’”r 0(z,7).
T T 1

Proof. 1t is enough to prove the formula for z =a € R and 7 = it, € R*. We have
to prove the equality

5 oo
_nn i 1 .02 2
Z e T eZmna tle Tta Z e nn te 27mat.

n—=—oo n=—o0

We write this as

> 7[)12 .
Z efm n+a _ 77 Z P eZn’ma.

n=—oo n=—oo

This is exactly the Poisson summation formula that will be proved in
. 2, .
Note that the Fourier transform of f(x) = e™™ is itself:

S S Y )
/ e ™ e anx)dx: e
—o0

b3 2 .
This implies that the Fourier transform of f(x) = e T (x+a)? isg(y) =1~ i o= p2miay.
We will frequently use the followings:
= 5
05(t) = 0(0,1) = ¥ gt = #
n=—oo n (LL-) 71(27)2
2
2
: 3 e _1(37)
=0 (T> = L D = , 2.51)
i 27) =2 n(7)
‘ LR ety 22
9 = 0 — = 8 2 n+ bl A el
0= 0(3) =t B n(7)

Exercise 2.31 Prove the equalities between 6; and 1 as above. In particular, prove
that 6,030, = 21‘)(1’)3.

Using[Theorem 2.11| we get the following functional equations for 63, 64

93(1) \f%() (2.52)
o(2)- o

is the eighth root of unity. Let f(7) = 65(87)%. We have f(t+1) =
(%)4 f(7) which says that f is a modular form for the group

(oi]- [13]) esre

2mi

where (g =

f(7) andf(rl)
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Exercise 2.32 For a,b € Q, we define the following shift of the Jacobi theta func-
tions:

GaJ, : CXH—)(C,

0up(2,T) i= Z 6271:1'(%(n+a)2-r+(n+a)-(z+b))
nez

— eﬂiuz‘c+2ﬂiu(z+h)9(z+ar+b7T)-

In higher dimensions these are called Riemman’s theta functions, and they were
used by Humbert and Picard to study the double integrals of hyperelliptic surfaces,
see [Mov21, Chapter 3]. Such a theta function satisfies the functional equation

: 1.2
2mi(an—bm— 5 m

Oup(z+Tm+n,7T) = )G, (2, T). (2.53)
Let A :={tm+n|m,n€Z} and C/A be the corresponding complex compact torus.
In a more geometric language, one says that the exponential factors in (2.53)) form a
line bundle in C/A and 6, is a holomorphic section of this line bundle. Consider
the map

C/A 5PV 25 [+ 10,5(Nz, T): -] (2.54)

where (a,b) runs over representatives of %Z/Z. Show that for N > 1 this map is
an embedding and for N = 2, its image is characterized by the intersection of two
quartics:

Azx% = Bzx% + sz%, Azxg = sz% — Bzx%

where

x0=600(22,7), x1 =6, (2z,7), x2:6%70(2z,f), x1 =01 1(2z,7),

2

=
(S]]

and

A= 90’0(0, ‘L') = 93(1'), B= 90’%(0, T) = 94(‘L')7 B= 6%70(0,7) = 92(7).

We have A* = B* + C* which is called the Jacobi’s identity between the theta con-
stants. The main reference for this topic is [Mum91, Chapter 1, Section 5], see also
[Hus04, Chapter 10].

Exercise 2.33 Show that the Jacobi’s theta function satisfy the heat equation

26(z,71) 1 9%6(z,7)
ot  4mi 972

This differential equation can be also found in [Fril6, page 414].

Exercise 2.34 Up to some factor, the Jacobi’s theta function and Weierstrass &
functions seems to be the same, see for instance [Fri22| page 176] and [DLMEF].
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Exercise 2.35 One of the ways to justify Jacobi’s theta function 6, is through
Poincaré series. Recall our notation of a group I" actting on a complex manifold M.
An automorphy factor j: I" x M — C* is a function which is holomorphic for fixed
A €I and satisfies the functional equation

J(AB,z) = j(A,Bz)j(B,z), VALBET, z€M.
A trivial automorphy factor is given by j(A,z) = f}éz)‘) for some holomorphic func-
tion f : M — C*. The set of autmorphy factor is a group and modulo trivial ones it
is called the Picard group of I"\M. The elements of Picard group are in one to one

correspondance with line bundles in I"\M. An automorphic form of weight k € Z
with the automorphy factor j is any meromorphic function f on M such that

f(Az) = j(A,2)"f(z), VAET, ze M. (2.55)

A way to obtain automorphic forms is through Poincaré series. These are convergent
series of the form Y% ji(A,z)* f(Az) for a holomorphic function f : M — C, where
* means that summation is over an equivalence classes in I" which gives us distinct
terms in the series. Show that the theta series 6, can be written as Poincaré series
such that becomes (2.53)). Hint: Consider the lattice action of I" := Zt+Z on
M := C. For more details in general see [[Chal4].

2.16 Applications of theta series

We finish this section by a classical application of theta series that can be found
in [SSO3| Chapter 10, Section 3] and [Zag08, Section 3.1]. For k € N and a =
(a1, aa,...a;) € ZF define the number

Yea(n) =#{(x1, x2,...,x¢) € 7k alx%+a2x%+~~-+akx,% =n}.

Its generating function can be written in terms of theta series:
Z Yea(n 0(2a17) 0(2ay7) - 0 (2a;7), (2.56)

where 6 = 63. In order to find formulas for ¥ ,(n) we have to study the analytic
function in the right hand side of (2.56). Let d) (n) denote the number of divisors of
n of the form 4k + 1, and d3(n) the number of divisors of n of the form 4k + 3.

Exercise 2.36 For n > 1 we have

Ya,(1,1)(n) =4<d1 (n) —d3(")>~ (2.57)

Hint: [SS03|, page 299].
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2.17 Poisson summation formula

Poisson summation formula is the main ingredient of the proof of the functional
equation of Jacobi’s theta function in In this section we present the
first and classical version of this formula for rank one lattices. For the same formula
for higher rank unimodular lattices see [CS99, Chapter 15 ], [Ebe94, Chapter 2]. We
mainly follow [Zag08, Appendix A].

Let ¢ : R — C be any continuous function which decreases rapidly, let us say

@(x) ~ x|~

for some ¢ > 1 as x — =£oo. Then the Fourier transform of ¢ is

o0 = [ ol e ax.

Theorem 2.12 We have

Y o(n)=) o(n) (2.58)

nez nez
which is called the Poisson summation formula.
Proof. The growth condition on ¢(x) ensures that ¢ (x) := Y,z @ (x+n) converges

to a continuous function ¢. This function satisfies ¢(x+ 1) = ¢(x) and so ¢ has
Fourier expansion

. 1 .
p(x)=Y) cy- €™ where ¢y = /o o (x) e 27 dx.
veZ

Substituting ¢ (x) in ¢, we get

1 ind )
C}’:/O < Z (p(x+n)> e—2my(x+n) dx

n=—oo

e n+1 .
= Z / @ (x) e 27 dx

= / @(x) e 2" dx = P(n).

This gives us

Y o) =0(0)=) cy=1) ¢(n),

nez YeL nez

which is the desired statement.
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2.18 Some exercises based on Eisenstein’s work

According to [We199], [Eis47] fifteen years before Weierstrass did much of the work
that is now attributed to Weierstrass. In this section we formulate some exercises in
order to estimulate further reading of Weil’s book and Eisenstein original article.
It has been motivated by the formula in for which the author was
able to give a proof using geometric arguments, see W. Zudilin in a
private communication recommended the author to read Weil’s book and the present
section is the outcome of this reading. We have used the notations of the present
book instead of those in [Wei99|. Further, recall that our lattices are oriented, and
hence, Im( wz) > 0. Therefore, the nummber 0 used in [Wei99] is equal to one. Let
us define:

1 1

Cr(z: @1, m) = €(2) := wg;\ Crof w;A (Cnon +ma)t (2.59)

For k = 1,2 we use Eisenstein summation

M

) = Znggr;ZA}gan

WEA neZmez n=— m=—M

for which one also uses the notation X,. Note that Eisenstein summation depends
on the choice of the basis @;, m, for the lattice A, and in particular, the order of
summation in n and m. By abuse of notations we will also define

Cr(z,7) = E(z: 1,1)

being clear in the context which is meant.
Exercise 2.37 Prove the following statements:

1. The series &, kK > 1 converges absolutely. For k > 3 this is already proved in
Proposition 2.1
2.
n
€1 (z+nw +ma) = €(z) 7277:i@. (2.60)

and so
Ei(z+1,7) =€(z,7), €1(z+7,7)=¢E(z,7)—2mi.

3. Let A’ = Zw| +Z), C A be a sub lattice and choose a basis [z;] € A/A’, i =
1,2,...,N. We have

2micz  Tie
o, 0’

¢ (z4z;00,05) = E () +

=

where c,e € Z are defined through the equalities:
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o] Jab][m] &
il =] ] =

In particular, if we put A = A’ we have

(0], 0) = €1z, )+
ands so . , i
m+delanid{:id):€ﬂ&ﬂ+c:f;
4. We have .
¢i(z) = L Z Gn" !,
T =1

2 Modular forms

where G, = 0 for m odd and for m even they are classical Eisenstein series (2.20).

5. Recall Weierstrass  and { functions. We have

Hint: See [Wei99, Chapter III].

Theorem 2.13 We have the following identity for the Eisenstein series E:

@Ez(’f) =4+ Z

P(z) = €2 — Gy (2.61)
{(z) =€ -Gz, (2.62)
4 2 1
(1—-2nt—2m) + (nT+m) + (nt+m)?’

12 (n,m)#(0,0)
Proof. The right hand side of the above equality is

2mi

2£(3) = e+ 1)~ 4(@) = ~Ga = T2 Ex

We have used the equalities (2.60) and (2.62).

2.19 Differential equations of theta series

Recall the theta series 6, 03, 04 in (2.5T)).

Exercise 2.38 We have the following identities between the theta series and the

values of the Weierstrass  function evaluated at half points
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)

== 12 1
a7
9t = 2o 7214+7,~ | +E
0, zm,{O( T+ ,2>+ 2
-2 12 T+1
27
L= — 7t + 7, —— E 2.63
b5 2m,p( T+ 7, > )+ 2, ( )
04
12 T
27
T = Loz Z,7> E».
0 27tip< T+ ) + E>

Moreover, these three quantities satisfy the Darboux-Halphen differential equation

iy =t (2 +13) — tats,
H:< h=t0(t +13) — 113, (2.64)
i = 13(11 —|—t2) — .

It is expected to give an elementary proof (using only complex analysis) of

The geometric origin of this will be explained in The theta

sereis

— Laittmi(z+1) 1 l
9%%(271'). et 2 9(z+217+2,1:). (2.65)

is of particular interest. In we will encounter

91 1 o 1 _ 1— -1, m
F(z,7) = 2732 _ 1/2 —1/2 H yq ")( )2’ q )’ (2.66)
n =1 —q )
where y = ¢?™2 g = ¢*™" in our geometric setting of enhanced elliptic curves.

Exercise 2.39 Show that F satisfies the functional equation

c(z+At+p)?

) _ (—1)A+”(cf+d) 1 m[ i ()LZT+27LZ)]F(T7Z)

(2.67)
for [a b} € SL(2,7Z) and (A, ) € Z*. We will see that F? is a Jacobi form of weight

F z+AT+u at+b
cT+d ct+d

cb
—2 and index 1.

Exercise 2.40 Show that

2 n(F(z 1) = £+

We will give a geometric framework for the following:

Exercise 2.41 The quantities

a:=(=2mi) ' @(z0), b:=(—2mi) 2p’ (z0) , c:=—(—2m’)*%

2mi 27\ 2 2mi\°
ni=SET), =12 <12) Es(T), 13 .8<12) E(7),
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satisfies the equality t3 = 44> — toa — b? and the ordinary differential equations

i = —2a%+2at) +bc+ %

h = 6a*c — % —3ab+3bt;

a
b
¢ =ac+ch —3
d

: here &= O (2.68)

| =2 —a+21 where =57 '
h=1-%
th = 411 — 613

a=2»>b

b =6a>—%

¢ =a+nh a1 0X

J— 2 where X := (—2mi) 2 7z (2.69)

h=0

=0

Hint: In (2:69) all the equalities are trivial except for the second and third one which
follow from [Exercise 2.16|and |[Exercise 2.40} respectively. The main trick for prov-
ing (2.68) is as follows. We explain it for the first equality. We use (2.39) to have the
functional equation of ¢ and observe that % — bc is an elliptic function of weight
4. We compute its Laurent expansion at z = 0 and observe that the coefficients of
%7 i=0,1,2,3,4 coincide with those in —2a> + 2at; + %2 Therefore, the difference
of two quantities is a holomorphic elliptic function vanishing at z = 0, and hence it
must be zero.




Chapter 3
Elliptic curves and integrals

Although most of the seminars I couldn’t understand, after 10 times I started to get
something and that something could be very useful for my development in mathe-
matics or even to physics eventually, (S.-T. Yau in Kavli IPMU News No. 33 March
2016).

3.1 Introduction

In this chapter we study elliptic curves over complex numbers and the corresponding
elliptic integrals. Our discussion in this chapter closely follows [Mov21, Chapter 3]
and [Mov12]] which aims to find the origin of Hodge theory in the study of elliptic
integrals. Our approach to elliptic integrals starts with Weierstrass familly of elliptic
curves, however, historically elliptic integrals of the Jacobi family y? = (1 —x?)(1 —
k>x?) (the name borrowed from [Hus04, Chapter 4, Section 3]) have appeared in the
literature first. For instance, these integrals have been the main object of study in the
treatise [Jac29]). In order to have a precise historical account on elliptic integrals, the
reader might have a look at Fricke’s three volumes books [Fri16, [Fri22} [Fril1]. Note
that Fricke died in 1930 and the manuscript of the third volume was only published
in 2011. We assume the reader is familiar with the projective space P? and curves
inside it, otherwise, the reader might read the first few sections of

3.2 Elliptic integrals

We start with an elliptic integral of the form

b dx
7 3.1)
/a p(x)

47
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where p(x) is a polynomial of degree 3 and with three distinct real roots, and a,b
are two consecutive elements among the roots of p and F-eo. For instance, the poly-
nomial p(x) :=4x> —thpx —13, 12,13 € C has three distinct roots if and only if
A= 27t§ — t32 # 0. If p(x) has repeated roots one can compute it easily.

Exercise 3.1 Compute the indefinite integral

dx
—F— 3.2
/ vV p(x) G2

where p is a polynomial of degree 1 and 2. Compute it also when p is of degree 3 but
it has double roots. These integrals are computable because y*> = P(x) is a rational
curve! Let p be a polynomial of degree 3 and with three real roots #; < t, < 3. Show
that two of the four integrals

Lam b e b e b ve

can be computed in terms of the other two.

In many calculus books we find tables of integrals and there we never find a
formula for elliptic integrals. Already in the 19th century, it was known that if we
choose p randomly (in other words for generic p) such integrals cannot be calculated
in terms of until then well-known functions. For particular examples of p we have
some formulas calculating elliptic integrals in terms of the values of the Gamma
function on rational numbers.

Exercise 3.2 For particular examples of polynomials p of degree 3, there are some
formulas for elliptic integrals (3.2) in terms of the values of the Gamma function on
rational numbers. For instance, verify the equality

/+°° dx_THrere)
7 Vx3—35x—98 2min/=7
In [Wal06, page 439] we find also the formulas

(3.3)

/1 dx T3

0vx—x3 23t

These formulas can be also derived using the software Mathematica. The Chowla-
Selberg theorem, see for instance Gross’s articles [Gro78l (Gro79], describes this
phenomenon in a complete way. The right hand side of (3.3) can be written in terms

of the Beta function which is more natural when one deals with the periods of alge-
braic differential forms.
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The fact that we only need two of the integrals in in order to calculate the
others, can be easily seen by considering the integration in the complex domain
x € C, in which we may discard the assumption that p has only real roots. The
integration is done over a path ¥ in the x € C domain which connects two points
in the set of roots of p and oo, and avoids other roots except at its start and end
points. An amazing fact that we learn in a complex analysis course is that if the path
¥ moves smoothly, without violating the properties as before, then the value of the
integral does not change. This is certainly the origin of homotopy theory, or at least
one of them. The next step in the study of elliptic integrals is the invention of the y
variable which is basically the square root of p(x):

E:={(xy)eC |y =p)}. (3.4)

This is called an elliptic curve in Weierstrass form.
Exercise 3.3 Up to multiplication by a constant which can be computed explicitly,
the integral (3.I)) can be written as
dx
sy’
where § is a closed path in E.

We add another point O to E and will call it the point at infinity. We write E =
E U{O} and sometimes by abuse of notation use the same letter E for E. If we write
the equation of E in homogeneous coordinates [x : y : z] € P? then

0=1[0:1:0].

see for instance for definition of the projective space P?. We define
H\(E,Z) as the abelization of the fundamental group of E, that is, the quotient
of the fundamental group of E by its subgroup generated by commutators:

Hl(E,Z) = ﬂ](E,b)/[TC](EJ?Lﬂ](E,b)], (3.5)

where for a group G, [G,G] is the subgroup of G generated by the commutators
aba—'b~', a,b € G. Tt turns out that the integrals

/@, 5 € H\(E, 7).
5y

are well-defined.

Proposition 3.1 The abelian group H,(E,Z) is free of rank 2, and hence, it is iso-
morphic to (Z2,+).

Proof. We prove that the non-abelian group 7;(E,b) is free and it is generated by
two elements. Let @ : E — C be the projection into x-coordinate and a be the x-
coordinate of b. Let also p; = (;,0) € E. Our claim follows from the following
purely topological statement.
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A point removed

E

S projection to
yeC Q ,
‘ x€C coordinate

ST e

Fig. 3.1 The elliptic curve y? = p(x) in the four dimensional space C2.

Exercise 3.4 Let E be a connected real surface and 7 : E — C be a continuous map
which is a 2 to 1 covering outside three points p; = 7! (t;), i = 1,2,3. Moreover,
assume that near these points 7 is topologically equivalent to (C,0) — (C,0), z —
z%. Then 7 (E) is freely generated by two elements.

Proof (Continuation of the proof of[Proposition 3.1). An element § of the homo-
topy group 7;(E,b) can be identified with v := n(8) € 1 (C\{t1,%2,#3},a) which
has this property that the multivalued function y := /p(x) along 7 is one valued.
The closed paths 9, and  in have this property, and hence are in the
image of 7, let us say m(9;) = ¥;, i = 1,2. We claim that &, 8, generate 7, (E,b)
freely. In order to see this, consider a system of 3 paths A;, i = 1,2,3 starting from
a and ending at a point near #;, turning around ¢#; anti-clockwise, and returning to
a in the same way, and such that: 1. each path A; has no self intersection points,
except at a which is the starting and end point 2. two distinct paths A; and A; meet
only at a. This system of paths is also called a distinguished set of paths. The ho-
motopoy group 7t (C\{#1,2,t3},a) is freely generated by A, A, A3. The subgroup
of m (C\{r1,12,13},a) consisting of elements ¥ such that y|, is one valued, consists
of elements of the form A;"A)2A% - -, where n; +ny +n3 + -+ is an even number.
This is generated by 71 := 4145 ', %5 := A A5 ' and A?, i = 1,2,3. The last three
elements gives us loops around p;’s and so they are homotopically zero in E. The
proof of the fact that between §; and & in 7; (E,b) there are no relations is left to

the reader in [Exercise 3.4
Theorem 3.1 The set E as a toplogical space is a compact torus minus one point,
see

Proof. We need to show that E = EU{O} is a torus. This is an oriented compact
surface. Its orientation comes from the canonical orientation of C. It is known that
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the genus g of an oriented compact surfaces S (the number of holes) classifies them.
Moreover, for a point p € S, Hi (S — {p},Z) = Z?¢. We use and
conclude that in our case g = 1, and hence, E is a torus.

Exercise 3.5 Prove in the framework of[Exercise 3.4

Another important ingredient of H|(E,Z) is the skew symmetric intersection
form or bilinear map
H\(E,Z)x H\(E,Z) — Z. (3.6)

For two paths 6y, 6, € H|(E,Z) we can assume that they intersect each other trans-
versely. At each intersection point p we can attach a number €(p) which is +1 or
—1, depending on whether near such a point 8; together with &, give us the canoni-
cal orientation of E or not. Then we define

(01,8) := Y e(p).

pe intersection of §; and §,

Exercise 3.6 Show that the intersection pairing (3.6) is well-defined.

The generators §; and &, of H,(E,Z) which are explicitly constructed in the proof

of [Proposition 3.1} can be choosen in such a way that (d;, ) = —1. The following

proposition might have been the historical reason behind the interest on the upper
half plane H.

Proposition 3.2 For any 6 € Hi(E,Z), 8 # 0 we have [5 % # 0. Moreover, let 6,
and &, be generators of Hi (E,Z) with (61,06,) = —1. Then the quotient

d
s S

T:
dx
Js, 5

has positive imaginary part.

Proof. Tt might be interesting to give an elementary proof of this proposition in
terms of the mathematics of 19th century, and trace back its first appearance in
the literature. One way to do this is to compute elliptic integrals in terms of Gauss
hypergeometric function, see We give the following not so elementary
proof. The first statement follows from the second statement. First, we note that
o= d—vx restricted to E is holomorphic even at y = 0 and the infinity point O. Next
we observe that

ﬁ(/ﬁzw/&w—/ﬁla)/&w):ﬁ/}gw/\d)>0,

where 0 = %. The equality follows from Stokes theorem for the complement of §;

and &, in E. In order to see this we observe that in local holomorphic coordinate
system z = x; + v/ —1x, in E we have @ = dz. Therefore,



52 3 Elliptic curves and integrals

/Edz/\dzz /Fd(zdz)
:/(szzdz_/(sz(z+/($lw)d2+/<31ZdZ_/c51(Z_/<32w)dz
:/52“’/51“’_/51“’/52“)'

V—loAN®=+v—1dzAdZ =dx; Ndx,,

whose integration over a domain is always positive.

Moreover,

Definition 3.1 The lattice of elliptic integrals is

[ dgf dgf
H(EZ) Y oy &y

where 01, 6, is a basis of H (E,Z) with (8;,8,) = —1.

In the forthcoming sections we will mainly consider

E=FEypy={(xy) € (Cz‘yz =4 —nr-n}, res 3.7)
S:=C*—{(tr,) €eC?|A =0}, A:=13-2713. (3.8)

The curve E; is called an elliptic curve in the Weierstrass format.

3.3 Picard-Lefschetz theory

The appearnace of the group SL(2,Z) in does not reveal the nature
of this group in algebraic geometry. In this section we prove that this is actually the
monodromy group of the family of elliptic curves in Weierstrass format and in order
to explain this we sketch the Picard-Lefschetz theory and formula. The content of
the present section might not be as elementary as the rest of the text, however, we
hope that at least the reader get a taste of this beautiful topological theory.

Let us consider the family of elliptic curves in the Weierstrass format in (3.7).
By Ehresmann’s theorem the fibration E;,t € S is a C* bundle over S, that is, it
is locally trivial. This is the basic stone for the Picard-Lefschetz theory (see for
instance [Mov21, Chapter 6] and the references therein). It gives us the following
linear action:

71 (S,b) x Hy(Ep, Z) — Hy(Ep,Z), (7,06) > hy(5),

where b € S is a fixed point. The action of (S, b) on H;(Ep,Z) is called the mon-
odromy action. We have in a natural way a morphism of groups
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T (va) — Aut(Hl (Ehaz))7 Y= h]/

and its image is called the monodromy group. The intuition behind /y(6) is the
following. Let us consider & a closed path in Ej;. As b = y(0) moves on the path y
to ¥(), & can be also lifted to & in E,. This lifiting is up to homotopy unique. For
instance, if 0 is an oval in the real elliptic curve E}, as in and v is part of
the real axis then this lifting can be seen in R%. As ¢ varies from 0 to 1 we get a new
closed path in Ej, := E) ;) which we call it hy(5).

In order to calculate the monodromy group we proceed as follows: First we
choose two cycles 01,6, € Hi(Ep,Z). For instance, we can take as in the proof
of see also[Figure 3.1] Picard-Lefschetz theory gives another recipe
in order to choose such cycles. This is as follows. For the fixed parameter t, # 0,
define the function f in the following way:

f:C? >, (x,y) — —? +4x — .

The function f has two critical values given by f3, #3 = i\/g. Let b = (by,b3).
In a regular fiber E; = f~!(b3) of f one can take two cycles & and &, such that
(8,,01) =1 and §; (resp. &) vanishes along a straight line connecting b3 to 73 (resp.
f3). These are called vanishing cycles. For the proof of the fact that &;,8, form a
basis of H;(Ejp,Z) see [Mov21], Theorem 6.4].

The corresponding clockwise monodromy around the critical value 73 (resp #3)
can be computed using the Picard-Lefschetz formula:

51'—)51, 52'—>52+51 (resp.61»—>61—62, 62l—>62)

It is not hard to see that the canonical map m; (C\{#,%3},b) — m1(S,1), for r; # 0,
induced by inclusion is an isomorphism of groups and so the image of the mon-
odromy group written in the basis §; and &, is:

10 1 -1
<A1,A2> —SL(2,Z), WhereAl = l:l 1:| s A2 = |:O 1 :| .

Note that g1 := A, 'A'A)! = {Ol (1)} g =AA = [11 (1)} and SL(2,Z) =
(1,82 | 3 = g3 = —I), where [ is the identity 2 x 2 matrix. We conclude that

Theorem 3.2 The monodromy morphism of groups h : m;(S,b) — SL(2,7Z) is sur-
Jective.

Proof. This follows from and the computation of the monodromy as
above.

Let us explain the above topological picture by the following one parameter fam-
ily of elliptic curves:
Ey:y —4x +12x—4y =0. 3.9)
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Fig. 3.2 Elliptic curves: y> — x> + 12x — 4y, w = —1.9,-1,0,2,3,5,10

Hlaimmnl

For b a real number between 2 and —2 the elliptic curve E}, intersects the real plane
R? in two connected pieces which one of them is an oval and we can take it as
&, with the anti-clockwise orientation. In this example as ¥ moves from —2 to 2,
&, is born from the point (—1,0) and ends up in the o-shaped piece which is the
intersection of E; with R2. The cycle &; lies in the complex domain and it vanishes
on the critical point (1,0) as ¥ moves to 2. It intersects each connected component
of E, NIR? once and it is oriented in such away that (5}, &) = —1.

Exercise 3.7 If we fix #; and #3 and let 7, vary then we get three critical curves. De-
scribe the intersection number between the corresponding vanishing cycles 6;, i =
1,2,3, linear relations between &;’s and the monodromy around each critical fiber.

Exercise 3.8 Discuss the Picard-Lefschetz theory as above for the Legendre family
of elliptic curves:

y=x(x—1)(x—21)
More precisely, compute the monodromy group of this family and its index in

SL(2,7).

Exercise 3.9 Let X be a simply connected manifold and G be a group acting on X
discretely and without non-identity stabilizers. Show that X /G is also a manifold
and for any point b € X /G we have a canonical isomorphism 7; (X /G,b) = G.

3.4 Weierstrass uniformization theorem I

Let
1:=(g2,83) = (60G4(A),140Gs(A)),

where G4 and Gg are complex numbers defined in (2.13). From [Theorem 2.9| it
follows that g% — 27g§ is never zero in H, and so, ¢ gives us a point in S, where S
defined in (3.8). Note that we are not allowed to use the product formula for the
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discriminant in (2.42)), as the proof of this goes through [Section 3.3 which we have
not yet been proved. Let E; be the corresponding elliptic curve in (3.7).

Theorem 3.3 (Weierstrass uniformization theorem) We have a well-defined map

f:C/A — E;, (3.10)

f(2):=[p(A2): @ (A2) 1],
f(0):=0=1[0:1:0],

which is an isomorphism of sets. Its inverse is given by:

f 1 E = C/A, (.11
1y . [Tdx
ey [

Actually, f is an isomorphism of Riemann surfaces. Moreover, we will see that E;
has a structure of a group and it is also a morphism of groups.

Proof. The fact that f is well-defined follows from the differential equation of the
Weierstrass  function, see[Theorem 2.2] The heart of the proof is Let
(x,y) € E;. The elliptic function £(z) — x has a pole of order two at z = 0. Therefore,
it must have two zeros z;,z, in C/A. By the differential equation of &, we know
that {#/(z1),#/(z2)} = {3, —y}. If y # 0 then there is exactly one of z;’s, let us say
71, such that g/ (z1) = y. If y = 0 then @ has a zero of multiplicity 2 at z; and hence
71 = z2 in C/A. This argument proves that f is one to one and surjective.

Let 6; and &, be closed paths in C/A which are the images of the vectors
@, € C under the canonical map C — C/A. We also use the same notation
for their images in E; under the map (3.10). We have

d
Aizwizm. (3.12)

In particular, the lattice of elliptic integrals for E; as above is A. The integration
in (3.I1) can be interpreted in the following way. We take a path in the x-plane
which connects the infinity to the x-coordinate of P. We also choose a branch of
dx _ _dx

Y = In geometric terms, that is to say, we connect P to the point at infinity
X

O of E, and we integrate % over this path. The map (3.11) is well-defined. By

the first part f is surjective and it is enough to prove the equality f~!o f =1d ( if
f~'of=1Idand f is surjective then fo f~! =1d). This follows from
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Proposition 3.3 Let E be an elliptic curve in the Weierstrass format and P € E be

a point. We have
P -2 P P P
A(P) = (/0 dyx) iy (/ dx) </ dx / dx)

o= r (%)

where P = (x(P),y(P)) and the sum is taken over all, except one, non-homotopic
paths in E which connect O to P and fg means integration over this path. The

integration over the exceptional path is denoted by |, (I; .
Proof. The proof follows from the equality fo f~! =1d. It is easy to see that the

formula for x(P) and y(P) as above, doesn’t depend on the choice of the exceptional
path.

Remark 3.1 The Eisenstein series can be written in the following way. Let E =
E;, 1, be an elliptic curve in the Weierstrass format. Let also & € H|(E,Z) be a
primitive element, that is, it is not divisable by an integer. We have

—2k
by - £ (2K) - ) </ a)> =1, k=2,3, (3.13)
§ a monodromy of & 8

where by = 60, b3 = 140 and the sum runs in all monodromies 6 € H;(E,®) of
O in the Weierstrass family. Since the monodromy group of the Weierstrass family
is SL(2,Z), we can also take the sum over all primitive elements of H; (E,Z). The

sum —
/ w) k>3 (3.14)
6

is related to the discussion in These functions seem to give an em-
bedding of the universal cover of C?\{27¢; — 3 = 0} inside some affine space. The
following sum might be also interesting for one parameter families of elliptic curves:

/Sw> - (3.15)

§ a monodromy of &, (5,8)>0 (

§ a clockwise monodromy of § (

3.5 Period domain and period map

Let L be the space of oriented lattices A C C. After choosing a basis @;, @, for A
with (@, @) = —1, we have
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L = SL(Z,Z)\ { {Z’b]

where the action is given by multiplication of matrices. In this way, L is the first
notion of a period domain that appears in the present text. In the following we will
use the coordinate system (12,#3) for C2 and S := C?\ {3 — 272 = 0}.

o)
.o, @ € CIm >0 3.16
1,0 (@) } (3.16)

Theorem 3.4 The map given by
p:S—L

dx
(tz,[3) — —
H) (Et 7Z) y
is well-defined and it is a biholomorphism which satisfies

p(k™*,13k~%) = kp(ta,13), k€ C". (3.17)

1

Its inverse p~ ' is given by the Eisenstein series:

A = (82(A),83(A)) = (60G4(A ), 140G (A)).

The map p is also called the period map. We will see other versions of the period
map in[Section 3.10/and [Chapter 9}

Proof. The fact that p is well-defined follows from The proof of
the equality (3.17) is as follows. Let

a:C?—C?% (x,y) — (Kx, k)
and f = y> —4x> +tox +13. We have
kCa* (f) = y* —4x® + kx4 13k 5.
This implies that « induces an isomorphism of elliptic curves

dx dx
! y ) - (E(t2,1‘3)7 7)

(E, y

k™ 4[3]{ 6, k™
and the result follows. The equality (3:12) and the construction of §;’s before this
equality imply that pop~! =1Id, and so, p~! is injective. We now prove that p~! is

surjective, or equivalently p is injective. We have the commutative diagram

m(S,b) —— m(L,b)

\lf’
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where b := p(b), p. is the induced map in homotopy groups and  is the monodromy
map discussed in We write L as the quotient (3:16) and the action of
SL(2,Z) in this quotient has no non-identity stabilizer. If it has, let us say @ =
[1, @] with A € SL(2,Z),A # I and A®w = ®, then A®@ = @ too, and so, the 2 X 2
matrix formed by @ and @ has zero determinant. This implies that % is a real
number which is a contradiction. Therefore, by [Exercise 3.9 f is an isomorphism:
m(L,b) = SL(2,Z). Later, in|Proposition 3.6/ we will compute the derivative of the
period map p, and in particular, we will prove that p is a local biholomorphism.
This implies that p is a covering and if it is not injective then 7 (S,b) 25 m; (L,b) is

injective but not surjective. Since £ is surjective (Theorem 3.2)), p, is also surjective,
therefore, p must be injective.

Proof (Proof of [Theorem 2.7). We give two proofs. The first uses the fact that the

inverse of j is a period map. The second proof will be give in[Section 3.10} [Theo-|
implies that we have a bijection S/C* — L/C*. Under the identifications

1728t

S/C"=C, (th,3)— v——=,
/ (2 3) [3—27l32

* 0 o
L/C* =2 SL(2,Z)\H =L
e s, [0 o

the inverse of this map is the map j : H/SL(2,Z) — C in|Theorem 2.7
Proof (Proof of [Theorem 2.5)). If there is a polynomial P € C[X,Y] such that

P(E4,Eg) = 0 then the image of the inverse p~! of the period map lies in the curve
P(X,Y) =0 (up to multiplication of X and Y with constants). This contradicts the
fact that p is a biholomorphism. We regard modular forms as functions on the space
of lattices L. Under the bijection p any modular form of weight k becomes a holo-
morphic function f in S with the property

f(tzl4,t316) = lkf(tz,tg,), AeC. (3.18)

We use the growth condition of f and prove that f is a polynomial of degree k
in the weighted ring C[r2,#3], weight (1) =4, weight (#3) = 6. Since the lattices
associated to 7 and T+ 1 are the same, we get a map

D—{0} =L, g=e&*"— Z1+7Z,
where DD is the disc of radius 1 and center 0 in C. We compose it with p~!
the map

and get

i:D—C% g (82(9).83(9)).

Note that this map is even defined at 0 € D and the image of O is in the discrim-
inant locus {A = 0}. The growth condition of f implies that fli,(;) extends as a
holomorphic function at i(0). Now, under the C*-action in C? any point near to i(0)
is equivelent to a point in Im(7). This implies that f is bounded near i(0). By Rie-
mann’s extension theorem, see f extends to a holomorphic function
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{A-0}

Fig. 3.3 Discriminant

in C2\{(0,0)} and by Hartogs extension theorem, see we conclude
that f is holomorphic in C2. We write the Taylor series of f at (0,0) and (3.18)
implies the desired polynomiality of f, see

Let us now prove the second part which claims that if f is defined over Q then
P has rational coefficients. Let a = dim¢ [E4, Eg)r. We choose a basis of monomials

m; = Ef"Eg", i=1,2,...,a for C|E4, Eg; and define A to be the a x n matrix such
that A;; is the j-th Fourier coefficient of m;. By for n > % the
rows of A are linearly independent. Therefore, for n > a (which is automatic by
we can choose an a x a minor B of A with non-zero determinant.
We can derive from the equality f = P(E4,Es) another equality Cy = CpB, where
the entries of the 1 x a matrix Cy are collected from the Fourier coefficients of f
and the entries of the 1 x a matrix Cp is formed by the coefficients of P. We have
Cp=C fB’1 and the proof is finished.

Exercise 3.10 Let us take a connected neighborhood U of 0 € C?, remove the x-axis
{y =0} from it and call it U — {y = 0}. Show that any bounded holomorphic func-
tion in U — {y = 0} extends to a holomorphic function in U. The same affirmation
is valid if instead of boundedness of f we assume that f extends to a neighborhood
of a point in {y = 0}. Hint: This follows from Riemann’s extension theorem, see
[Gun90, Vol. I, Chapter D].

Exercise 3.11 Let us take a connected neighborhood U of 0 € C2, remove 0 from
it and call it U — {0}. Show that any holomorphic function in U — {0} extends to a
holomorphic function in U. Hint: This is Hartogs extension theorem, see [Gun90,
Vol. I, Chapter D].
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3.6 Gauss-Manin connection matrix

Elliptic integrals which depend on a parameter satisfy linear differential equations
which are called Picard-Fuchs equations. In many examples elliptic integrals depend
on more than one parameter and the description of the differential equations of such
integrals is done under the name Gauss-Manin connection. In this section we explain
these concepts for the Weierstrass family of elliptic curves. For more examples and
the algorithms which compute such differential equations see [Mov21, Chapter 12].
For our main statement in this section we need the follwoing:

Exercise 3.12 For an arbitrary 6 € H,(E;, ;,,Z), verify the following equalities

X2dx 1 dx

5y 12
Pdx _ 3 xdx 1 fdx

Js 22 y 136y7

Xrdx _ /xdx dx
sy 5 336

/.dex_Ltz xdx_i_i /7
Js y 2407 5y faty

Hint: Restricted to the elliptic curve E;, ,, we have the equality

1 d
d(x*y) = ((4a—|—6)x’l+2 —(a+ E)tzx“ - atgx”_1> a
y

Proposition 3.4 Let us consider the Weierstrass family of elliptic curves E; : y2 =
p(x), pi= 43 — thx —t3. We have

1dA 3
<[F) B e & IF , (3.19)
(1)) et ) gt

where
A =27t — 13, o :=313dty — 20rdts.

The above data is the Gauss-Manin connection of the family of elliptic curves y* =
p(x) before the invention of cohomology theories. The manipulations needed in its
proof are widely present in the works of many mathematicians of 19th century.

Definition 3.2 The two by two matrix A in (3.19) is called the Gauss-Manin con-

nection matrix of the family of elliptic curves y> = 4x> — fox — t3 and written in
dx xdx
Yy

The period matrix is
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xdx
Is 5 Js
P:= [fl P 'de] (3.20)
&

and it follows from that it satisfies the following differential equa-
tion:

dP" — AP, (3.21)
The first application of is the following:

Proposition 3.5 Let E be an elliptic curve in the Weierstrass format y* = 4x> —trx —
13, h,13 € C, 27t32 —t;’ # 0 and let 8,, 0, be a basis of H\ (E,Z) with (81, &) = —1.

We have
d dx [ xd
/ /xx / o M_z V= (3.22)
5 Y Js 8 Y

[Equation (3.22))is called the Legendre relatlons between elliptic integrals.
Proof. We have to show that det(P) = —27i. From (3:21) it follows that P satisfies
d (det(P)) = Trace(A) det(P),

and from the explicit expression of A in (3:19) we know that Trace(A) = 0. There-
fore, det(P) is a constant independent of #,,73. It remains to compute it for a value

of 15,13. We will do this for #, = 12,3 = 8 in[Section 3.9}

Proposition 3.6 The period map p : S — L defined in[Theorem 3.4is a local biholo-
morphism.

Proof. We need to prove that the derivative of p at any point is an isomorphism. For
a basis 81,0, € H(Ey, ,,Z), it is enough to verify this for the multivalued function

f):S—)(Cz (t2,13) (/ dx/ )
6y J& Y

X1 X . . . . .
LetP:= [xl xz] be the period matrix and A be the Gauss-Manin connection matrix
3 X4

in (3:19). Let us write it as A = A»dr; + A3dts. By [Proposition 3.4] the derivative of

p at a point is
9x) dx3 o x
atz 312 _ 1 A3 —
9x 9x3 BLCQ)CJ’ B=

at:; 813

1 73t2 33

12 2

1 2 ?7@ 3 7%[2 ?
A

where the first and second row of B are the first row of A, and Aj, respectively.

Using [Proposition 3.3| we conclude that the determinant of this matrix is not zero.

For the proof of we need the following. We first write down the
equation which says that A is the resultant of p and p’ (the derivation of p with
respect to x):

A=—p'a+p-a,
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where
ay = —=36x* + 150x* — 13, ay = —108x> 4+ 27t,x — 2713

see[Section 4.6|for an algorithm of this computation.

Proposition 3.7 For a polynomial A € Clx] we have the following equality re-
stricted to the elliptic curve Ey, ;-

Adx 1 0 dx 1 2Aa;
2 (wA—2Z(Aa) ) E 4 —d .
» oA <a2 o' al)) y A ( y >

Adx 1 A(—p'a) + pay)dx
» oA py

1 ( dx Aaq dp)
=—|apA—=-—""28
A y y p

Proof.

1 dx
= —(apA— +2Aa,d
(@A (

1
y

)

Proof (Proof of[Proposition 3.4). The proof is a mere calculation which is classical
and can be found in ([Sas74] p. 304, [Sai01] ). In the following we write y = 1/ P(x)
and eliminate the integral sign from our computations. P. Deligne in a personal com-
munication (January 31, 2016) writes “When reading old literature, I find it useful
to mentally replace “integral” by “differential form”. It is often what they are really
concerned with, even if they had not the language to say so. I doubt that using the
“integral” terminology helps”.

We explain only the calculation of a‘%(%). We have

2 e 1ds
"y 2 py
1 (—p dx 1,1 d
_ L Epatpa)de 1100
A 2py A2 y
1, 5 33 27 .dx
= =-— - _7t -
A(90x 2t2x > 3) 5
_l _gt@_:} @
=2 23y 2

The equalities are written modulo exact forms, whose integration over closed paths
are zero. Note that in the third equality above we use y> = p(x) and |[Proposition 3.7

Exercise 3.13 In a similar way as in the proof of |Proposition 3.4{calculate % ("jyﬂ ), j=

1,2, i=2,3.

We will write (3.19) in the following format
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V(&) _1dA 3a dx

) 12 A7 2A

Y = Y (3.23)
xdx 1, a 1dA xdx

VED —s2% ma )\

even though we have not defined what is this Gauss-Manin connection V. The reader
might simply put integral sign behind differential forms and replace V with the
differential d in parameters, in order to go back to the hisorical version of Gauss-
Manin connection.

It is observed in [CMY21] that the inverse of the Gauss-Manin connection is
simpler than the Gauss-Manin connection itself. This is also the case in our main
example above

4y, 277! —6t3 —41,| !
_ { 4ty t ] dn+| 2 3 2 ds.
613 4t % 13

Despite the fact the proof of’ is a tedious elementary calculus manip-
ulation that can be performed by hand, one might seek for general algorithms and

their implementations which does this job for us. This is done in [Mov21], Chapter
12].

Exercise 3.14 Show that the Gauss-Manin connection matrix of the family of ellip-

tic curves y> —4(x — ;) (x —2)(x —t3) = 0 and written in df, x;# is
dn —1 1
.= + 3.24
2(h — 1) (t1 —13) Lm —h(2+1) tl} o

dn —1 1 n dts —13 1
2t —1)(t—1) [hz —ta(t1 +8B) ] 2t —1)(3—1) |t —t(t1+0) B3
1 —1 17! 1 —1 17"
== i+ = dt

2 [(t1t2+t1t3t2t3)t1} 13 —(tih —tit3+0at3) 12 g

1 —13 -
+= dts.
2 |:(I1t2 — 113 —l‘213) l3] 3

Exercise 3.15 Show that the Gauss-Manin connection matrix of the family of ellip-
dx xdx 2dx

tic curves y* — (x—11) (x = 12) (x = 13) (x —14) = 0 and written in <f, % *& i
—21 2 0 -
0 -2 2 dny + -
(tiats + ot +ti13ts — atsty) — (201t + 20113+ 2t114) (1 + 12+ 13+ 1)

where --- mean that we change the role of #; with #; and write the Gauss-Manin
connection matrix of df; using the symmetry between #;’s.

Exercise 3.16 The j-invariant of the the family of elliptic curves
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36 1
E:y —x
R e B L TR N LT

=0, j+#0,1728,

is the parameter j. Note that this family misses the elliptic curve with j = 1728. The

Gauss-Manin connection matrix of E in the basis [Z;fix, z;ijx]“ is

1 —432 —60
J(i—1728) \ —(j—1728) 432 }°

Other families with the same property are y* = x> +x? — % and y? +xy = x> — % (see
[Hus04, Proposition 5.3, page 76]).

3.7 Ramanujan and Darboux-Haphen vector field

Our main observation in this section is the following:

Proposition 3.8 In the parameter space of the family of elliptic curves y* = 4(x —
11)? —ta(x —t1) — t3 there is a unique vector field R, such that

dx xdx xdx
—)=-"", VR(—) =0. (3.25)

VRr(
y y y

The vector field R is given by

1 0 0 1
R=(? — —t)=— + (4111 — 613) — + (61113 — =13 (3.26)
12 8t1

ot 3 )871‘3

Proof. This follows from the computation of Gauss-Main connection in
tion 3.4 and explicit calculations.

The vector field R is called the Ramanujan vector field. Let us consider the family

of elliptic curves considered in . A vector field with the properties
(3.25) is given by

d d d
H=(11(+13) *l2t3)871 + (t2(t1 +13) ftm)ytz + (13(t1 +12) ft1t2>873~

This is called the Darboux-Halphen vector field.

Exercise 3.17 Perform the calculations leading to a proof of Per-
form also similar calculations leading to the Darboux-Halphen vector field.
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3.8 Picard-Fuchs equation

Before the invention of Gauss-Manin connection, the term Picard-Fuchs equation
was mainly used to denote the differential equation of elliptic and abelian integrals.
In this section we explain this with explicit families of elliptic curves.

Let us consider the following one parameter family of elliptic curves Ey, : V2 —
4x3 + 12x — 4y = 0 discussed in [Section 3.3l We also consider a basis 01,6, of
H{(Ey,Z), It follows from [Proposition 3.4|that the matrix

dx [ dx
Y = [f‘sl v s 5 ] (3.27)

xdx xdx
f51 Y f52 v

forms a fundamental system of the linear differential equation:

1 ;11,, 1 }

Y = [ o2y, (3.28)
-4l 5 v

that is, any solution of (3.28) is a linear combination of the columns of ¥ with

C coefficients. This example shows a little bit the historical aspects of the Gauss-

Manin connection. From (3.28) it follows that the elliptic integral / := [ dy—f‘ (resp.

I:=[s x;ﬂ) for all 6 € H(Ey,Z) satisfies the differential equation

5 =7
ks 2yl + (v —4)I"=0  (resp. §1+2w1’ +(y*=4I"=0) (3.29)
where ' = aaT/ These are called Picard-Fuchs equations. We give more (historical)
examples of Picard-Fuchs equations.

Exercise 3.18 Prove that for the Legendre, resp. Weierstrass, family of elliptic
curves E, : y* —x(x — 1)(x —1t), resp. E; : y* — x> + 3tx — 2t, the periods I(¢) :=
s, %, 6 € H,(E,,7Z) satisfy the Picard-Fuchs equation L(I) = 0, where

L:=1+ (8t—4)i + 41 (1 — 1)—‘92 (3.30)
ot 0%t’
resp.
L= (27t +4)+ 144¢(2t — 1)£+ 1441% (1 — 1)8—2 (3.31)
ot 2%t’

see [KZ01]] for some discussion on these Picard-Fuchs equations.

Exercise 3.19 For the family of elliptic curves y> = (1 —x?)(1 —k*x?) (Jacobi fam-

. . . 2% -
ily) we must choose the differential forms %, x;ﬁ and X% in order to compute the

Gauss-Manin connection matrix. This is
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-1 K—1
0 —7 0
_ 1 g _K=2

Bk Bk

The Picard-Fuchs equation of these three differential forms are respectively:

k+ (3k* = 1) + (k> —k)9?
1+ kd
3k + (5k* —3)d + (k* —k)d*>

where d = % In particular, [5 ’% = %5, where cg is a constant which only depends
on §. In [Hus04, page 92] we also find the family y> = (1 — 62x?)(1 — 2—22) which is

called the Jacobi family.

3.9 Hypergeometric functions

In this section we compute explicitly elliptic integrals. In most of our discussion we
have taken the domain of integration any & € H;(E,Z) without specifying it. For
the computation of elliptic integrals we need to fix such cycles. Let us consider the
family of elliptic curves and 81,8, € H(Ey,Z) described in for
Vv a real number between —2 and 2, &, is the closed curve inside Ey NR* which
encircles (—1,0) and 6; € H{(Ey,Z) vanishes on the nodal point (1,0). Whenever
we need to emphasize that §;,i = 1,2 depends on y we write §; = 0. Recall that
the cycles §;, i = 1,2 form a basis of H;(Ey,Z) and U&- %7 5 xdxqr ;12 are
solutions of (3.28). We make a linear transformation

L2
T4

which sends the singularities y = —2,2 of (3.28) to z = 0, 1. We write (3.28) in the
variable z. The integrals [5 % and [, ’% are holomorphic around z = 0. We write
X:=[[s %, s, ’“y’—"]tr as a formal power series in z X = Y. ¥;2/, substitute it in
(3.28) and obtain a recursive formula for Y;’s. The constant term turns out to be of
the form Yy = [ag, —ao|", where ay is the value of f52 4% gt w = —2. This must be
calculated separately. The intersection of the elliptic curve Ey,, —2 < ¥ < 2 with the
real plane R? has two connected component, one of them is &, and the other & isa
closed path in Ey, which crosses the point at infinity [0; 1;0]. It turns out that if we

give the clockwise orientation to 52 then it is homotopic to &, in Ey and

=25 |7
i

_2/°° dx T
y——2 2 2(x+1)vx—2 V3 V3

2tang~!(

ag =

dx
&5y
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Note that for y a real number near —2, by Stokes formula we have f(;z % =

i) A dx}gdy > 0, where A, is the region in R? bounded by &, and so we already knew

that ap > 0. This explain the fact that why & is homotopic to clockwise oriented 5.
The result of all these calculations is:

dx m 15 w+2
== F(=,=,1—= 32
5y \f(6’6" 1 ), (3.32)

xdx T -1 7 +2

Mr_ T el |L)7

5 Yy V3 676 4
where .

F(a,b,clz) = Z z,cgz{o ;=351 (3.33)

is the Gauss hypergeometric function and (a), :=a(a+1)(a+2)---(a+n—1).
Let us now calculate the integrals || 5 "t%, i = 0,1. We have the isomorphism

E_y — Ey, (x,y) — (—x,iy) which sends the cycle & __y to 0,y and 8 _y to
—&,y. This gives us the equalities:

/ x/dx :(—l)ji/ x/dx
Sy Y Oy Y

Finally, we have calculated all the entries of the Fundamental system Y in (3.27):
i F( 31 |

15 +2
V3 16 ) %F(67571|W4 )
_ 2 — 2
\7}1F(615671| W+)_%F( 1%’1|V/+)

Y =

The monodromy around z = 0 leaves &, invariant and takes 8; to 6; + 8. From this
it follows that for a fixed complex number a:

dx In(az) / dx 1 1 15
— == —)+ z)= F(—,—,1|z)In(az) + f(z)), (3.34
[ =B (L S+ 5570 = 57 (Fla g intas) +7(2). 334
where f is a one valued function in a neighborhood of z = 0. From |[Exercise 3.20}
[ftem 4] it follows that f is holomorphic at z = 0. We choose a in such a way that the
value of f at z =0 is 0. This is equivalent to the following formula for a:

dx Inz dx

= 2mi(l ——— | —)).
@ = exp( z(zgr(l) 5 Y 27171'/52 y )

According to|Exercise 3.20} |Item 4| we have

1
T 4327
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We write f =Y, f,2" and substitute (3:34) in the Picard-Fuchs equation (3.32)
and we obtain the following recursion for f;,’s:

(n—g)n—2)
(n+1)2

fo1 = ($)n(2n 2n+1 2 (Bt S
" (

6
n - 5 =0.
Jut (n)? (n+1)2 n+1 ((n+1)!)2 fo
We will need the value flzﬁ.

Exercise 3.20 1. Deduce (3.29) from (3.28).

2. The integrals [5 % and [5, )‘g—x are holomorphic at z = 0.

3. Do the details of the calculations which lead to the equalities (3.32).
4. Prove

w15 T F(l 5 In(z) In(432)

li =2 =
m 6’6’ 2 27i 21i

2R3 —) - —
H0\/5(6,6% 2) 7

Remark 3.2 Historically, the following identities are proved first:

0 dx 11
/,oo )c(x—l)()c—l):F(E,E’l“_}»)7
“ dx 11
/1 Vra—Dx—2) =Fizp 1),

see [Hus04, Theorem 6.1, page 184].

3.10 Schwarz map

In[Theorem 3.4/ we can quotient both domain and image of the period map p by the
C* action and obtain
Js, &
C—SL(2,Z)\H, j— [fldyx] (3.35)
6y

3
where S/C* = C,  (1,13) > 17285 3%2. This is the inverse of the j-function
2743

discussed in We do not have a family of elliptic curves over j € C.
In other words, the universal family of elliptic curves does not exist. Instead we

have the family in[Exercise 3.16] which misses the elliptic curve with j = 1728. We
will therefore consider the family of elliptic curves (3.9) which at least contains all
elliptic curves, but repeated, becasue

_am
Cz(1—2)

J(Ey)
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Recall the computation of elliptic integrals in this case in terms of Gauss hypergeo-
metric function. The multivalued function

p:C—H, z—

after composing with the projection is H — SL(2,Z)\H is just the map (3:33) and
one might also call it a period map. However, historically this p is called the Schwarz
map. In the context of mirror symmetry it is also called the mirror map. We summa-
rize its global behavior in the following proposition:

Proposition 3.9 Let
1
U:={ze€C|Re(z) < E}\{z€R|z§0}.

and consider the branch of the Schwarz map in U which has pure imaginary values
inld<z< % Its image is the interior of the classical fundamental domain of the
action of SL(2,7Z) in H depicted in Its analytic continuation result in the
triangulation of H as in

Basic ingredients of the proof are the global injectivity of the period map (3.33)
proved in and the following exercise:

Exercise 3.21 Let p be the branch of the Schwarz map described in[Proposition 3.9|
Prove the following:

1.
lim ) = o0,
z€R, z—0t+ p(z)
2. {
\p(i +ix)| =1, x€R.
3. \/»
. 1 . 1 3
e, PG ) =E5+

4. The analytic continuation of p from the upper half (resp. lower half) of C to R~
has the constant real part % (resp. —% ).

The hypergeometric functions F; and F, appearing in the denominator and nomina-
tor of the mirror map are a basis of solutions for the Picard-Fuchs equation

1
7Y T3y =0 (3.36)

Therefore, the Wronskian W = F|F, — F\ F; satisfies the differential equation %’ =

2z—1
5= and so

FR—-FF=c (3.37)

1
2(1—-2z)’
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where c is a constant. It can be computed for instance by asymptotic behaviour of
Fy and F> at 7= 0 or z = 1, or the evaluation at z = 1/2. In particular,

1

dr=c——
2(1-2)F7

dz.

Remark 3.3 In Hodge theory the global (resp. local) injectivity of the period map
is known as global (resp. local) Torelli problem. It might be useful to give a proof
of the injectivity of the period map p in[Theorem 3.4 without using the explicit con-
struction of its inverse by Eisenstein series. This is as follows. After taking quotient
by C* action, we need to prove that the map p : C — SL(2,7Z)\H given by (3.33) is
injective. First, we observe that the quotient SL(2,7)\H has a canonical structure
of a Riemann surface such that the map p is a local biholomorphism. Let U be a
subset of SL(2,Z)\H containing all T with Im(7) > 1. The map

U — D(0,e72%), T+ q=e*™",

where D(0,r) is a disk in C with center 0 and radius r, is a coordinate system
around each point of U. Using this map S := SL(2,Z)\HU {e} becomes a compact
Riemann surface, where the value of the above coordinate at oo is ¢ = 0. From
another side S/C* = C admits also the canonical compactification S/C* which is
obtained by adding the single point a := {A = 0} /C*. A coordinate system around
a for S/C* is given by (C,0) = S/C*, z— (12, —4(4z—2)). Note that we do not
choose the natural coordinate j~! = iz(l — z). For this recall the one parameter

family of elliptic curves in[Section 3.9| The map p written in these coordinates is:

dx
ol 1 £(2) 1 et

_ Js, & F(1 21 _ 142 2o
g = Y = —ze"oo! = —z¢'"36 3.38
crra=e 432°¢ 432°¢ (3.38)
This is an invertible map at z = 0. All these imply that p extends to a local biholo-
morphism S/C* — § without critical points. Since both the image and domain of
this map are compact Riemann surfaces of genus zero, we conclude that p is a global
biholomorphism.

3.11 Elliptic integrals and modular forms

In this section we explain a way to get modular forms working with elliptic in-
tegrals. This method is old and goes back to Jacobi, Legendre, Klein, Fricke and
Ramanujan among many others, however, it seems that it is neglected in the modern
treatment of modular forms, as rarely a classical book on modular forms covers this
topic. This tendency has persisted until physicists, and in particular string theoretist,
see for instance [[CdIOGPI1]], produced g-expansions which encode Gromov-Witten
invariants, and for this they used periods of Calabi-Yau varieties. Calabi-Yau one
folds are elliptic curves, and such g-expansions are actually quasi-modular forms.
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This method is a systematic way to see the historical equalities:

15 1728
vV E4(T) :F(ﬁaﬁa ; i) )s (3.39)
due to [KFE17a, IKF17b], and
8 16
6:(0)2 = F(2 L 1s1(0)), 1(7) = 1612 N2D2 (3.40)

2 b 2 ) b 17 (1)24 b)
due to [Ram00, page 23-39], see also [Coo09]. It seems to the author that this was
known to Jacobi in the following format:

K(k):72rG32<z (”Kl(k_)k> /\/1_ = G4

noticing that K (k) := ZF(1,1,1;k%). These are called inversion formulas. In the
followng we explain how to get these and similar formulas starting from a family
of elliptic curves. However, one can also modify the presentation here starting from
the underlying Picard-Fuchs equations, and in general, Fuchsian linear differential
equations. For some examples see [DGMS 13| [Sti88]]. For a brief history of inversion
formulas and more examples see [[Coo09, Section 1.2].

Let E;,z € C be a family of elliptic curve over a curve C of an arbitrary genus.
For simplicity, we can take the base C = P'. Let A C C be the set of critical values,
that is, those ¢ with E; singular, and fix one element 0 € A and a point b near to 0.
Our main example of this situation is the family with y =4z -2,

Ey:y* —4x° +12x—4(4z—-2) =0. (3.42)

We assume that the anti-clockwise monodromy H; (E,,Z) — H,(E,,Z) for z near b
and in a basis 8,6, € H|(E;,Z),{61,8) = —1 is given by

3 - 116

) 01] [&]
In [Section 3.3| we have seen that this condition is valid for (3.42). We fix this
basis, and hence, we can identify the monodromy group I" := Im(m; (C\A,b) —

Aut(H,(Ep,Z))) with a subgroup of SL(2,Z). Moreover, for a holomorphic differ-
ential form @ (for our example ® = %) we have

L= / ® = holomorphic in (C,b) and @, ;(0) # 0,
)

)

In(a o,
o 1:/ W= In{az)n: + B1z Z)wZ’Z.Jr =
51 27'”

o is holomorphic in (C,0) and @y ;(0) =0,
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where z is a holomorphic coordinate system around O € C. Here, the complex num-
ber a is taken in such a way that the condition @ (0) = 0 holds (for our example
a = 735). These conditions for (3:42)) are verfied in The Schwarz map

is defined in the following way

w 1 (0]
T=—F= <1n(az) + 1’Z>
(0]

w, 27 z
d’l.z

= 2T — qze ™z,

q
It follows that ¢(0) = 0 and it is regular at this point. Therefore, we can use it as a
coordinate system in (C,0) and holomorphic functions f in (C,0) can be written as
functions in ¢. In other words, we use the inverse z — ¢(z) function and consider
the composition f(z(q)). For simplicity, we will denote this and f(z(¢**%)) by f(q)
and f(t) respectively. Now, consider a function f which has analytic continuation
in C\A along any path, and possibly with ramification points in A, then f(7) has
a chance to be a holomorphic (one valued) function in the upper half plane. Let y
be a set of paths in C which connectes critical values of C to each other and C\y
is simply connected. In our example, we take 7 to be the real line P!(R) minus the
interbal (0,1). For z near to 0 and in the set C\y, we take a branch of In(az) with
0 < Im(In(az)) < 2x. Then 7 is near ico and it is in the band

{treCl0<Re(r) <1, Im(z)>r}

form some r € R*. Therefore, the image D of the restriction of the Schwarz map to
C\7is a polygon-type shape in H with one vertice at ieo. The analytic continuation of
7 will result on a triangulation of H with polygons. The domain D is the fundamental
domain of the action of the monodromy group I" on H.

Theorem 3.5 For a rational function g on C and k € Z, the function

= (fo) s

regarded as a function in T is a meromorphic modular form of weight k for the
monodromy group I.

Proof. We only need to verify the functional equation. Let @; = @;;, i=1,2. After

a monodromy A = [CCI 2} , we have the transformations ; — a®; + b, and w; —

co; +day. Therefore, T transforms to A(7) := 958

cT+d

and f transforms to

(can +da)2)k g= (c1+d)ka)§ -g.

Regarding % - g as a function in A(7) we get the result.
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It might be interesting to formulate a finer version of in which we
specify rational functions g such that f becomes a holomorphic modular form. We
will do this only in our main example with some flavour of quasi modular forms. In
this way, we might also prove that any modular form for the monodromy group I is
obtained as in and then characterize the algebra of modular forms for
I' in terms of elliptic integrals (for an example see [Sti88, Theorem 5]).

Theorem 3.6 We have

), (3.43)

is proved in [MovI2l Section 8.7] as a byproduct of the geometric
interpretation for quasi-modular forms. During the preparation of the present text,

we realized that similar formulas for E4 and Eg were known in [Sti88, Theorem 3,
Theorem 4]:

1 5 1728
) = F(Eaﬁa ‘ m)“

1728 .1 1 5 1728
Eg(7) = ( —WV <E’E’ | m)ﬁ

E4(‘L'

In [Fri22, Section 10, page 336] many computations are carried in this direction,
however, direct relations with Eisenstein series is missing. In [Fri16| page 311] we
can find a formula which is basically equivalent to our formula for E».

Proof. We can give three proofs. The first one which is in [Mov12] and will be
explained in[Chapter 9|uses the notion of generalized period domain and map. This
is the way the author got these identities. For the second proof we take the left hand
side (3.43) and write their g-expansions. We only need to find the three constant
terms and one coefficient of g'. We then check that these constants coincide with
those in E;,E4,Eg. We next verify that the left hand side of (3.43) as function in
7 satisfy the Ramanujan differential equation. For the third proof we must verify
that the left hand side of as function in 7 are holomorphic even at ico. For
E4,Eg we then get the identity using and the fact the space of modular
forms of weight 4 and 6 is one dimensional (Theorem 2.3)). For E», a similar as in
we verify that the left hand side of (3.43) satisfy the same functional
equation as E,. The difference of this function with E; is a modular form of weight

2, and hence, by [Theorem 2.5] it is zero.

Exercise 3.22 Write down the details and computations for the the last two proofs
of Theorem (3.6).
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Since the j-invariant of the family elliptic curves E_ is j(E;) = Z(‘Pz 7 we can rewrite
(3:43) in the followig historical format
17 15
F(——,=,1|2)F(=,=,1 =Ex (T 3.44
l 5
,1 =FEs(7T

(1-2F (é 2 1129)° = Eo(e).

wherezz./%—%—i—%.

Exercise 3.23 Prove the Fricke-Klein (3:39), Ramanujan (3:40) and Jacobi (3.41)
inversion formulas.

The n-th Fourier coefficient of the modular form f in can be computed
in the following way: Since 277:1'% = %, we have

_ 1 _ndq
fo= 5 [ F@a
_ <w1z>e 277:mm2 d(am)
-

- /y o)k (az) e " Q) &2

a)27z Z

— [ sa)05? Y (aZ)f : (‘w)dz

; z

where § = 0w, @, ; — @1 ;G ; turns out to be a rational function in z and
m
— (k=2 [ &Lz
@) 1= ()0 (2

Exercise 3.24 S. Ramanujan was aware of the relation of Eisenstein series and el-
liptic integrals. In [Ram16, pages 180, 187] in the footnote he writes the following
identities without proof:

12nw 2K , 3E

— _ 2 2
P=-" = (T (e TR D),
12g0* 2K
0= "I = (IR,
216g30% 2K ) ) 1,
R=""T"" = —2k%)(1 — = k?).
o = ()R (128 (1 58
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Write down the missing definitions in these equalities.

Remark 3.4 It is of historical interest to trace back the origin of inversion formulas
presented in this section. The first appearance of the g variable as the exponential of
the quotient of two elliptic integrals seems to go back to [Jac29]]. From Section 35,
page 84 on, he starts doing many computations and writting many elliptic integral
expressions in terms of g, see [Jac29, Section 36, page 89,90] . It is not clear for
the author his motivation. Legendre’s comments on Jacobi’s work also indicate this.
“...it is regrettable that the author fulfills the aim which he has imposed to himself
by a sort of divination, without sharing with us the secret whose conception has
progressively led him to the form for 1 —y which is required in order to satisfy
the conditions of the problem”, see [[Cogl4, page 530]. Jacobi’s theta function, see
Section 47 and 51 of Jacobi’s book, is derived by similar inversion formulas.






Chapter 4
Rudiments of Algebraic Geometry of curves

If we agree with him [Hilbert] that problems are the lifeblood of mathematics, then
certainly we may say that algebraic geometry and number theory always have had
more open problems than solved ones, and that each progress towards their solution
has always brought with it a host of new and exciting methods, (J. Dieudonné in
[Die72]]).

4.1 Introduction

Throughout the present text we work with a field k of arbitrary characteristic and
not necessarily algebraically closed. By k we mean the algebraic closure of k. The
main examples that we have in mind are

Z
k= QaRaCaFP = piz’
and a number field. A number field k is a field that contains Q and has finite dimen-
sion, when considered as a vector space over Q. We also consider function fields
k(t) = k(1,12,...,t5) over a field k (in the list above). It is the field of rational func-

. a(ty by, )
tions —+-="—=%
b(ty ty,eits)

with coefficients in k. It is recommended to the reader to read O. Zariski and A.
Weil article’s [Zar52l [WeiS2] in the international congress of mathematics 1950,
where they describe their own view of how general one must take the base field
in algebraic geometry. We do not assume that the reader is familiar with algebraic
geometry. Exceptions are|Section 4.11|and[Section 4.12]in which we use Riemann-
Roch theorem in order to prove that any abstract elliptic curve can be given in the
Weierstrass form. The reader might skip theses sections.

, where a and b are polynomials in indeterminates t1,%,...,¢; and

77
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4.2 Curves

Let k be a field and k[x;,x2,...,x,] be the space of polynomials in n variables and
with coefficients in k. The n dimensional affine space over k is by definition

A"(k) =kx kx - xk, ntimes
and the projective n dimensional space is
P (k) := A" (k) = {(0,0,--,0)}/ ~

a~ bif and only if IA € k,a = Ab.

We will consider the following inclusion
A(k) = P"(k), (1,20, X)) = [X13005 325 1]

and call P"(k) the compactification of A"(k). The projective space at infinity is
defined to be

P (k) = P (k) — A" (k) = {[xi5003 - 503 41] | X1 = 0}

For simplicity, in the case n = 1,2 and 3 we use x, (x,y) and (x,y,z) instead of
X1,X2,.... The notation P" and A" are reserved for the same concepts as schemes,

see Any polynomial f € kx,y] defines an affine curve
C(k) == {(x,y) € K* | f(x.y) = 0}.

One of the most famous curves is given by the polynomial f = x" +y" — 1 which
we call it Fermat curve. The set C(k) may be empty, for instance take k = Q, f =
x%4y% + 1. This means that the identification of a curve with its points in some field
is not a good treatment of curves. One of the starting points of the theory of schemes
is this simple observation. We will handle this issue in

For f € k[x,y] we define the homogenization of f

Y

F(x,y,z) = de(%v g)a d:= deg(f)

The polynomial F defines a projective plane curve in P?(k):

C(k) := {[xy;2] € P (k) | F(x,y,2) = 0}.
Note that
Ve €k, (x,y,2) € k3, F(cx,cy,cz) = ch(x,y,z).

One has the injection

C(k) = C(k), (x,y) = [ey;1]
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and for this reason one sometimes says that C(k) is the compactification of C(k).
Let g be the last homogeneous piece of the polynomial f. By definition it is a ho-
mogeneous polynomial of degree d. The points in

C(k) —C(k) = {[sy] € P, | g(x,y) = 0}

are called the points at infinity of C(k). The set of points at infinity of the Fermat
variety over k = Q is empty if n is even and it is {[1;—1;0]} if n is odd. Over Q it
has n elements [;1;0], {"=—1.

From now on we use the notation C(k) to denote the curve C(k) in the previous
section. We simply say that the curve C(k) in an affine chart is given by f(x,y) = 0.
The projective space P?(k) is covered by three canonical charts:

a; : A% (k) — P?(k)

a1 (x,y) = [y 1], oax,z) =[x 12, oas(2) = [1y:2].

and the curve in each chart is respectively given by
fil,y) :=F(x,y,1)=0, fo:=F(x,1,z)=0, and f3:=F(l,y,z)=0.

We are also going to use the notion of an arbitrary curve over k from algebraic
geometry of schemes. Roughly speaking, a curve C over k means C over k and the
ingredient polynomials of C are defined over k. The reader who is not familiar with
those general objects may follow the text for affine and projective curves as above.

4.3 Schemes

We defined P?(k) and C(k) without defining P? and C. In this section we fill this
gap and we explain the rough idea behind the definition of the schemes P? and C.
By the affine scheme A? we simply think of the ring k[x,y]. Open subsets of A2
are given by the localization of k[x,y]. We will need two open subsets of A? given
respectively by

1 1
k[xaya 7] and k[xmya 7]'
y x
By the projective scheme P> we mean three copies of A%, namely
klx,y], klx,z], kly,z]

together with the isomorphism of affine subsets:

1 1 1
k[x7y77]%k[x’z,f]’x}_){,y}_>77 (41)
y z z z
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1 1 1 y
kx777§k 2, = X, ==,
e 2] 2Kz, ] 5 2y 2

1 1 1 z
klx,z,=] 2 k[y,z,-], x> —, 2+ =.
X Yy y y

The best way to see these isomorphisms is, for instance: we look at an element of
k[x,y] as a function on the first chart A%(k) and for (a,b) in this chart we use the
identities : b1
a
byl =L =1 -]
asbi ] = (55155 ] = [1: 73]
We sometimes write P2 or P? /k in order to emphasize that it is defined over k. We
think of the the scheme C or C/k in the same way as P, but replacing k[x,y] with
klx,y]/{f1) and so on. We read C/k as ”C is defined over k”. Here (/1) is the ideal
in k[x,y] generated by a single element f;. We can also think of C in the same way
as P2 but with the following additional relations between variables:

5
a

fl (xvy) =0in k[xay]a

fZ(va) =0in k[x,z],

and
f3(y,2) = 0in k[y, z].

Remark 4.1 The above discussion does not use the fact that k is a field. In fact, we
can use an arbitrary ring R instead of k. In this way, we say that we have a scheme
C over the ring R.

Definition 4.1 The function field of the projective space IP? is defined to be
k(P?) == k(x,y) = k(x,2) = k(y.2),

where the isomorphisms are given by (@.1I)). The field of rational function on the
curve C is the field of fractions of the ring k[x,y]/(f1). Using the isomorphism .1},
this definition does not depend on the chart with (x,y) coordinates. We can also think
of k(C) as k(x,y) but with the relation fj(x,y) = 0 between the variables x,y. Any
f € k(C) induces a map C(k) — k that we denote it by the same letter f.

An algebraic curve C over k can be identified with its k-rational points and it might
be helpful to have the following in mind.

Exercise 4.1 Let f, g € k[x,y] (resp. F, G € k[x,,z] homogeneous) and assume that
f (resp. F) is irreducible over k. Let C be the curve in Aﬁ_(resp. ]P’ﬁ) givenby f =0
(resp. F = 0). If g (resp. G) evaluaed at the points of C(k) is zero then f (resp. F)
divides g (resp. G) in the ring k[x,y] (resp. k[x,y,z]).

A rational function f in C can be identified with the restriction of g&i ?) to C(k) —
k, where P and Q are two homogeneous polynomial of the same degree. If two such
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quotients 5‘1 and g—z give the same function C(k) then by , PO,—PQ

is divisable by the ezquation of C.

Exercise 4.2 A full definition of of a scheme can be found in [Har77, Chapter 2].
For a scheme X over Sepc(R), where R is a ring, the set of R-points of X is denoted
by X (R) and it consists of all scheme morphisms Sepc(R) — X. Show that

Per(Z) = {(m()?mla"' 7mﬂ) € ZVH‘I | ng(mOJnla"' 3mﬂ) = 1}/{:l:1}

One of the fundamental observation in Grothendieck’s revolution of Algebraic
Geometry, replacing varieties with schemes, is that

Sepc(Z) := { prime ideals of Z} ~ {2,3,5,...,p,...}

is like a parameter, for instance, the parameter A in the Legendre family of elliptic
curves E; : y* = 4x(x—1)(x—A), 2 € C. We consider Ej as a curve over the ring

C[A]. The prime ideals of C[A] are Sepc(C[A]) := {(A — A9)C[A] ’lo eC}~C.
For a prime ideal P C C[A], the residue field is naturally isomorphic to C

CA/(A = 20)CA] = C, p(A) = P(%o)-

The process of substituting A with Ay, can be interpreted as considering E; over
the residue field. In a similar way for an elliptic curve over Z, for instance E : y* =
x>+ 1, the process of working modulo a prime number p is the same as considering
E over the residue field F,.

Another reason for using schemes is that defining ideal of affine varieties have
more data than the underlying variety. For instance, the underlying variety of the
ideal 7 = (x,xy) C k[x,y] is just {x = 0}, however, we have I = (x) N (x,y) which
means that we must look at the underlying variety as a union of {x =y = 0} and

{x=0}.

4.4 Singularities and smooth curves

Definition 4.2 We say that an affine curve given by f (x,y) = 0 is singular if there
is a point (a,b) € k? such that

f(a’b) = fx(avb) = f:v(avb) =0,

where f; is the derivation of f with respect to x and so on. The point (a,b) is called
a singularity of the affine curve. A projective curve is singular in one of its affine
charts it has a singularity. For a curve C, affine or projective, we denote by Sing(C) C

C(k) the set of singular points of C.
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Exercise 4.3 Show that the singularities of a projective curve C given by the homo-
geneous polynomial F(x,y,z) are given by

Sing(C) := {[X;y;z] cP? | oF _dF _JF _ 0}.

ox dy dz

Exercise 4.4 Let C be an affine curve in Aﬁ given by the polynomial f € klx,y]
and let f = f;+ fy_1 +--- be its decomposition into homogeneous pieces, that is,
fi € k|x,y] is homogebeous of degree i. For k an algebraically closed field we can
write f; = H?:] (aix—b;y), a;,b; € k. Show that the points at infinity of C are given
by [bi;a;;0] € P2i = 1,2,...,d}. The point [b;;a;;0] is singular if and only if for
some j different from i we have [b;;4;;0] = [b;;a;;0] and f;_;(b;,a;) =0.

4.5 Coordinate system on a curve

In we have seen that an elliptic function g can be considered as a mero-
morphic function on the torus C\A and at each point p of this torus we have a
coordinate system given by the coordinate system z of C, and we can write the Tay-
lor or Laurant series of g at p. In this section we aim to reproduce all these replacing
the torus with an algebraic curve defined over k, point p with a smooth k-rational
point p of C and g with a rational function on C. We would like to highlight that k
can be a field of arbitrary characteristic and not necessarily algebraically closed.

Let C C IP? be a curve defined over a field k and p € C(k) be a smooth k-rational
point. For simplicity, we take an affine chart (x,y) containing the point p and assume
that C is given by f(x,y) = 0 for f € k[x,y].

Definition 4.3 For a rational function g in C, we say that g is regular at p of if there

is P,Q € k|x,y] with g = g((iig,Q(p) # 0. We say that g has a pole at p if g is not
regular at p.

Note that if f(x,y) is the equation of C and we have g = g(&’y ; with P(p) = 0 and
O(p) = 0 then there might be a different P and Q such that Q(p) # 0. For instance,

for the curve y? = 4x® —13x,1, € k, 1, # 0 we have the point p = (%,0) € C(k) and

a-n _y
y X

g:

The first expression of g cannot be used for evaluation at p, but the second expresion
implies that g(p) = 0. For p = (0,0), the first expression implies that p is a pole of
8.

Definition 4.4 The germ of regular functions in a neighborhood of p is defined

Ocp:={g€k(C) | gisregularat p}.



4.6 Discriminant 83
This is a ring and it has the maximal ideal

me,,:={g€ 0c, | g(p)=0}.
The quotient m¢,/ mé » is called the cotangent space of C at p.

Exercise 4.5 Show that p is a smooth point of C if and only if the cotangent space
of C at p is a one dimensional k-vector space.

Definition 4.5 A coordinate system ¢ in a neighborhood of a smooth point p in C is
any generator of the one dimensional cotangent vector space of C at p.

Exercise 4.6 If p is smooth point of C show that for all n € N, m¢. , / mgpl is gen-
erated by ¢, where ¢ is a coordinate system arround p. For a rational function g on
C wit~h a pole at p, we have a € N such that #“g is regular at p, that is, we can write
g= t% for some & € Oc . The smallest a with this property is called the pole order
of g at p.

Exercise 4.7 [Algebraic Taylor series] Let g be a rational function in a curve C
defined over k, p € C(k) be a smooth point of C with g regular at p, and 7 be a
coordinate system around p. We have

foo
g=Y gt fick 4.2)
i=0
This means that there is a formal power series as in the right hand side of (4.2)) such
that for all n € Ny we have
n
g— Zg,-t’ € mg;l.
i=0

Ifgo=g1="---=gs—1 =0and g, # 0 then we say that g has a zero of order « at p.
If g has a pole at p then in a similar way we can write the Laurant series of g at p:

oo
g= Y &', gick, g #0, 4.3)
i=—a
where a € N is the pole order of g at p.

Exercise 4.8 Let g be a rational function on a curve C defined over an algebraically
closed field k. The number of zeros and poles of g, counted with multiplicity, are
equal.

4.6 Discriminant

In this section we define the discriminant of a polynomials f € R[x] following
[Mov21l Section 10.9]. Let R be a ring and k be the field of fractions of R.
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Definition 4.6 Let us be given a polynomial f € R[x,y,---], where (x,y,---) is a
multi variable. The discriminant ideal of f contains all element A € R such that

A = fai + fray + fyaz +---, forsome ay,as,... € Rx,y,...].

When the discriminant ideal is principal we denote by A its generator and we call
it the discriminant of the polynomial f. It is defined up to units of the ring R, and
hence in the case R = Z it is defined up to sign. In this case we fix this ambiguity by
assuming that A is positive.

Our main example is the following:

Proposition 4.1 Let f =y> — 4x> + tyx + 13 defined over R := Z[} ,tp,13] and V :=
REx,y]/{fx, fy). The discriminant A is the determinant of the multiplication by f in
V.

Proof. Using the explicit form of f, we can easily verify that the R-module V is
freely generated by 1,x (here we use the fact that 2 and 3 are invertible in R). Let
M:V =V, M(w) = fo. We write M in the basis 1,x:

1,2
13 ty

M= (2z 18 )
32 13

Let p(z) := 2% —tr(M)z+det(M) = det(M — zl> ) be the characteristic polynomial
of M. We have P(f)V = 0 and this implies that det(M) = 5—71A is in the discriminant
ideal. The rest of the proof is in

Exercise 4.9 In A generates the discriminant ideal is left to the

reader in

Exercise 4.10 For
f=y =2 —tax—15, 1,16 €R; (4.4)

show that the discriminant ideal is generated by
A =2(45 +2712),
The corresponding aj,a; and a3 in this case are given by
ap = 2(27x° = 27y* + (27ta)x + (—27t5)),
ay = 2(—9x* + (—15t4)x% + (—412)), a3 = —54x>y +27y* + (—5414)xy.
In this cases, A is the resultant of the polynomials P and %, where P = x> +t4x+ tg.

In all the case below, the discriminant ideal is principal and we have calculated its
generator.
f= y2 - - t4x —tg — t2x2 +Hxy+t3y. 4.5)
a =15 —r3i +itnd 120 G —stiny 78 —36f i3 8735 a8t 80

+301]2/%24 - 72’12’4’6 - 16/11§1324 - 361112/§ — 14411151316 +961|13/§ + ]6/%1% +64I%/6 - lﬁf%zf
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~ 72151314 — 288y141 + 2763 + 21631 + 6413 +4322).

ay = 43203 — 4327 4 (~4321) )y + (4320 )62 + (— 43203 )y + (@320 )+ (—10 —12f 1y + 36713 — 4817 G
2 3 2
+721714 + 1441y 1513 — 6413 + 2881714 — 21615 —43215),
ay =— 144¢% 4 (—48r12 — 192 )+ (—f‘]1 - 811212 — 120113 — Iﬁr% —24014).x2 + (—115),\‘4r (61?12 - 201?r3+
24r12r% —40r12r4 — 80t 113 +32r% — 16014 )x+ (rfr4 +4r1312r3 +8f12r2r4 - 16r12r§
8111313 — 641 1314 + 16314 — 6413,
a3 = —4323y +216y% + (— 1441 4 (3241 ) + (547 — 4320957y + (=315 — 120019 —21613)x° +
(32413)y% + (108113 — 4320 )xy + (—17 +41 19 — 216313 + 81113 — 961114 — 2161013)3% + (1§ + 611y — 186713 + 24173

4

—36r‘l7'14 —T2t19t3 +321% — 144ty + 162r§)y+ (—z]5t2 +i13 +2r%14 +412 2

{1213 +8iy1p14 — 271113 — 2161314 )x
+(—rlir4 +r|4r2r3 —4:?:214 —r‘?r% +8t]2r%r3 + 14r|2r3r4 =8 r%u —361; r2132 +321 & + 16r%r3 —T2yt314 +27f§),

This modulo 2 is:
A =ttt} + 56t 41016 + 655 + 1113 415,

ar =13, ay =t} + )y + i,

a3 = + 655 + 8y +nx +iinx + i fiinn B+ 6553 +ux 8.

For the case
f= y2 — - tyx —tg — t2x2, 4.6)
we have
A =2(48315 — 213 — 1801416 + 413 +2712),
ap = 2(27x° = 27y* + (2712)x* + (27ts)x + (—413 + 1802ty — 2715)),
ay = 2(=9x* 4 (—1200)x> + (—15 — 15t4)x> + (263 — 100t4)x + (1314 — 413)),
a3 = —54xy + 27y 4 (—=5412)x%y + (—5414)xy + (415 — 18t214)y.

Modulo 3 this is:

A=151— 1t —13,

a1 =18, ay = 13X + Bx+botyx — 134+ 13, a3 = 13y.
The main property of the discriminant ideal is:

Exercise 4.11 Let I be any maximal ideal of R and so R/I is a field. The affine
variety f = 0 is singular over the field R/I if and only if the discriminant ideal is a
subset of /. Hint: the proof is a slight modification of [Mov21| Proposition 10.8].

Let us describe our main examples for|Exercise 4.

1. R=kandsol=1{0}.

2. R =Z. This is a principal ideal domain and so the discriminat ideal is generated
by some A € N and [ is generated by some prime p € N. In this case, f =0 is
singular over ¥, if and only if p | A.

3. R=Kk[r] and for a € k%, I is the ideal of R generate by t;, —a;, i = 1,2,...,s.
Let also assume that the discriminant ideal is generated by A. In this case, the
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curve f = 0 with the evaluation of the parameters ¢ = a is singular if and only if
A(a) =0.

Definition 4.7 Let C C P? be a curve over the ring R. We define its discriminant
ideal to be the ideal generated by all discriminant ideals of C in affine charts.

Exercise 4.12 Let us take the curve y>z — x> — 172> = 0 over Z. Its discriminant
in the affine coordinates z = 1, respectively y = 1, is 2-3- 172, respectively 2%, Its
discriminant is 2% -3 - 7.

4.7 Curves of genus zero and bigger than one

Let f € k[x,y] and let C be the curve induced by f = 0 in P. Let us assume that f
is of degree 2 and it is irreducible over k, that is, it is not the product of two linear
polynomials in k[x, y]. Further, assume that C(k) has at least one point P. Note that if
we look C in an affine chart then this point can be a point at infinity. The following
procedure finds all the points of C(k). We fix a line L in IF’ﬁ defined over k, for
instance take y = 0. For any point X € L(k), we connect X to P by a line L’ and find
the second intersection g(X) of L' with C. Since P € C(k), we have g(X) € C(k) and
we get a bijection
g: L(k) = C(k).

Exercise 4.13 Use the above geometric argument and find all k-rational points of
the Diophantine equation
tx2+sy2 =t+s.

for some s, € k. Take for instance t = s = 1.
The argument discussed in the previous paragraph works in the following case:

Exercise 4.14 Let f € k[x,y] be a degree 3, irreducible polynomial over k and the
induced curve C in ]P’ﬁ is singular. Show that Sing(C) consists of only one point
which is a k-rational point of C.

Therefore, if C is singular we have an automatically a unique singular point P €
C(k). This point serves us as the point with the same name in the previous paragraph.

Exercise 4.15 Find all the k-rational points of the Diophantine equation
y2 - —t4x—tg =0,

for some 14,16 € k with 413 + 2712 = 0.

Let C/Q be a smooth projective curve of degree d in P2, that is, its defining polyno-

mial is of degree d. Its genus is given by g(C) := W. The main objective of

the Diophantine theory is to describe the set C(Q) for the curves defined over Q. The
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most famous example is the Fermat curve given by the polynomial f = x? +y? — 1.
The machinery of algebraic geometry is very useful to distinguish between various
types of Diophantine equations. For instance, one can describe the rational points
of genus zero curves, that is, d = 1,2. We have already discussed this at the begin-
ning of this section. The genus one curves (d = 3) are called elliptic curves and the
study of their rational points is the objective of the present text. For higher genus
we have a conjecture of Mordell around 1922 which is proved by Faltings in 1982:
A non-singular projective curve of genus > 1 and defined over QQ has only finitely
many Q-rational points. In fact, the above theorem is true even for number fields.
For instance, the above theorem says that the Fermat curve has a finite number of
Q-rational points. However, it does not say something about the nature of its rational
points. Mordell’s conjecture for function fields was proved by in [Man63| Man64|],
and interestingly enough, this is the origin of the name Gauss-Manin connection
discussed in the earlier chapter. It was invented by A. Grothendieck after reading
Manin’s paper, see [Pha79].

4.8 Elliptic curves in Weierstrass form

Let E be a complete smooth curve of genus one over the field k. If the reader is
not familiar with the notion of a curve over a field, he can use the curves in P2
which we worked out in the previous section, and hence, E is given by a degree 3
homogeneous polynomial f(x,y,z).

Definition 4.8 An elliptic curve over k is a pair (E,O), where E is a genus one
complete smooth curve and O is a k-rational point of E, that is, O € E(k).

Therefore, by definition an elliptic curve over k has at least one k-rational point. A
smooth projective curve of degree 3 is therefore an elliptic curve if it has a k-rational
point. For instance, the Fermat curve

F:x+y =7

is an elliptic curve over QQ in many different ways, depending on the choice of the
Q-rational point, such as [0,1,1] or [1,0, 1]. However
Exercise 4.16 The curve

E:3x°+4y° 452 =0

has not Q-rational points and so it is not an elliptic curve defined over Q. It is an
interesting fact to mention that £(Q),) for all prime p and E(R) are not empty. This
example is due to Selmer, see [Cas66l Sel51].

Definition 4.9 An elliptic curve in the Weierstrass form E is the affine curve given
by the polynomial



88 4 Rudiments of Algebraic Geometry of curves
) 3 — 3 2
Epp 1y —X —hx—183, b3 €k, A:=2(4t; +2715) #0. 4.7)

Note that we have assumed that k is not of characteristic 2 and so E;, ;, is smooth.
In homogeneous coordinates it is written in the form

7 3 3
E, ., - zy2 —X —t2x12 —13z27 =0.

It has only one point at infinity, namely [0; 1;0], which is considered as the marked
point in the definition of an elliptic curve.

The point [0: 1 : 0] is in fact a smooth point of E;, ,, which is tangent to the projective
line at infinity of order 3 and it is the only intersection point of the line at infinity
with Ey, ,,. If char(k) = 2 then the curve E,, ;, is always singular. We have already

seen in that A = 0 if and only if the corresponding curve is singular.

4.9 Real geometry of elliptic curves

For a projective smooth curve C defined over R the set C(R) C P?(R) has many
connected components, all of them topologically isomorphic to a circle. We call
each of them an oval. For an elliptic curve E defined over R we want to analyze the
topology of E(R). For simplicity (in fact because of which will be
presented later) we assume that E = E;, , is in the Weierstrass form. For (t2,13) € R?
let A = 2(41; +27¢3) be the discriminant of the elliptic curve E. We have:

1. If A < 0 then E(R) has two connected components, one is a closed path in R2,
which we call it an affine oval, and the other a closed path in P?(R). We call it a
projective oval.

2. If A > 0 then E(R) has only one component which is a projective oval.

3. If A=0and 13 < 0 then E(R) is an a-shaped path in R? (co-shaped path in
P2(RR)). In this case, we say that E has a real nodal singularity.

4. If A =0and t3 > 0 then E(R) is a union of a point and a projective oval. In this
case, we say that £ has a complex nodal singularity.

5. If t, = 13 = 0 then E(R) look likes a broken line in R2. In this case, we say that
E has a cuspidal singularity.

Note that E(R) intersects the line at infinity only at [0;1;0]. To see/prove all the
topological statements above, it is enough to take an example in each class and
draw the corresponding E(R). Note that in the (t,,73)-space each set defined by the
above items is connected and the topology of E(R) does not change in each item
(see [Figure 4.1|and [Equation (4.5)] the correspondence between the values of #5,#3
and E;, ;, (R) are done by colours).

Exercise 4.17 For a smooth elliptic curve E over R and in the Weierstrass form
describe the real curves E(R) inside the torus E£(C). Hint: Use the Riemann-Hurwitz
formula.



4.10 The group law in elliptic curves 89
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Fig. 4.1 Elliptic curves: y> —x> —tox—13 = 0.

Fig. 4.2 The discriminant curve 4z3 +12 = 0.

4.10 The group law in elliptic curves

In this section we define the group structure of an elliptic curve. According to
Section 5, page 13] “It was Jacobi [1835] in Du usu Theoriae Integralium
Ellipticorum et Integralium Abelianorum in Analysi Diophantea who first suggested
the use of a group law on a projective cubic curve”. Let E be a smooth cubic curve
in P2. Let also P,Q € E (k) and L be the line in P> connecting two points P and Q. If
P = Q then L is the tangent line to E at P. The line L is defined over k and it is easy
to verify that the third intersection R := PQ of E (k) with L(k) is also in E(k). Fix a
point O € E(k) and call it the zero element of E (k). Define

P+Q=0(PQ).

that is, in order to find P+ Q we connect P to Q by a line and find its third interstion
point PQ with E. Then we connect PQ to O by a line and find its intersection point
with E and call it P+ Q.

Remark 4.2 For an elliptic curve in the weierstrass form y2 =4x3 —tx— 13, 27t32 —
#; # 0, one usually take O = [0; 1;0], that is the point at infinity. In this way th line
connecting a point P to O is the perpendicular line to the x axis in the (x,y) chart.
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The point O is a smooth point of E and the line at infinity intersects E only at O,
therefore, it has a tangency of order 3 with E. This is also called an inflection point
of E. Note that we do not need this property of O. For instance, by our definition
we can verify O+ O = O easily: we draw the tangent line to E at O and find its
third intersction point OO with E. The line connecting OO to O (the same line as
before) intersects E in the third point O as this line is tangent to E at O. If O is not
an inflection point of E then the line L tangent to E at O intersects E at the third
point OO. In this case, by the definition of addition we know that P, —P and OO lies
in the same line (and not P, —P, O). Therefore, in this case for two points P, Q € E (k)
we have —PQ P+ Q. In general we have the following statement: O is an inflection
point of E if and only if for any line L intersecting E at three points P, Q, R we have
P+Q0+R=0.

Theorem 4.1 The above construction turns E(K) into a commutative group.

Proof. The only non-trivial piece of the proof is the associativity property of +:
(P+Q)+R=P+(Q+R).

The proof constitutes of three pieces:

1. Let P, = [x;;y;zi] be 8 points in P?(k) such that the vectors (x3,---,z7) € k!°
of monomials of degree 3 in x;,y;, z; are linearly independent. A cubic polynomial F
passing through all P,’s corresponds to a vector a € k'? such that P,-a = 0 and so the
space of such cubic polynomials is two dimensional. This means that there is two
cubic polynomial F and G such that any other cubic polynomial passing through
P;’s is of the form AF + G and so it crosses a ninth point too.

2. We apply the first part to the eight points

O,P,Q,R,PQ,0R,P+Q,0+R, (4.8)

and conclude that (P + Q)R = P(Q + R). Here, we take three generic points P, Q, R.
We have to show that these 8 points satisfy the hypothesis of the first item, see
Note that from these 8 points it crosses three cubic polynomials: E,
the product of lines through (0, PQ, P+ Q), (R,Q,0R), (P(Q+R),P,Q+R) and the
product of the lines (0,QOR,Q +R), (PQ,0,P), (P+Q.R,(P+ Q)R):

P+Q PO O
R 0 OR
(P+Q)R,P(Q+R) P O+R

Each column or row corresponds to a line.
3. The morphisms E X E X E — E, (P,Q,R) — (P+Q)+R,P+ (Q+R) coincides
in a Zariski open subset and so they are equal.

Exercise 4.18_Show that for all triples P,Q,R € E(k), except for a finite number,
the vectors in k'? attached to eight points (#.8)) are linearly independent.

Exercise 4.19 On the elliptic curve
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E:y =x+17
over Q, we have the points
P =(=2,3), Po=(—1,4), Py=(2,5), P = (4,9), P = (8,23),

Ps = (43,282), P, = (52,375), Ps = (5234,378661).

Verify the following identities:
—Ps=2P, P,=P —P;, 3P —P; =P;.

Prove that E(Q) is freely generated by P, and P and there are only 16 integral
points +P;, i = 1,2,...,8. Hint: See [Nag35]] and [Si192a, page 60].

Exercise 4.20 For the elliptic curve E, : y* = x> — n’x find an explicit formula for

the x coordinates of inflection points, see [Kob93bl page 35, problem 4b].

Exercise 4.21 How many elements of E,(R) are of order 2,3 and 4? Describe geo-
metrically where these points are located, see [Kob93b) page 36, problem 7].

Exercise 4.22 For an elliptic curve over R prove that E(R) (as a group) is isomor-
phic to R/Z or R/Z x Z/27Z, see [Kob93b, page 36, problem 9].

4.11 Riemann-Roch theorem

Let C be a smooth curve over a field k. If the reader is not familiar with the definition
of an abstract curve, then he can take C a smooth curve of degree d in P2, Recall the
pole and zero order of a rational function on C presnted in

Definition 4.10 A divis_or in C and defined over k is a formal finite sum D :=

Yinipi, ni € Z, p; € C(k) such that p;’s are poles (resp. zeros) of a rational function
f (defined over k) on C and #; is the pole order (resp. zero order) at p.

Note that in the above definition it does not make any difference if we take zeros or
poles of f (instead of f we use }).

Exercise 4.23 A formal finite sum D := Y,;n;pi, n; € Z, p; € C(k) is a divisor
defined over k if and only if it is invariant under the Galois group Gal(k/k), that is,

o(D) =D, VYo € Gal(k/k),

where

G(Znipi) = Z”iG(Pi)-

The set of divisors over k, let us denote it by Div(C/k) form an abelian group in a
natural way. For any rational function f € k(C) we define
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div(f) ==Y mipi,
i

where f is of order n; at p;. It is a divisor defined over k. The set of such divisors
form an abelian group which we denote it by Div(k(C)). The Picard group of C is
defined to be

Pic(C) :=Div(C)/Div(k(C)).

The Chern class map is defined in the following way
¢ : Pic(C) — Z, C(ZniPi) = Zn,-.
i i

Note that by [Exercise 4.8] ¢ evaluated on Div(k(C)) is zero, and so our definition is
well-defined. We define

Picy(C) := ker(Pic(C) — Z).

Now, assume that C is an elliptic curve E. Recall that by one has to
take a k-rational point O € E (k). Take, for instance a degree 3 smooth curve in P?

with a k-rational point O. We have a canonical map

E(k) = Pico(E), P—P—0 (4.9)

Proposition 4.2 The map @.9) is an isomorphism of groups.

Proof. First of all we notice that it is a group morphism. Just for this proof we denote
by @ the addition structure in E (k). Let L;, respectively L, be the equation of the
line in P? passing through P, Q, PQ, respectively O, PQ, P & Q. We have % e k(E)
with the divisor

P+Q+PQO—-0—-PO—P3Q

and so in Picy(E) we have P— O+ Q— O = P® Q — O. Now we prove that our map
is surjective. For Y, n;P; with ¥;n; = 0 we have Y ;n;P, = ¥;n;(P, — O) which is the
image of @;n;P;. For the injectivity we note that for P € E (k) different from O, there
is no rational function f on E with div(f) = P — O. This can be easily checked for
curves

The following is the algebraic counterpart of

Exercise 4.24 Let (E,O) be an elliptic curve over a field k of characteristic zero.
For a torsion point of order N the line bundle associated to the divisor N[P] — N[O]
is trivial, that is, there is a rational function f on E defined over k such that div(f) =
N[P] — N[O]. For instance, if E is written in the Weierstrass format y*> = p(x) then
for N =2 we have f = x—a, where a is a root of p. Compute f for N = 3. Hint: The
rational function f is a product of % attached to the the equality P+ aP = (a+1)P

in the proof of Proposition 4.2
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Originally, I formulated after reformulating Picard’s differential equa-
tion in [Mov22b], see also Later I realized that [Mil04], [SiI924, Theo-
rem XI.8.1] give algorithms to compute f.

Definition 4.11 We say that a divisor D = Y, n;p; is positive and write D > 0 if all
coefficients n; are non negative integers. In a similar way we define D < 0.

For a divisor D on a curve C/k define the linear system
Z(D) ={f ek(C), f#0[div(f)+D >0} U{0}

and
I(D) = dimy (£ (D)).

Theorem 4.2 (Riemann-Roch theorem) Let C be a smooth curve over k.
I(D)—I(K—D)=deg(D) —g+1,
where K is the canonical divisor and g is the genus of C.
We only need to know that the canonical divisor satisfies:
deg(K)=2g—-2
and so for deg(D) > 2g — 2, equivalently deg(K — D) < 0, we have

1(D) = deg(D) — g+ 1. (4.10)

4.12 Weierstrass form revised

In this section we prove that any elliptic curve can be realized as a certain curve
in P> which is a generalization of Weierstrass format. The following proposition is
proved in [Sil92a, III, Proposition 3.1].

Proposition 4.3 Let E be an elliptic curve over a field k. There exist functions x,y €
k(E) such that the map

E — P2, aw [x(a);y(a): 1],
give an isomorphism of E /k onto a curve given by
y2+a1xy—|—a3y =x —|—a2x2—|—a4x+a6, ap, -+ ,...,a¢ €Kk,
sending O to [0;1;0]. If further char(k) # 2,3 we can assume that the image curve

is given by
V2 =4x —thx—13, 1,13 € k, 15 — 2715 # 0.
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We call x and y the Weierstrass coordinates of of E.

Proof. Using Riemann-Roch theorem and in particular withg=1and D =
nO we get (D) = n. For n =2 we can choose x, y € k(E) such that 1, x form a basis of
Z(20) and 1,x,y form a basis of £ (30). The function x (resp. y) has a pole of order
2 (resp. 3) at 0. Now .Z(60) has dimension 6 and 1,x,y,x%,xy,y* x> € Z(60). It
follows that there is a relation

ayz—i—alxy—i—my:b)c3—|—agxz—|—a4x—l—aﬁ7 ai, -+ ,...,d6,a,b € k.

Note that ab # 0, otherwise every term would have a different pole order at O and so
all the coefficients would vanish. Multiplying x,y with some constants and dividing
the whole equation with another constant, we get the desired equation. The map
induced by x and y is the desired map (check the details).

If char(k) # 2,3 we make the change of variables x’ = x,y’ =y — “* and we
eliminate xy term. A change of variables ¥’ =x— %, y/ =y — % will eliminate x>
and y terms.

Exercise 4.25 Write the following elliptic curves in the Weierstrass form:
y=x*—1,0=[0:1;0]
Y4y =1,0=10;1;1]

Exercise 4.26 The intersection of two quadrics in P* turns out to be a genus one
curve, and hence, if we pick a point O in it, it is an elliptic curve. Discuss the
Weierstrass form of these elliptic curves. Hint: Have a look at [Hus04) Section 8,
page 21].

We will need the following refinement of

Proposition 4.4 Let E be an elliptic curve over a field k of characteristic # 2,3 and
let @ be a regular differential form on E. There exist unique functions x,y € k(E)
such that the map

E = P% aws [x(a);y(a);1]

gives an isomorphism between the curve E and the curve in P* given by
V=4 —thx—13, h,13 €k

Under this isomorphism O is identified with [0;1;0] and ® = dx

X
v

We call x and y the Weierstrass coordinates of E. Since x,y € k(E) the above iso-
morphism is defined over k. Note that ;—C has a zero of order one at O and hence the

map E — P? is well-defined at O and it takes the value [;—‘(O) I; %(0)] =[0;1;0].
Proof. This is a consequence of
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4.13 Moduli of elliptic curves

Now, we can state what is the moduli of elliptic curves. Recall an elliptic curve E;, 4,
in Weierstrass form (4.7)).

Proposition 4.5 Assume that char(k) # 2,3. Two elliptic curves E;, ;, and E,  are

isomorphic if and only if there exists A € k, A # 0 such that )
th= A, th = A%;.

The isomorphism is given by

(x,y) — (ﬂ,zx,),3y).

Proof. Let (x,y) and (x',y") be two sets of Weierstrass coordinate functions on an
elliptic curve Ey, ;,. It follows that {1,x} and {1,x} are both bases of .Z(20), and
similarly {1,x,y} and {1,x,)y'} are both bases for . (30). Writing x’,y’ in terms
of x,y and substituting in the equation of EtéJé we get the first affirmation of the
proposition. The second affirmation is easy to check.

Combining [Proposition 4.3 and [Proposition 4.5 we conclude that the moduli space
of elliptic curves over a field of characteristic # 2,3 is

A (k) = (A2(k) — {(t2,13) | 463 + 2713 = 0}) / ~,
where
(t2,13) ~ (t5,13) if and only if 34 € k, A # 0, (£3,25) = (A%, A%13).

If k is algebraically closed then this is the set of k-rational points of the weighted
projective space P>3(k) minus a point induced in P>3 by A = 0. In this case the
Jj-invariant of elliptic curves

1728 - 4t5

0 (K) = AK), jltsts] = —o 2
Jj A (k) (k), Jjlt2:13] PERET

is an isomorphism and so the moduli of elliptic curves over k is A!(k). However,
note that if k is not algebraically closed then j has non-trivial fibers. For instance,
all the elliptic curves

Y=x-15,€Q
are isomorphic over Q but not over Q.
Exercise 4.27 For jj # 0, 1728, the elliptic curve:

36 1

Ej :y? =x— — .
ot Yy g T G — 1728

has the j-invariant j(E) = jo.
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4.14 The addition formula

In this section we give formulas for the addition in an elliptic curve in the Weirstrass
format and defined over a field. We also derive similar formulas for the Weierstrass
f function. The comparison between algebraic and transcendental methods in order
to describe algebraic structures has been the core tool in the developement of elliptic
curves from the old time, see for instance [Fri22, Chapter 1, Section 1, page 156].
Recall the Weierstrass uniformization theorem which says that

f:C/A = E(C), f(o):=[p(A2): (A7) 1]

is a bijection and described its inverse. The torus C/A is equipped with an abelian
group structure induced from (C,+) and in this chapter we have seen than E;(C)
also enjoys a an abelian group structure. The main goal of the present section is to
prove that

Theorem 4.3 The map f in Weierstrass uniformization theorem is a morphism of
abelian groups.

Proof. Since the inverse of z (resp. (x,y)) in C/A (resp. E;) is —z (resp. (x,—Y)),
and we have @(—z) = @(z) and &/(—z) = —/(z), we know that f respects the
inverse element. Therefore, it is enough to prove that

fl=z1—22)+ f(z1) + f(z2) = 0, Vz1,20 € C/A.

By definition of the group structure of E; this is equivalent to say that P :=
f(z1), Q= f(z2) and R = f(—z; —z2) are colinear. In other words, if we inter-
sect a line ax+ by +c¢ =0, b # 0 in C* with E, and get three points P,Q,R then
by definition of group structure of E; we know that P+ Q+ R = O (the case b =0
reduces to the discussion of f and inverse elements at the begining of the proof).
We need to prove that if 71,27, z3 are three roots of af@(z) +bg7 (z) +c = 0 then we
must have z; +z3 +z3 = 0. The equation of line in C? with (x,y) coordinate system

and passing through the points (#2(z1),#/(z1)) and (#(z2), 4/ (z2)) is given by

#(z1) #(21) 1
#(22) #(22) 1] =0.
X y 1

We need to prove that (#(z3), £/ (23)) = (#(21 +22), =7 (21 +22)) lies in this line.
The theorem follows from

Proposition 4.6 The Weierstrass fo-function satisfies

#(2), #z) 1
2(y), #y) 1]=0, zyeC. (4.11)
P(z+y), = (z+y), 1
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Proof. For afixedy € C, y# 0, let us consider g£(z+y) and &/ (z+y) as functions
inz. Let f be the left hand side of @.T1] It is an elliptic function with possible poles at
z=0,—y. It is enough to prove that f is holomorphic at these points and it vanishes
at z = 0. This follows from the Laurant series of & at z = 0 and its derivation, see

We only need to know
1 -2
P(z) = 2 +32:22+0(Y), @)= = + 6822+ 0(2%).
Proposition 4.7 We have

P@-I0:
P e0)) 9 e) o

Proof. For a fixed y € C, y # 0, let us consider (z+y) which is double periodic
in z, and hence, it is a rational function in & and /. This means that we is
expected. For fixed y, let f(z) be the difference between the left and the right hand
sides of (@.12). Its only possible poles are in

p@+w—i(

z=0, £y

We examine the Laurent expansion of f(z) at the point z = 0 and see that it is
holomorphic at z = 0 and there it vanishes. In a similar way, it has no poles at z =y
and so, at worst it has a simple pole at z = —y. Since f is double periodic we get the
result.

Exercise 4.28 Write down the details of the proof of
In @.12) we let y go to z and we get

:l(ﬂﬁ)
4\ #(2)

We can state the same formulas as in (.11),([#.12) and @#.13) in a purely algebraic
context. Consider an elliptic curve E; over the field k of characteristic # 2 with the
Weierstrass coordinates x and y and the equation y> = 4x> — tx — t3. The field can
be of an arbitrary characteristic # 2 and it is not necessarily algebraically closed.
For a point P € E;(k) we write P = (x(P),y(Q)), as x,y ara rational functions in E
with poles at O, and hence, they can be evaluated at P.

2
o(22) ) —202). “.13)

Proposition 4.8 We have
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x(P), yp) 1
x(Q), y@) 1|=0, (4.14)
_ 1L (y(P)—y(Q) 2_x .
w(r+0) =1 (AP 4D s -x@) @.15)
1 (6x(P)—1n

Proof. The proof of @.14) is trivial as the equality says that the three points P, Q, PQ
are colinear. Note that x(PQ) = x(P+ Q) and y(PQ) = —y(P+ Q). The proof of the
others is left to the reader.

Exercise 4.29 Prove the equalities (#.13) and (@.16) for an elliptic curve E over a
field of arbitrary characteristic and using the definition of the group structure of E

in|Section 4.10)



Chapter 5
Mordell-Weil Theorem

Mathematicians have been familiar with very few questions for so long a period with
so little accomplished in the way of general results, as that of finding the rational
solntions, or say for shortness, the solutions of indeterminate equations of genus
unity of the forms ... (L. J. Mordell in [Mor22| page 179]).

5.1 Introduction

In this chapter we prove the Mordell-Weil theorem. Some parts of the proof is left
to the reader so that he reproduce them using classical references such as [Si192b]].

Theorem 5.1 (Mordell-Weil theorem) For an elliptic curve E over a number field
Q the group E(Q) of Q-rational points is finitely generated abelian group.

The above theorem is proved in [Mor22]. Its generalization for an arbitrary number
field is proved in [Wei29] and it is known as the Mordell-Weil theorem. For the
proof we follow [Lan78a, [Hus04]. The book [Ser97] is also recommended for those
who wants to understand this theorem for abelian varieties. implies
that the torsion subgroup of E(Q)

E(Q)tors :={P € E(Q) | nP=0, forsomen € N},

is finite and E(Q)gee := E(Q)/E(Q)ors is a freely generated Z-module of finite
rank, let us say r € N.

Definition 5.1 The non-negative integer r is called the rank of E(Q).

The free part of E(Q) is mysterious. We do not know whether there exists an elliptic
curve of arbitrary rank or not. The proof of Mordell’s theorem consist of two steps.
1: E(Q)/2E(Q) is finite group. This is sometimes called the weak Mordell theorem.
2. The existence of a height function on E(Q).
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Exercise 5.1 Show that for an elliptic curve defined over C (resp. Q) E(C) (resp.

E(Q)) is not finitely generated

5.2 Descent theorem

Method of infinite descent, which is also called Fermat’s method of descent, has
been extensively used in elementray number theory in order to prove statements
like:

Exercise 5.2 The square root of two is irrational and x* + y* = w? has no non-zero
solutions in pairwise coprime integers x,y, z.

Exercise 5.3 Show that the only solutions of 2y? = x* + 1 over rational numbers are
(£1,41). This example is due to Euler, see [SS96| page 61].

This method seems to have originated the height notion.

Theorem 5.2 (Descent theorem). Let I be a commutative group. Suppose that there
is a function h : I — [0, ) such that

1. For any real number M, the set {P € I | h(P) < M} is finite.
2. Forevery Py € I', there is a constant ko such that

h(P+Py) <2h(P)+ky VPE€eT.
3. There is a constant k such that
h(2P) > 4h(P)—k VPeT.
4. |'/2I7| < eo.
Then I' is finitely generated.

Definition 5.2 The function % in with the properties 1,2,3 and 4 is
called the height funtion.

Proof. Let I'/2I" = Qy, Qa,..., On. For every P € I there exists Q;,, depending
on P such that P — Q;, = 2P, € 2I'. We repeat this for P and get:

P—Q; =2P,

Pl - Qig = 2P2>

Pm—l - Qim = 2Pm-
This implies that

P:Qi1+2Qi2 +22Qi3+.”+2m_1Qim+2um.
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Now we use the height function . We have
h(P—Q;) <2n(P)+k  VPel i=1,...,n

where k' is the maximum of k;’s attached to each Q; in property 2 of h. We use
property 3 of i and we have

4h(P;) < h(2P;)+k=h(Pi-1—Qi;) +k
< 2h(Pj—1) +K +k.
We conclude that
1 k+k
h(Pj) < Eh(ijl)ﬂL 2
3 1
= 3= g (0 - ).

Therefore, if #(Pj—1) > k+k’ then

W) < 3 (P

We do this process until for some m  h(P,) < k+ k" and so by property 1 of & the
set of such P, is finite. We conclude that I" is generated by

01,02,..., O, {PET | h(P) < k+K}.

For more on descent procedure see [Si192b, page 199 chapter VIII].

5.3 The construction of height function

For a rational number x := % with (m,n) = 1 let us define H(x) to be the maximum
of the norms of its nominator and denominator:

H(x) = max{|m|, |n}.

Let E be an elliptic curve over QQ in the Weierstrass format y2 =X —tx— 13, b, 13 €
Q. By a linear change of the form (x,y)  (a’x,a’y), a € Q, we can assume that
tr,13 € Z. We construct a height function for E(Q). For P = (x, y) € E(Q) we define

H(P) := H(x) = max{|m|, [n[},
h(P) :=logH(P).
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Let
m n

P=(xy)= (;2, ;) €E(Q), mnecZ. (5.1

and so n?> = m> +tre*m +t3¢°. From this equality, we can assume that that (m,e?) =
1. If there is a prime p such that p|m and ple, this equality implies that p?|m, p3|n

and we can replace m,n,e wit %, % and % We have
n? < [ml* + 02| &m|+|t3] €
< K*H(P)?

and so |n| < kH (P)%, where k is a constant number which only depends on E.
Let Py = (x0,y0) € E(Q) be another point. We would like to estimate i(P + B)
from above in terms of Py and the data of E. We first use the addition formula, see

Proposition 4./

2
x(P+Py) = (ziz) —X—Xp

(y —y0)? — (x —x0)* (x+x0)
(x—x0)?
_Ay+Bx2+Cx+D
 ExX24+Fx+G

Here, we have used y*> = x> —thx—13 and A, B, ..., G are constants depending only
on E and Py. We write P in the format (5.1]) and we have

H(P+PR) < max{ ‘Ane+Bm2+Cmez+De4

, ’Em2 + Fmé® + Ge*

But, we know that
le| SH(P)?, |n| < k-H(P)?, |m| < H(P),
which implies that
H(P+Py) < KoH(P)?,

where Kj is a constant term depends only on E and Py. Taking the logarithm of this,
we have the property 2 of h. Let us prove the property 3 of 4. We use again the
addition formula and let x goes to xo. We get

IR,
“aw

where f(x) := x> — tox — 3 and y> = f(x) is the elliptic curve E. We assume that
2P #0

x(2P)

x(2P) = g(();)), degP(x) =4, degQ(x) = 3,
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where the coefficients of P,Q only depends on the elliptic curve. Let A := 4(27t32 —
4t3) be the discriminant of E. This is the resultant of P(x) and Q(x). This means that

J1(x)P(x) + f2(x)Q(x) = 4,

fi, f2 € Z[x], deg f1, deg f> < 3.

We need also
21(0)P(x) +g2(x)Q(x) =A-x,

81, &2 € Zx], deg g1, deg g2 < 3.

This can be considered as the resultant of x*P (1), x*Q (1), see[Exercise 4.10} From

now one we replace a polynomial p(x) of degree d and in one variable x, with its

homogenization P(x,y) := ydp(i) and use the capital letter P. With this notation,
letx= 7, (a,b) =1 and
F(a,b)
2P) = . 6:=gcd|( F(a,b), G(a,b) ).
WP = @D i wed (Flab). Glab))

Therefore,

Fi(a,b) F(a,b) + F>(a,b) G(a,b) = 4Ab’,

Gi(a,b) F(a,b)+ Gy(a,b) G(a,b) = 4Ad’. G-
This gives |44 and |§| < |[4A|. Therefore,

H(2P) > max { |F(a,b)|, |G(a,b)| } / |44|.
On the other hands

144 b7 < 2max{ |F1|, |F2| } max { |F|, |G|}, 53)

|44 a7} <2max{ |G|, |G| } max { |f], |G|},

where Fi, F,... are evaluated at (a,b). Now Fj, F>, Gi, G, are polynomials of
degree < 3 and so

3
b"}, (5.4)

max { |F1|, R, |G, |G2‘ } < Cmax { ‘a|37

where C is a constant which only depends on E. Combining (5.3 and (5.4) we get
|4A | max { |a7|, |b7| } <2C-max{ |a3|, ‘b3‘ } max {F(a,b), G(a,b)}

and so
H(ZP) _ max{|F(a,b§|,|G(a,h)|} > max{|F(a,Z)A|,|G(a,b)|}

> (2€)'max{|a

b|} =(2C)"'H(P).

)
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Exercise 5.4 Write a summary of a different proof of Mordell-Weil theorem in the
literature.

Exercise 5.5 Let E be an elliptic curve over Q. For all P, P, € E(Q) we have
h(Py+ P2) +h(P, — P2) < 2h(P;) +2h(Py) +k, (5.5
where k only depends on E. Hint: see [Sil92b| page 216].

Proposition 5.1 . Let E be an elliptic curve over Q and P € E(Q). The limit

. 1
h(P) := 3 dim 4~ Np(2VP)

N—oo
exists. The function h is called the canonical or Neron-Tate height of E.

Proof. The proof is taken from from [Si192b, Proposition 9.1, page 228]. We show
that the sequence in the limit is a Cauchy sequence. In (3.3) we put P=P; = P,

‘h(ZP) —4h(P)’ <k

where k is a constant depending only on k. For N > M > 0 integers, we have

‘4N h(2VpP) —4M h(2MP)’ = Ni 4= p(2m Py — 47" p(2"P)

n=M
N—1 N—1
<Y 4 h(2P) —4h(2'P)| < X 4Nk
n=M n=M
g 41\/511 .

Exercise 5.6 The canonical height & satisfies

1. Forall P,Q € E(Q)
h(P+ Q) +h(P— Q) = 2h(P) +2h(0).
2. Forall Pe E(Q)and m € Z
h(mP) = m*h(P).
3. his a quadratic form in E (Q), that is, h is even and the pairing

(-, ) E(Q xE(Q) R,
(P,Q) = h(P,Q) —h(P) — h(Q).

is bilinear.
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4. For P € E(Q) we have A(P) >0 and i(P) = 0 if and only if P is a torsion point.
5. 2h—his bounded on E(Q).

Hint: See [Sil192b, Theorem 9.3 page 229].

Definition 5.3 Let P, P»,...Py, be a basis of the free part of E(Q) The regulator of
E/Q is defined

Rg g = det ‘ (P, Pj>’.

Exercise 5.7 (Weak Mordell-Weil theorem) Let £ be an elliptic curve over a
number field k. Then E(k)/mE(k) is finite for all m € N. Hint: For a proof see
[Hus04, Chapter 6 Section 3]. The proof uses an explicit 2-isogeny, see [Hus04][Chapter
4, Section 5].

Elliptic curves over rational numbers and of high rank are rare, and searching for
them is of major interest in the theory of elliptic curves. For an overview of the
results and also the last rank record see [EIkO7]].

Exercise 5.8 For a table of rank of elliptic curves of the format y* = x> +ax, y*> =
x>+a, a <7 see[Hus04, Section 3, page 37]. Check at least one entry of this table.

Remark 5.1 The rank of elliptic curves over function fields, such as C(z), has many
links to algebraic geometry of elliptically fibered surfaces and their Hodge theory.
In [Shi86, Shi92] it is proved that the elliptic curve Ey : y> +x> +z% —1, d > 2 over
C(z) has rank < 68. The equality happens if and only if d is divisible by 360. Using
a computer implementation of Hodge cycles, one can show, for instance

rank(Eoy) = 36, rank(Ej2) = 56, rank(E30) = 60, rank(E3e0) = 68,

see [Mov21} Section 15.13]. There is an analogy between a Hodge cycle and a
rational point of an elliptic curve, for instance, the self-intersection of a Hodge cycle
is parallel to the canonical height of a rational point. For the geometric context we
have the notion of dimension of the tangent space of a Hodge locus. The author does
not know any parallel of this in the arithmetic side.






Chapter 6
Torsions and isogeny

...number theory swarms with bugs, waiting to bite the tempted flower-lovers who,
once bitten, are inspired to excesses of effort! (B. Mazur in [Maz91]]).

6.1 Introduction

Torsion points from the transcendental point of view are related to the computability
of elliptic integrals. We have formulated this in For instance, it says
that for any integer m € N, m > 2 andt € R, t > 1, there is a point b € R, b >t
such that we have an equality of the form

6.1)

teo dx 1 dx
m/b NCCEeED) _/0 NCEENIEED)

Both integrations are taking place in the real line. For instance, for m = 2 we can
take b = t. In general b will be a x coordinate of a m-torsion point of the elliptic
curve y> = x(x — 1)(x —t). It is a matter of studying history of mathematics to find
out this aspect of torsion points in the huge amount of literature produced in the
19th century on elliptic integrals. On the other hand the arithmetic study of torsion
points seems to be initiated by Beppo Levi, who produced a series of paper from
1906 to 1911. This has been glorified with a complete classification of the group of
torsion points of elliptic curves over rationals in [Maz77, Maz78§]|. For a historical
account on this see [SS96].

6.2 Torsion points

Using the period map in we have seen a correspondence between the
space of lattices A C C and the space of pairs (E,®), where E is an elliptic curve

107
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over C and @ is aregular differential 1-form. Since we have not defined these objects
intrinsically, we may take E in the Weierstrass format y> = 4x> —t,x —13, and @ =
4x Note that in one side of this correspondance, we can talk about pairs (E,®)
defined over an arbitrary field k.

Definition 6.1 A pair (E,®) is called an enhanced elliptic curve. There will be
other enhancements of elliptic curves, and in order to reduce confusion, we say that
E is enhanced with a regular differential 1-form.

Definition 6.2 Let E be an elliptic curve over a field k. The set of m-torsions of E
is defined as
E[m]:={P € E(k) |mP=0}.

This is a subgroup of E (k).

Proposition 6.1 Let E be an elliptic curve over a field k of characteristic zero. We
have an embedding of groups

Efm]— 2 x L
" mZ.  mZ

and for k an algebraically closed field, this is an isomorphism.

Proof. For k an arbitrary field, since we have the embedding E (k) < E (k) which is
a morphism of groups, it is enough to prove only the second part of the proposition.
We first prove it for k = C. By we can write E in the Weierstrass
format. By Weierstrass uniformization theorem and the fact that it is a
morphism of groups, see [lheorem 4.3 we can assume that E is the complex torus
C/A. In this case

Now, assume that k is an arbitrary algebraically closed field of characteristic zero.
The argument is a typical example of the so called Lefschetz principle. Since E uses
a finite number of elements of k, we replace k with its subfield generated over Q
by the coefficients of E, and we can assume that there is an embedding of fields
o:k—C, see For instance, if E is in the Weierstrass format y> =
4x® —thx — 13, o, 13 € k, we replace k with Q(12,13) C k. Let E, be the elliptic curve
over C obtained from E and regarding its coefficients as complex numbers. We have
an embedding of groups

Now, let us take E over a characteristic zero and algebraicaly closed field k. We have
a subfield k C k such that E is defined over k and we call it E. We have (Z/mZ)? =
E[m] < E[m] and we have to show that E[m] has no more points that E[m]. Let us
consider the polynomial equations of mP = O together with equations of the curve
E. In the case of E in the Weierstrass format this is in total 3 polynomial equations
in x,y. This system of polynomial equations has m? distinct solution over k, and it
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is defined over k. Since both k is algebraically closed, there will be no more points
if we enlarge k.

Remark 6.1 Let E an elliptic curve over k. For n,m € N, both E[n] and E[m] are
subsets of E[nm] and so E (k) is a direct limit of E[n]’s according to these inclu-
sions. If if k = C then by Weierstrass uniformization E is biholomorphic to a torus
C/A, A =Zw +Za,, and 50, E(C)tors = %. For n and m as above we have
also the map E[nm] — E[n], P — mP and so we can take inverse limit of E[n]’s and

define a new object. For instance, for p € N we have
= Ep" = E[p"] = --- = Ep].
and the inverse limit of this is called the Tate module T,,E.

Exercise 6.1 Show that any field k of characteritic zero contains Q and if it is
finitely generated over Q, that is k = Q(t1,#,...,t) for some #; € k, then we have
always an embedding k — C of fields.

Exercise 6.2 For the elliptic curve E : y*> = (x —t1)(x — o) (x — t3), where #;’s are
three distinct elements in k, show that

E[z] = {(tlvo)v (t270)7 (t370)70}'

For families of elliptic curves with a 3-torsion point see [Hus04, Chapter 4, Section
2].

Exercise 6.3 Let E be an elliptic curve over Q and @ be a regular differential 1-
form on E. For a torsion point of order m of E and ¥ a path from O to P in E(C)

show that »
n[ o= o
0 6

for some 8 € H;(E,Z) which depends on ¥. If this language looks fancy (you do
not understand it) then try to prove the equality (6.3) which is a mere calculus.

Exercise 6.4 Show that for the elliptic curve
V(x—z)—ax’y+(a+b)xyz—bxz? =0, a€Q, b=—(a—1)(a—2), (6.2)

with the neutral element O :=[1:1:1], P=[1:0:0] is a torsion point of order 8.
Conversely, any elliptic curve with rational torsion point of order § can be written
in the above format. This family of elliptic curves is due to B. Levi, see [SS96]. For
which values of a, the above curve is singular?

Exercise 6.5 Show that there is no elliptic curve over Q with a rational torsion point
of order 16. This result is due to B. Levi, see [SS96, page 61].
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6.3 Isogeny

Let A C A C C be two lattices and let N := #A /A. Let E = C/A and E = C/A be
the corresponding tori. The identity map C — C induces a map of tori

f:E—E (6.3)

This is actually a holomorphic map between two Riemann surfaces. It is also a mor-
phism of groups. We have also f*@ = @, where ® and @ are the differential form
dzinducedin E and E, respectively, where z € C is the coordinate function. Further-
more, f~!([z]) =[] + % which means that f is a N to 1 map with no ramification
points.

Definition 6.3 The map f as in (6.3) is called an isogeny of degree N. We have
NA C A C A and this gives us the maps
[z] — [N7]
[ — [

The map g is called the dual isogeny of f. Note that both fog, go f are multipli-
cation by N map that we denote it by [N]. Note also that in the level of differential
forms f*@w = @ and g*® = Nw.

Exercise 6.6 Let G be a finite abelian group generated by at most two elements.
There are unique d;, d» € N such that

6= 52
T dZ AT

Conclude that any isogeny E1 — E» can be uniquely written as

E e bE,

where [d]] is a multiplication by d and kernel of f3 is cyclic of order d5.

Remark 6.2 Leta € C* amd A C C be a lattice. Let also E := C/aA, E:=C/A.
We have the map
Ja:E—E, zr|az],

which is a bijection and its inverse is given by f,-1. Moreover, f;® = a®. Under
the isomorphism between lattices and enhanced elliptic curves, the lattices aA and
A corresponds to (E,am), (E, ®), respectively.

Exercise 6.7 Show that the number of sublattices A C A of a fixed lattice A with
#A /A =nis 6(n) = Yy, d. Hint: Take a basis @, @, of A and show that
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SL(2,Z)\Mat,(2,Z) = {A CA, #A/A =n}

ab v ab| |w
[C d] — A generated by L d} [(Dj

The quotient in the left hand side has representatives

ab
<b<d-— .d=
[Od} 0<b<d—1,a-d=n.

Next, we would like to describe isogeny of elliptic curves over a field k. Like in
the 19th century such that Algebraic Geometry was only a chapter in the theory of
transcendental functions, we use Weierstrass £ function and uniformization theo-
rem, see in order to write the tori £ and E in the Weierstrass format,
and then explain the algebraic expression of an isogeny. Let us assume that E is
defined over Q, that is, the corresponding #,,#3 in its Weierstrass format are alge-
braic numbers. Let also G := A /A. We know that G is a subgroup of E[N] and by

we have E[N] C E(Q). We may think of E as the quotient E/G.
The pull-back of #@(z,A) and #/(z,A) by the isogeny map (6.3) are elliptic func-
tions with respect to the lattice A. Therefore, by wey can be written
as rational functions in (z,A) and ¢/ (z,A). More precisely, we have

W(ZvA) = P(JO(Z,/{)),

v

ﬂ(Z’A) = ﬁ(LA) : Q(Q(Z,/\{)),

where P(x) and Q(x) are rational functions in x and with coefficients in C. This
follows from the fact that (z,A ) and 47/ (z,A) are respectively even and odd elliptic
functions.

Theorem 6.1 IfE is defined over Q then the isogeny

v

E—SE (xy) — (P(x),yQ(X)>

is also defined over Q, that is, E and P,Q are defined over Q.

This will be proved in in which we introduce Hecke operator. The
reader can consult more Algebro-Geometric oriented books in elliptic curves, such
as [S1194b;, 1S1192a], for a purely algebraic notion of an isogeny.

Exercise 6.8 Show that the Dwork family x> +y* = 1 — 3auxy is 3 isogeneous to the
Hessian family y> 4 3oxy 4y = x°. Hint: See [Hus04, page 91]. Despite the name
“Dwork family”, this family was in use much before Dwork, see for instance [Fril 1}
page 93].

Exercise 6.9 According to A. Weil in [Wei52]], L. Kronecker studied the family of
elliptic curves Ej : y? =1 — px® +x*. He shows that for a p’ algebraic over Q(p),

1
we have an isogeny E, — E, of the form (x,y) (xr;f(i”), f((;gz>, where F,G are
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polynomials with coefficients in Q(o,6’) and o, 6’ are roots of 1 — px*> +x* and
1 — p’x> 4+ x*, respectively. Discuss this isogeny in more details.

We might define an isogeny in a more general context of complex analysis. We
avoid the general definition of complex manifolds and holomorphic maps between
them and present this in the following way.

Definition 6.4 We say that amap f : E — E between two complex tori is holomor-
phic if there are holomorphic maps f; : U; — V;, where U;,V; are open subsets of C
fori=1,2,...,k, such that the diagram

ELE

T 71

u v

commutes and the image of U;’s under the canonical projection C — E form a cover-
ing of E. We say that it is an isogeny if it is not a constant map and it is a homomor-
phism of groups. The endomorphism group of a torus E is the set of all holomorphic
maps f : E — E which are also homomorphism of groups.

Exercise 6.10 Show that any isogeny f : E — E is of the form in [Remark 6.2]
and hence, if we change the coordinate function from z to agz, it is of the form

in Show that for any endomorphism f : E — E there is a complex
number a such that aA C A and f is induced by C — C, z+ az.

It turns out that we have a natural isomorphism
End(E)=Z{acC|aA C A},

where End(E) is the group of endomorphisms of E.

Definition 6.5 We have Z C End(E) and we say that E is CM (short for complex
multiplication) if the inclusion is strict.

Later, we will encounter two spcial CM elliptic curves as follows:

Exercise 6.11 Classify all elliptic curves E with oc € End(E) which is not multipli-
cation by 1 and is an isomorphism. More precisely, show that we have only two
such elliptic curve

—1+iV3

E=Eqy, t=i, 5

6.4 Nagell-Lutz and Mazur theorems

Two important arithmetic results on torsion points of elliptic curves over Q are
Nagell-Lutz theorem and Mazur theorem. In this section we state both theorems
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and leave the proofs to the readers as there are many excellent textbooks on the
topic.

Nagell-Lutz theorem was independently proved by Trygve Nagell in 1935 and
by Elisabeth Lutz in 1937, see [Cas90, [Lut37]. It gives a finite set of possibilities
for a torsion point of an elliptic curve defined over Z, and so, it is a useful tool to
compute torsion points.

Theorem 6.2 (Nagell-Lutz Theorem) Let E be an elliptic curve with the Weier-
strass equation:

V=xX+tx+n, b€l A= 4t§+27t32 #0.

Then for all non-zero torsion points P = (a,b) € E(Q) we have:

1. The coordinates of P are in Z, that is, a,b € Z.
2. If P is of order greater than 2, then b* divides A.
3. IfPis of order 2 then b =0 and a®> + tra+13 = 0.

A proof of this theorem can be found in [Sil92a| page 221] or [ST92| page 56].

Exercise 6.12 Compute the torsion subgroup of the elliptic curve.
see [Mil20| Exercise 8.11] for a list of other elliptic curves.

Next, we state Mazur theorem. ~

Theorem 6.3 ((Maz77,Maz78|]) Let E be an elliptic curve over Q. Then the tor-
sion subgroup E(Q)ors is one of the following fifteen groups:

7ZJNZ,1 <N <10, orN =12

7/27 x 7J2NZ, 1 < N < 4.

In particular,
#(E(Q)tors) S 16~ (6-4)

The early history of Mazur theorem goes back to Beppo Levi, who produced a se-
ries of paper from 1906 to 1911 and for instance, he proved [Exercise 6.5 He also
formulated the boundedness of #(E(Q)wrs) Which is known as torsion conjecture
or uniform boundedness conjecture. It was also reformulated in [Nag52] and in
[[Ogg71]. The torsion conjecture for abelian varieties is still open. It is natural to
conjecture that if E is an elliptic curve over a number field k then the order of the
torsion subgroup of E(k) is bounded by a constant which depends only on the de-
gree of k over Q. It is proved in [Kam92] for all quadratic fields and in [Mer96] for
all number fields. For the proof of these statements one needs the notion of mod-
ular curve Xo(N) and modular forms which will be introduced in the forthcoming
chapters.
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Exercise 6.13 Let E be the elliptic curve defined by the equation y*> = x> + ax,
where a is a fourth-power free integer. Then

Z/2Z&Z/2Z, —aissquare
E(Q)tors =< Z/4Z, a=4
Z/27, otherwise.

Hint: See [Hus04, Section 3, page 34].

Exercise 6.14 Let E be the elliptic curve defined by the equation y> = x> 4-a, where
a is a sixth-power free integer. Then

Z/6Z, a=1
E(Q)ion = Z/4Z, if ais a square different from 1, or a = —432
tors 7./2Z, if ais a cube different from 1
0, otherwise.

Hint: See [Hus04, Section 3, page 37].

Exercise 6.15 The following exericise is the first theorem announced in the treatise
[Jac29, Section 15, page 28]. Let us consider the Jacobi’s family of elliptic curves
Ep:y* = (1—x*)(1 —u?x?). Show that for (u,v) in the curve

ub — v+ 5uPv (u? —v?) +duv(1 —utv*) =0
we have the following isogeny

fZEug _>Ev87 (x,y) = (X7Y)

v(v—1)x+ 1P (u? +v2) (v — 1)+ u' (1 — )

X =
V(1 —uvd) +uv?(u? +v2) (v —ud)x2 + ubv3 (v —ud )x*’
v(1 —w?) 90X
Y=y
YTV ox
such that f *% = V(Y:’;;) %. In Jacobi’s book this is written as:
v(1 —w?)dX B (v—u’)dx

VI=X2)(1-v8X2) /(1 —x2)(1—udx?)

Find out Jacobi’s motivation which resulted in this computation, see also [Cogl4]]
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Hecke operators

The final scene shows the 83-year-old Alexander von Humboldt following Eisen-
stein’s coffin at the cemetery at Blucherplatz. He had obtained money from the King
for Eisenstein to go to Sicily for a cure, but it was already too late. The plague of
the nineteenth century had taken yet another distinguished victim, (N. Schappacher
in [BKK"98dl page 60]).

7.1 Introduction

In this chapter we introduce one of the fundamental features of modular forms which
is responsible for many arithmetic properties. This is namely the Hecke operators
acting on the space of modular forms. There are many text books covering this topic
perfectly, see for instance [[Apo90, Chapter 6], [ZagO8|| and [Ser78|]. We will adopt a
more geometric approach suitable for the same topic in the context of algebraic ge-

ometry of elliptic curves, see[Section 9.15] The first application of Hecke operators
is the following.

Theorem 7.1 Let T be the Ramanujan’s T function in Section 2.11\ The numbers
t(n) are multiplicative, that is, for all n,m € N with (n,m) = 1 we have

T(n-m)=1(n) t(m).

7.2 Hecke operators

For A € GL(2,R) and a modular form f of weight k we define the slash operator

fleA = (detA) " (ct+d) " f(AT), A= [i Z] .

115
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In some books, the power k — 1 of detA is different. For instance, in the
slash operator is different. For A € SL(2,R) this will not make any difference.

Proposition 7.1 If B € GL(2,R)and f is a meromorphic (resp. holomorphic or
weakly holomorphic) modular form of weight k for some group I' € GL(2,R) then
fliB is a meromorphic (resp. holomorphic or weakly holomorphic) modular form
of the same weight for the group B~'T'B.

Proof. This follows from

(flkB) kB~ 'AB = (f|:A)[«B = f|«B

For a fixed integer k, there is a one to one correspondance between the following
functions:

1. Holomorphic functions f : HH — C such that

at+b
cT+d

(c17+d)kf< ) = f(1), VreH, [i’ Z} € SL(2,7). (7.1)

2. Holomorphic functions in the space L of lattices such that f(AA) = A% f(A).

3. Holomorphic functions in the space of enhanced elliptic curves (E, @) such that
f(E,A®) = A7*f(E,®). We say that f is a homogeneous function.

Inserting the growth condition in each item above, we get three different encarnation
of modular forms. For the first item we know already what growth condition is, for
others we do not know how to define it without translating the modular form to the
one in the first item. We will discuss this for the third item for quasi modular forms
in[Section 9.8

Let My = My(SL(2,Z)) be the vector space of modular forms of weight k. The
Hecke operator

T, : My — Mg

is a linear map and it is given by one of the following equivalent definitions:
1. For f: H — C a modular form of weight k we have

T.(f) = Y Fled =Y fliAi,
i=1

[A]€SL(2.Z)\Mat, (2.Z)

where {[A]],[Az2],---[As]} = SL(2,Z)\Mat, (2,Z).
2. For f: L — C a modular form of weight k we have

L(HA) =" Y A,

A'CA, #A A =n

where A’ runs through all sublattices A’ C A of index 7.
3. For f a homogeneous function on the sapce of enhanced elliptic curves (E, ®),
we have
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Tf(E,0)=n""Y f(E ),

where E, ¢ runs though all isogenies a : E — E such that a*(@) = & and
deg(a) = n. In this case f can be considered as a homogeneous polynomial of
degree k in Cltp,13], deg(r2) = 4, deg(r3) = 6 and we can rewrite

Tu(f)(t2,13) =n* 'Y (1),

where ' = (¢},#;) runs through all parameters for which there is an isogeny o :
E, — E, such that a*(%) = % and deg(a) = n.

Exercise 7.1 Prove the equivalence of the above three definitions.

Exercise 7.2 Prove that each equivalence class in SL(2,Z)\Mat,(2,7Z) is repre-
sented exactly by one of the matrices

{dl’},dm,ong.

037

Using the we know that the action of the Hecke operator 7;, on a mod-
ular form of weight k is given by

a’c—l—b). 72)

L@ = 02<b<d_ldkf( -

Theorem 7.2 For two natural numbers n and m and Hecke operators T,, T, €
M; — My we have
ThoTw= Y dk‘lT%. (7.3)
d|(nm) ¢

In particular, for n and m coprime we have
T,o0Ty =Ty
and for p a prime number
TyoTp =Tperi +p" Ty (74)

Proof. For a proof see [Sil94b, page 62]. We give two essentially same proofs, one
for modular forms as holomorphic functions on H and the other for modular forms
as functions on pairs (E,®). Let K,, := SL(2,Z)\Mat,(2,7Z). Let us take represen-
tatives A;, i = 1,2,--- ,0(n), B;, i=1,2,---,06(m) for K, and K,,,, respectively. For
a fixed d|(n,m) we also take representatives Cy,,, r = 1,2,---,0(%3) for K% Itis

not hard to show that for any C,, there is exactly d pairs (4;,B j) such that

do
AiBj = [0 d:| Cyr
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see the second part of Now we have

) o (m)

n
ThoTnf(t Z Z flxAiB;

o(

§

)

d2
do
f|k |:0 d:| Cdr
d|(n,m r=1
o(%3)
Z k71 'f‘kcd,r-
d|(n7m r=1

Now we reproduce the proof for modular forms as functions on the sapce of (E, o).
Let n, m € N and d|(n,m) be fixed. We prove that for pairs of isogenies.

E -5 E, LE, dega=n, degB=m

there is a unique isogeny E| AN E, degy= "7 such that

vold] = Boa

and for y fixed we have d pairs of such isogenies a, 8. Here [d] : E; — E; is the
multiplication by d map. This decomposition is inspired by the identity

o(n)-o(m) = d%;m d- o(’c’;)

If this is the case, then

Tnonf(E,(u):(nm)k_1 Z f<E1,(ﬁoa)*(x)>
Elﬂ>E2—l>3E

=Y nm“dZ <E1,yo [d])* >

E1—>E

We have used [d]*® = dw and f(E,dx) =d~* f(E,*). In order to prove the affir-
mation on isogenies we have to prove the corresponding affirmation on lattices. Let
A C C be a fixed lattices and

Ao A
AICACA, #—=n #—=m.
1 =442 =4, Al n, A2 m
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For (n,m) = 1, Ay is uniquely characterized by Ay = {x € A | nx € A;} and the
affirmation is trivial. For a subgroup G, := Z/dZ x Z/dZ C A /A, we define

Az = pull-back of G; by A — A/A;.

We have dA3; C A; C Aj and the index in both inclusions dA3; C A3z and A; C
Az is d?. Therefore, dAs = Ay, and hence, E| = C/Aj3. The proof follows from
[Exercise 7.31

Exercise 7.3 Let G be a finite abelian group generated by at most two elements,
#G = nm and d := (n,m). Show that the number of subgroups G C G with #G = n is
d times the number of subsgroups of G isomorphic to Z/dZ x Z/dZ. This problem
is equivalent to the following. Let K,, := SL(2,Z)\Mat, (2,Z). Let us take represen-
tatives A;, i =1,2,--- ,0(n), B;, i=1,2,---,0(m) for K, and K,,,, respectively. For
a fixed d|(n,m) we also take representatives Cy ,, r =1,2, - ,0'(’2—’5’) for K%. For

any Cy , there is exactly d pairs (A;, B;) such that

do
ABj= [O d] Cyr

The formula (7.3) is summarized in the following formal equality:

ZTnn7S — H(] _ Tppfs _‘_pk*leS)fl.
n=1 p

Proposition 7.2 Let f be a modular form with the Fourier expansion:

f(T) — Zanqn’ q:e2im'_

n=0

Form €N, we have T, f(t) = E‘, b,q", where
n=0
by = Z dkilamn/dz'
d| ged(m,n)
In particular, if f is defined over Q then T, f is also defined over Q.

Proof. This follows from[Equation (7.2)
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o

Tnlf)(g) = " > d*Y a,qt e
a-d=m, 0<b<d—1 —0

d—1 .
—k an 2nibn
d anqd e d
m b=0

I
E??‘
L
 agk

n=0a-d=
—c i Z d g g
nq
n=0d|(n,m)
- i Z (T)karlanmqn
d a2
n=0d|(n,m)

In the last line we have made the change of variables 71 := Z—Z’, d= ., and then we
have removed the tilde.

Exercise 7.4 Show that the Eisenstein series Ej, is an eigenform for all Hecke oper-
ators T, with eigenvalue o;_1(n):

T,E; = o1 (n)Ey.
Hint: This follows directly from the definition of Ej and T, see [Sil94bl 1.25, page
92].

Proposition 7.3 A modular form of weight k with fy = 1 is an eigenform for all
Hecke operators if and only if f is the Eiseinstein series Ej.

Proof. Let f be an eigenform for all 7,,’s. We have T,f = A,,- f and so

A fin = (Tnf)m = Z dk_lf”’"

2
d|(nm) ¢

(7.5)

We put m = 0 and get A, fo = 0r—1(n) fo, and A, = 01 (n). If we put m = 1 we get
also A, f1 = fi.

Theorem 7.3 Let f be a cusp form of weight k and suppose that f is an eigen form
for all Hecke operators and fi = 1. Then

Lf=fuf
Proof. We have T, f = A, - f and so in (7.5) we put m = 1 and get A,, = f,.

Definition 7.1 A normalized eigenform is a modular form f with

1. fis a cusp form with f; = 1.
2. Foralln e Nwe have T, f = f, - f.

Theorem 7.4 Let f(t) =Y, fuq" be a normalized eigenfunction of weight k.
Then
fnfm: Z dkile—’z"-

d|(n,m)
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570)
§
—
75(P) S
(x-¢)of S\ é—’/ X-e

Fig. 7.1 Isogeny

In particular,
Jom = fu fm (n,m):l,
Jpr - fp = Fpr +pk_1fpn_1 p prime.

Proof. We just apply [Equation (7.3)[to f.

Now we are ready to prove
Theorem 7.5 Let

A= qﬁ(l —¢")* =Y tn)g"
n=1 n=1
We have
7(n)t(m) = t(nm) (n,m) =1,
7.6
t(p)r(p") = z(p"™") +p'z(p™"), p prime. (7.6)

Proof. This follows from the fact that Sj» ((SL(2,Z)) is generated by A. The iden-
tities were conjectured by Ramanujan and proved by Mordell.

Exercise 7.5 Find a basis of S, (SL(2,Z)), n = 14, 16, 18 which are normalized
eigenforms.
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7.3 Proof of Theorem 6.1]

First, we prove that E is defined over Q. Let f € M be a modular form defined over
Q. We consider f as a function on the sapce of lattices and define

Py(x) = I1 (x—f(A)).

ACA, #A/A=n

Let us write P(x) = [T, (x — x;), where N := o(n). The coefficients of P(x) are
symmetric polynomials with QQ coefficients in the quantities

=

T/ =Y ¥ m=12..N.

i=1

By we know that Hecke operators send a modular form defined over
@ and weight k to a modular form defined over Q and weight &, and hence,

N
Pf(x)ZJC’V+ZﬁxIV7i7 ﬁEMik(SL(27Z))Q'
i=1

By f; can be written as a polynomial of degree ik in Q[E4, E¢] with
deg(E4) =4, deg(Eg) = 6, and so we can write Py = Pr(x,E4,E¢) € Q[x,E4,Eg). By
|Theorern 2.2| and |Theorem 2.3| we know that Wt“’ a = 2,3 is a modular form of
weight 2a defined over Q. This implies that P, € (27i) NQ[x,12,3], a = 2,3. Let
us consider an elliptic curve E := C/A defined over Q, that is, 1,(A),13(A) € Q. Up
to some power of 27i factor P, (x,t2(A),t3(A)) € Q[x] and this finishes the proof of

the fact that E is defined over Q.

Let (e1,0) be a 2-torsion point of E, see The function x — 1 has a
zero of order 2 at P and a pole of order 2 at O. Therefore, the zero and polar set of
(x—e1)o f = P(x) —ej are respectivey f~!(P) and f~'(0). Since E is defined over

Q, its torsion points are also defined over Q, and in paricular f~!(0), f~'(P) C
E(Q). This implies that all the zeros of P(x) are defined over Q, and hence P(x)
up to multiplication by a constant is defined over Q. Since f sends torsions of E
to torsions of E, evaluating (x —e) o f at any torsion points of £, which is not in
£71(0) and f~1(P), we get the fact that P itself is defined over Q. In a similar way,

we consider y;f which is an even function and its zeros and poles are all on torsion

points of E, see




Chapter 8
Congruence groups

The real purpose of mathematics is to be the means to illuminate reason and to
exercise spiritual forces (August Leopold Crelle, see [BKK"98b| page 32]).

8.1 Introduction

In this chapter we work with modular forms for subgroups of SL(2,Z), and in par-
ticular for congruence groups. One of the most well-known applications of such
modular forms is the so-called arithmetic modularity theorem which has been one
of the great achievements in mathematics of 20th century.

8.2 Congruence groups

We have seen that SL(2,7Z) appears as the monodromy group of the Weierstrass
familly of elliptic curves. If we take other families of elliptic curves and compute
the corresponding monodromy group then we will get subgroups of SL(2,7Z) of
finite index. Congruence groups are the most well-known subgroups of SL(2,7Z).
They appear as monodromy groups of universal family of elliptic curves enhanced

with torsion structures.
Let N be a positive integer number. Define
_ |10
not]I"(N), congruence group It is the kernel of the canonical homomorphism of
groups SL(2,Z) — SL(2,Z/NZ).

[(N):= {A € SL(2,Z)

123
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Definition 8.1 A subgroup I' C SL(2,7Z) is called a congruence subgroup of level
N if I'(N) C I'.std]Congruence subgroup of level N

a=v s}
a=v ol

not]I3 (N), congruence group which are congruence groups of level N.

Our main examples are

IH(N) = {A € SL(2,Z)

not]Ip(N), congruence group

Li(N) = {A €SL(2,7)

Exercise 8.1 For a description of a fundamental domain for the action of Iy(p), p
a prime number, see [Apo90l, Theorem 4.2]. Write a report on this.

Definition 8.2 std]Modular form A holomorphic function f :H — C is called a
moduler form of weight k for I' if

1. Forall A €T we have f|} A= f.
2. Forall A € SL(2,Z) the limit limyp, ), 4o f[1A exists.

8.3 Weil pairing

Let A =Zw; + Zw, C C be a lattice with Im(%) >0 and let E = C/A be the

corresponding elliptic curve. Recall the set E[N] of N-torsion points of E defined in
The following definition of Weil pairing is taken from [Sil94b] page 89]
and [S1192bl Chapter 3, Section 8].

Definition 8.3 std]Weil pairingnotjey, Weil pairing Let E be an elliptic curve. The
Weil pairing is
eN E[N] XE[N] — UN

w;+b o +d -ad—bc
e (a 1; (Dz’c 1; (Dz):egmd}vb,

where Uy = {e% |keZ}.

For an elliptic curve E in the Weierstrass format we consider the Weil pairing in E
through the Weierstrass uniformization theorem.

Exercise 8.2 Prove that the above definition is well-defined, that is, it is indepen-
dent of the choice of the basis ®;, @, for A. Moreover, the Weil pairing
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1. is bilinear, ey(P; + P»,0) = en(P1,Q)en(P2,Q)) and alternating, ey(P,Q) =
EN(Q,P)il.

2. Tt is non-degenerate, if ey (P,Q) = 1 for all Q, then P = O.

3. Ttis Galois invariant, ey (0 (P),0(Q)) = o(en(P,Q))) for all o € Gal(C/Q).

4. Tt is compatible, exy: (P, Q) = en(N'P,Q) for P € E[NN'] and Q € E[N].

Theorem 8.1 Let
Yo(N) 1= [ (N)\H, ¥ (N) := [ (N)\HL ¥(N) := [(N)\HL.

not]Yy(N), modular curvenot]Y)(N), modular curvenot]Y (N), modular curve

1. The set Yo(N) is the moduli space of pairs (E,C), where E is a complex elliptic
curve and C is a cyclic subgroup of E of order N. For © € Yy(N) the correspond-

ing pair is:
(E,C) = (cmmm%{[}b] , m [N];l} }) .

2. The set Y1(N) is the moduli space of pairs (E,p), where E is a complex elliptic
curve and p is a point of E of order N. For T € Y|(N) the corresponding pair is:

L

(E,C) = (C/(Zr+2) [

D)-

3. The setY (N) is the moduli space of pairs (E, (p,q)), where E is a complex elliptic
curve and (p,q) is a pair of points of E that generates the N-torsion subgroup of

E with Weil pairing ex(p,q) = N Forte Y1 (N) the corresponding pair is:

7. .1

L))

(E,C)=(C/(Z7+2),(]
The proof is simple and can be found in [DS05| Theorem 1.5.1, page 38].

Exercise 8.3 Show that

#SL(2,Z) : H(N)] = w(N) :=n IT (1 + ;) .

Here, y(N) is called the Dedekind y function.std]Dedekind y function

Remark 8.1 It is a natural question to ask when universal families over modular
curves exist. In [MFK94, Theorem 7.9 and comments after] it is stated that if N >
6% -d - /g! then the fine moduli scheme A, 4y for abelian varieties of dimension g,
with level N structure and polarization of degree d exists. It is a quasi-projective
over Sepc(Z). Actually there is a finer result which is called Serre’s Lemma and it
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states that N > 3 is enough for the existence of such universal families. The main
reference for this discussion is [[Gro62, Appendix by Serre].

8.4 Modular forms for congruence groups

We consider the moduli space of elliptic curves enhanced with torsion point struc-

tures and holomorphic 1-forms. The difference between these moduli spaces and

those in is the presence of a differential form @ together with E. Recall

that by integration the pair (E, @) is identified with a lattice A C C. not]L;(N),Lo(N),L(N),
moduli of enhanced elliptic curves

L := moduli of elliptic curves (E, ®),
L;(N) := moduli of (E,®,z), z € E[N] a torsion point of order N ,
L(N) := moduli of (E,®,{z1,22}), 21,22 € E[N], en(z1,22) = {v,
Lo(N) := moduli of (E,®,C), C C E[N] cyclic group of order N.

Let f be an elliptic function of weight k£ with poles at 0. For instance, we use f =
£, 7 which are of weight 2 and 3, respectively. We know the following functions
on these moduli spaces:

fl,N:Ll(N)_>(27 f],’N(E,(U,Z):f(A7Z),
fiiL(N) = C, fy(E,0.z1,2)=f (Az), i=1,2, A= o

H(E.Z)
f(),NZL()( )—)(C f()NE(DC ZfAZ

zeC

Note that in the last item we could fp  in different ways. For instance, the sum can
run 1. all generators z of C. 2. For d € N dividing N, it can run on all z € C with
dz = 0. Depending on applications, these other definitions might be useful. Any
function g as above has the following functional equation:

g(E,am,*) :afkg(E,a),*), Ya € C*, 8.1

where k is the weight of the elliptic function f. We consider the following maps

iiH— L (N) T (C/(Zt+12Z),dz, [y)),
it H - L(N) T (C/(Zt+12) ,dz,([l%],[é}))
i:H— Lo(N) t (C/(2t+2),dz. { 5], [7].--- ["F]})-

Proposition 8.1 Let f be an elliptic function of weigh k with poles at A. Then
the pull-back of fin, fn, fon by i is a holomorphic modular form of weight k for
L (N),[(N), and I§(N) respectively.
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Proof. We only prove the L;(N) case. The other cases are similar. For all [ccl 2} €
I7(N) we have

at+b at+b 1
= Z 7, —
fuv(c’c—&-d) f( c‘L‘+d+ ’N)

= (ct+d)* f(Z(at+b) + Z(cT+d),

cT+d

)

= (ct+d)* f(ZT+7Z, %).

Now, we have to show the growth condition. For this by it is enough
to assume that f = @ or &/. Note that if f has poles only at A then R{,R; in
@ are polynomials in £(z). In these cases the affirmation follows from

Exercise 8.4 Write the proof of |[Proposition 8.1|for Lo(N) and L(N).

Proposition 8.2 If fis a modular form of weight k for SL(2,7Z) then g(7) := f(N7)
is a modular form of weight k for Iy (N).

Proof. First note that N¥~1. g = f|; [1(\)/ (1)] and so g(7) is a priori a modular form
for '
NO| NO
Y s ]
ab
For A = [c d] € SL(2,Z) we have

N0l [ab][NO] [ a N'b
0 1f|cd||01| |N-c d |’
If we take A’s with N|b, this means that g is modular for I)(N).

Another important example of a modular forms comes from the following. Despite
being trivial and well-known for experts, I found it in a natural way in the study of

geometric quasi-modular forms in [Mov22b], see also
Proposition 8.3 The following is a modular form of weight two for Ig(N):

N-E>(N71)— Ex(7). (8.2)

Proof. The proof is a mere computation and it follows from the functional equation

of E, in[Theorem 2.4] Let f be the holomorphic function in (8.2). For [CCI ﬂ eIy(N)

we have
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at+b aNt+Nb at+b
=NE "2 ) —E
f(cl’—i—d) 2<CN1NT+d> 2<cr—|—d)

=N ((cf+d)2Ez(T) + ;;CN_I(CT+L1))

—(ct+d)’Ex (1) — ;—;c(chrd)
= (ct+d)*f(7).

The following modular form appears in a natural way in the study of Picard’s curious

example in[Theorem 13.

Exercise 8.5 For N € N let fy be an elliptic function with pole and zero of order

N at [0] and [%], respectively, and with no other poles or zeros (see [Exercise 2.17).

The following function

is independent of z and it is a modular form for I3 (N). Here, ’ is derivation with
respect to z. Hint: The two terms in Fy(7) have poles of order one at [0] and [4]
with residues 1 and —1 at these points. Therefore, the difference is a holomorphic
elliptic function in z, and hence, it is constant in z. For the functional equation of
Fi(7) either prove it directly or interpret it as a function in L (N).

The motivation for the following exercise comes from Picard’s moduli space in
[Section T3.7]and in particular Theorem 13.3

Exercise 8.6 Let

or) . # 1) . 60Gi(r)
Fy ’ ’ 3% ’ T Fy

Show that there is a meomorphic function g on the upper half plane such that

J
g+ 5= = 2~ 24a’ +6ab+6b,
db
g+ 5= = —3c+36a*> —36ab+9b*,
2t
dc 3 2
g~a—T = 12ca+ 12¢b — 144a’ 4+ 36b".

8.5 Fourier or g-expansion

Let f be a modular form of weight k for a congruence group I" of level N. It follows
that for all A € SL(2,Z), f|xA has Fourier expansion and in this section we aim to
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explain this. We have

v [IN 11
T —{0 1}EF(N), where T := {OO]’

and so for all A € SL(2,7Z)
(FA) T = fle(ATVAD)]A = feA

because ATVA~! € I'(N) C I'. This implies that if we define gy := e thennot]gy,
the g-expansion

=

f‘kA: anqxlv a,,E(C.

n=0

Exercise 8.7 For an elliptic function f such as &, compute the first few coefficients

of g-expansions of modular forms f1 x, fw, fo.v in[Proposition 8.T|and Fy in[Propo-
[sition 8.3

Exercise 8.8 The quotient

is a modular function for the group I)(NV). This follows from the functional equation
of A(7). It is a holomorphic in H and at jee:

qN fjl(l _qu)24
o(t) = —o—
q Iz]l(l—q”)z“

and so it has a zero of order N — 1 at ¢ = 0. There are no non-constant holomorphic
functions on a compact Riemann surface, and so, ¢ as a function on Iy(N)\H is nec-
essarily meromorphic. Compute its pole order at other cusps. For more information

on @ see [Apo90, Section 4.7].

Definition 8.4 Let us now consider the equality
0-1]""fab][0=1] [ d —cN!
N O cd||[NO| |-Nb a
This together with implies that we have a well-defined map

Wy : Mp(I') = M(I"), fr=N1t75f( I =Iy(N),Ii(N). (8.3)

-1
m)a
This map sends cusp forms to cusp forms and it is called the Fricke involution.
std]Fricke involutionnot]Wy, Fricke involution
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8.6 Transcendence degree of modular forms

Let I' C SL(2,7Z) be a subgroup of finite index a and f € My (I"). We define

YeiX'= [ &X-rkad), g:=1 (8.4)
i=0

Ael'\SL(2,Z)
Theorem 8.2 We have g; € M;.;(SL(2,7Z)).
Proof. Let P(X) be the right hand side of (8:4). Then for B € SL(2,Z) we have

POOLB =TT (X—(/lA)kB) = P(X).

Ael\SL(2,7)

Therefore, the coefficients of P(X) has the correct functional equation. The finite
growth of g;’s follow from the finite growth of f|;A’s for all A € I'\SL(2,7Z).

As a corrolary we get:

Proposition 8.4 Let N € N be a natural number and f be a modular form of weight
k for SL(2,Z). There are modular forms g; € M;.;(SL(2,Z)), i=0,1,...,¥(N)
such that

y(N) )
Z gyv)—if (N-7)" =0.
i=0

Proof. We know that f(N7) is a modular form for Iy (N), see [Proposition 8.2] and

the index of Iy(N) is SL(2,Z) is y(N), see In this way [Proposition 8.4
follows from

We have also the following statement.

Theorem 8.3 The field generated by modular forms for congruence groups is of
transcendence degree two. More precisely, any modular form for a congruence
group is in the algebraic closure of the field C(E4, Eg).

We may also try to state for weakly holomorphic modular forms,
that is, in assume that f is a weakly holomorphic modular forms

of weight k and pole order my,my, ... ,my at the cusps of H/I". Then g; must be a
weakly holomorphic modular form of weight k- i and its pole order at ico must be
computed in terms of m;’s. This might lead to a proof of some classial statements

such as[Exercise [3.1]
Let us consider the converse of that is, let us consider g; €
My, (SL(z,Z)), i=1,2,..a, and define

a
P(X) = Zga—i'xl-
i=0

The resultant of P(X) is a homogeneous polynomial of degree 2-k-a in
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@[gla827' .- 7ga]7 Welght (gl) = ki.

This is a weight 2ka modular form for SL(2,7). Assume that this resultant has no
zeros. Since H is simply connected, we can find holomorphic functions f1, f2, .., fs :
H — C such that

PX) = (X = fi)(X = f2)--- (X = fa)-

We have the representation
x :SL(2,Z) — GL(a,Z),

whose image is isomorphic to the permutation group in a elements and such that

filkA fi

A
& |:k = x(A) £ , VAeSL(2,Z). (8.5)
fulA fa

Here, x(A) is just a permutation matrix in 1,2,...,a. Let

Ii:= {A € SLQ.Z) | x(A)e; = ei},
where ¢; =[0,0,...,1,0,...,0]" and 1 is in the i-th place. We have f; € My (I7) which
is a direct consequence of (8.3) and the definition of I;.

Exercise 8.9 Show that P(X) is irreducible over M; (SL(z, Z)) [X] if and only if an
orbit of ) in {1,2,...,a} is the whole set. It follows that if P(X) is irreducible over
My (SL(z, Z)) [X]. Then

{f1, /2, fa} = {filiA, A€ I'\SL(2,Z)}

and
I[:=A"'HA AcI\SL(2,%).

The following question is natural to ask: under which conditions on g;’s, I is a
congruence group?






Chapter 9
Quasi-modular forms

There are five elementary arithmetical operations: addition, subtraction, multipli-
cation, division, and modular forms, (a quote atributed to Martin Eichler).

9.1 Introduction

Like modular forms, examples of quasi-modular forms are abundant in the literature
of 19 and 20 centuries. Typical examples are the Eisenstein series E> and logarith-
mic derivatives of theta series. The job of defining the algebra of quasi-modular
forms, and also stamping the name, is done in [KZ93]. In this article the authors
give a direct proof for a formula stated in [Dij95]] which deals with counting rami-
fied covering of elliptic curves and it is in the context of string theory. An algebraic
geometric framework for quasi-modular forms using de Rham cohomology of ellip-
tic curves has been introduced by the author in [Mov08, Mov12]].

In we have seen that the classical modular fotms are holomorphic
functions on the Poincaré upper half plane which satisfy a functional equation with
respect to the action of a subgroup of SL(2,7Z) on H and have some growth condition
at infinity. Quasi-modular forms can be also presented in a similar way, despite
the fact that their functional equation is longer, and so uglier. We will skip this
approach and refer the reader to [MROS]]. Instead, we adopt the algebraic geometric
encarnation of quasi-modular forms in [Mov12]), as this is open to generalizations in
the context of Calabi-Yau varieties. The bridge between the two notions of algebraic
and holomorphic quasi-modular forms is given by the generalized period map which
is constructed by elliptic integrals.

Algebraic de Rham cohomology of algebraic varieties is introduced by A.
Grothendieck in [Gro66]. Our aim in this chapter is to introduce this concept for
elliptic curves without going to the details of the general theory. For a computa-
tional approach using a covering (Cech cohomology) see also [MVZ2I]. Let E be
an elliptic curve over a field k of characteristic zero. The algebraic de Rham coho-
mologies HéR (E),i=0,1,2 are k-vector spaces of dimensions respectively 1,2 and

133
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1, see [Proposition 9.2], IProposition 9.4| and IProposition 9.5[ We have H(?R(E ) =Kk,
an isomorphism Tr : Hyy (E) = k and a bilinear map

Hig (E) x Hig (E) = HiR (E).
The map Tr composed with the bilinear map gives us:
(-,) : Hi (E) x Hig (E) — k

which is non-degenerate and anti symmetric. We call it the intersection bilinear
form. We have also a natural filtration of H(}R (E) which is called the Hodge filtra-
tion:

{0}y =F>c F'c F* = H}y (E)
Its non-trivial piece F! is generated by a regular differential form (a differential
form of the first kind). In the present chapter we define all these in a down-to-earth
manner.

9.2 De Rham cohomology of affine varieties

In this section we recall basic definitions and properties of differential forms in an
algebraic geometry. For further details the reader is referred to [Har77| page 172]
and [Mov21| Chapter 10].

Let A and R be commutative k-algebra and R — A be a morphism of k-algebras.
In all of our examples R will be a sub algebra of A. Using this morphism, A can be
seen as an R-algebra. We assume that A as an R-algebra is finitely generated.

Definition 9.1 Let €, /r denote the module of relative (Kéhler) differentials, that
is, £4/R is the quotient of the A-module freely generated by symbols dr, r € A,
modulo its submodule generated by

dr, r € R, d(ab) —adb—bda, d(a+b) —da—db, a,b € A.
The A-module £, R is finitely generated and it is equipped with the derivation
d:A— QyR, r—dr.

It has the universal property that for any R-linear derivation D : A — M with the
A-module M, there is a unique A-linear map y : £4/r — M such that D = yod.
Let X = Sepc(A) and T = Sepc(R) be the corresponding affine varieties over k and
X — T be the map obtained by R — A. We will mainly use the Algebraic Geometry
notation .Q)l(/T 1= QR

Definition 9.2 Let

i
)l(/T = /\ Qa/Rs
k=1
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be the i-th wedge product of Q7 over A, that is, Q§ T is the quotient of the A-
module freely generated by the symbols @; A @, A --- A @; modulo its submodule
generated by elements which make A A-linear in each w; and

C()l/\~~~/\C()j/\60j+1/\--'/\(1),'207 fOI‘(J)jZCOj+1.

It is convenient to define
0 ._
QX/T - A .
Definition 9.3 The differential operator

di: Qyyr = Qp

is defined by assuming that it is R-linear and
di(ada; \---Nda;) =daNday A---Nda;, a,ay,...,a; €A.

Sometimes it is convenient to remember that d;’s are defined relative to R. One
can verify easily that d; is in fact well-defined and satisfy all the properties of the
classical differential operator on differential forms on manifolds. From now on we
simply write d instead of d;. If R = k is a field then we write X instead of X /T.

Exercise 9.1 1. Prove the universal property of the differential map d : A — €2 /r.
2. Prove the following properties of the wedge product: For a € Q)’; e B e
Q)J(/T7 YEQr
(@AB)Ay=an(BAY),
aABAY= (1) yAB A,
3. Prove thatdod =0.
4. Fora € Qy ., B € _Q)J(/T we have:

d(anB)=(da)AB+(—1)aA(dB).

After the definition of differential forms, we get the de Rham complex of X /T,
namely:

0 1 i i+1
QX/T_>QX/T_>"'QX/T_>QX+/T_>"'

Since d od = 0, we can define the de Rham cohomologies

ker(Q)’;/T LN .Q}’;;IT)

Hip(X/T) =

Im(Q; /‘T = 7)

Exercise 9.2 1. Let m be the number of generators of the R-algebra A. Show that

fori > m+ 1 we have .QQT = 0 and hence Hip (X /T) = 0.
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2. Let A = R[x1,x2,...,x,]. In this case, we use the notation A}, := Sepc(A). The
A-module Q }&,F,{ is freely generated by the elements dxy,dx;, ... ,dx,. Prove that

H(AR)=0,i=1,2,...

This is in [E1s95, Exercise 16.15c¢, page 414].
3. Let us come back to the case of an arbitrary A. Let ay,a,...,a, € A generate the
R-algebra A. Define

I={PeR[xi,x2,...,x%y] | P(ai,az,...,an) =0}.
The set I is an ideal of R[x},x2,...,x,] and we have
A2 Rx1,x2,...,Xm) /1,
X/T o .QM /(011/\.(21’M +I.QM)

where by dI A QQI +1Q ‘i*'ﬁ we mean the A-module generated by
dri Ny +nrwy, ri,rnel, o € .ngﬁl, o € .QAE

4. Discuss conditions on A such that H%(X /T") = R. For instance, show that if R =
k is an algebraically closed field of characteristic zero and X is an irreducible
reduced variety over k then H%(X) = k.

9.3 Two incomplete elliptic curves

In this section we find an explicit basis for the de Rham cohomology of the main
examples of this text, that is, affine elliptic curves in Weierstrass form. The gen-
eral theory uses the notion of a Brieskorn module which is essentially the same
as de Rham cohomology. Our main source for this section is [Mov21), Chapter 10]
[KedO8]).

Let 1,13 € R, P(x) = 4x> — hx —t3 € R[x] and f = y* — P(x). Define A =
R[x,y]/(f), where (f) is the ideal generated by f. We have

Qyyr =@ /([ + @ df), gy = Qs /(R +df N2y ).
We have to say some words about Q)z( e We define the auxiliary R-module:
V= sz/df/\.QAz,

and A := 27t — 3. The quotient R[x,y]/(f, f,) is isomorphic to V by sending P € V
to Pdx N dy.
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Proposition 9.1 We have
AQg ) =0.

Proof. This is just the reformulation of

From now on we assume that A is irreducible in R and we replace R with its
localization on its multiplicative group generated by A. Therefore, A is invertible
in R and we can talk about the pole or zero order along A of an element in any
R-module. In this way .Q)% = 0 and

Hl (X/T) = Qé%{/(mj% +deng +dgng>.
There are two polynomials A, B € R[x] such that AP+ BP' = A. We define

1
o= Z(Aydx—f— 2Bdy),

which satisfies:

1
dx=yw,dy = EP/a)7 9.1)
We denote by d—f‘ and ";@ the elements @, respectively xw. Note that these two
elements have poles of order at most one along A.

Proposition 9.2 The R-module Hly (X /T) is freely generated by the elements %

dx
and *,
y

Proof. Using the equalities (9.1) and y> = P(x), every element of HJy (X /T) can be
written in the form (C+yD)w, C,D € R[x]. Since Dy® = Ddx is exact, this reduces
to Cw. From another side the elements

1
d(x%y) = (EP’x“ +ax" 'P)o
are cohomologous to zero. This equality can be written as

1 d
d(x%y) = ((4a +6)x*? — (a+ E)tgx“ - at3x“1> 7x

If deg(C) > 2, we can choose a monomial F = x? in such a way that the leading
coefficient of ( %P’ F + F'P) is equal to the leading coefficient of C. We subtract
d(Fy) from Co and we get smaller degree for C. We repeat this until getting a
degree one C.

The following is the same as|Exercise 3.12| without integral sign.

Exercise 9.3 Show that restricted to the elliptic curve E;, ;, we have the following
equalities:
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xdx 1 dx 3 xdx Xy
=t — +d(=
3 y + =0 y + (10)

xtdx 5 tzdx+1txdx+d(1 2 5 )
rax D pdx D XXl 2yg 2
y 3362y 1777y 1477 T 168"

Cdv _ L @+Lt2)@+d(ix3 + Lty ot )
y 307287y T2a077y 187 YT 3602 T 36"

In H(}R (X/T) we can further ignore the exact differential forms. The expression of

exact forms will be used in[Chapter 12} Hint: See [Exercise 3.12]
Remark 9.1 The proof of shows that for n € N we have

d d d
f’;x = ao(tz’tS)Vx +al(t27t3)xyfx +d(yQ(x))

for some homogeneous polynomials ag,a; € Q[f2,12], deg(r2) = 2, deg(t3) = 3 of
degree n and n — 1, respectively, and a polynomial Q € Q[x] of degree < n —2.

Let P(x) € R[x] be as before and

A=Rlx,y,2/(* = P(x),y2—1)
We will simply write % instead of z.

Proposition 9.3 The R module H); (X /T) is freely generated by

dx xdx dx xdx x%dx

Proof. In this example dy = %yP’ dx and so every element @ of H};(X/T) can be
written in the form Cy *dx+Cy~**! C,D € R[x], k > 1. We use the equality

—-b
d(x“y_b) = ax“_ly_bder Txay_b_zP'dx

for b = —1,—2,... and see that @ is reduced to a form with £k = 1 (each time we
multiply @ with A = BP' + Ay?). Now, for terms Cy~2dx we make the division of
dx xdx xd.

C by P and we are thus left with the generators Vo yz" . For terms Dy~ 'dx we

proceed as in [Proposition 9.2|and we are left with the generators %, ’%
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9.4 Algebraic de Rham cohomology of complete curves

Let X = X /R be a curve over the ring R of characteristic zero. For simplicity, we
will cut /R from our notations. We take a covering X = Up UU, by two open set
Up and U;. We denote by .Q[’Jf7 i,j = 0,1 the set of of differential i-forms in U;. By
definition _Ql[}j is the ring of regular functions in U;. The de Rham cohomologies of
X relative to this covering are defined in the following way:

H°(X/R) :=R
H'(XR) = {(w0, 1) € Q) x Q) | 01— € d(Qg )}
dQp, x d2yp,
Ql
H*(X/R) := Yol

(Qllf() + Qllfl + dgggﬁUl ) .

The definition using a covering with n open sets is similar and together with the
following exercise is left to the reader.

Exercise 9.4 Show that for any two covering of X, the corresponding de Rham
cohomologies are isomorphic in a natural way.

As usual, our main example of an elliptic curve is written in the Weierstrass format:
X = E = Proj(R[x,,2]/ (zy* — 4x° + trxz* + 12°))
which is covered by two open sets
Uy = Sepc(Rlx,)]/( —4x" + x+13)),

Uy = Sepc(R[x, 2]/ (z — 4> + toxz* +132°)).

The elliptic curve E has a closed point O := [0; 1;0] which is in the affine chart U;.
It is sometimes called the point at infinity. In the next section we will carry out some
residue calculus at this point.

9.5 Residue calculus, trace map and cup product

We need to carry out some residue calculus near the closed smooth point O, see for
instance [Tat68]]. Such a machinery is usually developed for curves over a field and
so it seems to be necessary to consider the elliptic curve E over the fractional field
ky of R, that is, we use E ®r kj instead of E. However, most of our calculations lead
to elements in R which will be used later in the theory of quasi-modular forms.

A regular function 7 in a neighborhood of O = [0;1;0] is called a coordinate
system at O if £(O) = 0 and ¢ generates the one dimensional k;-space mg/ m%), where
mo is the ring of regular functions in a neighborhood of O such that they vanish at
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0, and m%) is the Oy o-module generated by ab, a,b € mg. Recall that O is a smooth
point of E. Any meromorphic function f (meromorphic 1-form w) near O has an
expansion in ¢:

f= i fit', resp. w:(i fit)dt, fi € ky, 9.2)

1=—a I=—a

where a is some integer. The stalk of the ring of meromorphic differential 1-forms at
Ois a Ox po-module generated by dt and so @ = fdt for some meromorphic function
near O. Therefore, it is enough to explain the first equality. Let a be the pole order
of f at O. We work with ¢ f and so without loosing the generality we can assume
that f is regular at O. Let fo = £(O). For some f; € k; we have f — fo — fit € m>.
We repeat this process and get a sequence fo, f1, f2,-- -, fm, fut1,--- € ki such that

m
=Y fttemyth.
i=0
Another way of reformulating the above statement is:
1 .
f — Zfitl +0(tm+l),
i=0

where O(t') means a sum Y ;~;a;t/. This is what we have written in (9:2).

The residue of w at O is defined to be f_. It is independent of the choice of the
coordinate ¢. In our example, we take the coordinate r = ;—‘ with the notation of chart
Uy (in the chart U; we have t = x). The expansions of x and y in ¢ are of the form:

1 1
x= Zf2+0(z0), y= Zf3+0(f1). 9.3)

Exercise 9.5 1. Show that O is a smooth point of E, that is, the k;-vector space
mo/m2 is one dimensional.

2. Verify the equalities and prove that the notion of residue does not depend
on the coordinate system ¢.

3. Calculate the residue of x;g‘*, n=0,1,2,3.45atO.

4. Calculate the first 4 coefficients of the expansion of % in the coordinate t =

X

5. Letus take the coordinates (x, z) in which the elliptic curve E is given by z— 4xy3 —
tx7> — 137> and we have O = (0,0), t = x. Consider E over the ring R. A regular
function f at O can be written as g((;z)) with Q(0,0) # 0. Show that if Q(0,0)
is invertible in R and P,Q € R|[x,z] then all the coefficients in the expansion of f
belong to R (Hint: Verify this for f = z.)

Recall the open covering {Up, U, } of E introduced in

Proposition 9.4 The canonical restriction map
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1 1
Hag(E) = Hyp(Uo), (@, @1) — @y
is an isomorphism of R-modules.

Proof. First we check that it is injective. Let us take an element (@, @;) € Hj (X)
with wy = 0. By definition @) = @w; —wy =df, f € ngﬂUl‘ Since @ has not poles
at the closed point O € X, f has not too, which implies that (@, ;) is cohomolo-
gous to zero.

Now, we prove the surjectivity. The restriction map is R-linear and so by
, it is enough to prove that %, x;ﬁ are in the image of the restriction map.
In fact, the corresponding elements in HC%R(E ) are respectively

dx dx xdx xdx 1 )y
)]

y'y y oy x

(

We prove this affirmation for ";ﬂ We define Uy = U\ {x = 0} and use the definition

of hypercohomology with the covering {Up, U} }. We compute x and y in terms of the
local coordinate t = f; around the point at infinity O and we have (9.3)). Substituting

this in )‘%, we get the desired result.

Let Uy, U, be a covering of a smooth curve X. We have a well-defined map
Tr: H% (X) — R, Tr(@) = sum of the residues of @ around the points X \Up,

where @ is represented by wp; € -QlllomU] . For the elliptic curve E in the weierstrass
format we take the canonical charts of E described in[Section 9.4] The map Tr turns
out to be an isomorphism of R-modules.

Proposition 9.5 For the elliptic curve E in the Weierstrass format the R-module
HX% (X) is of rank one.

Proof. According to [Proposition 9.3[ any element in ‘Qllloﬂm modulo exact forms

can be reduced to an R-linear combination of 5 elements. The classes of all these

elements in HgR (X) is zero, except the last one x)gx. The first two elements are

regular forms in Uy and the next two forms are regular in U;. We have proved that

) 2 . 2 .
any element @ € HC%R (X) is reduced to r"yfx , r € R. Since % at O has the residue

_71 (use the local coordinate t = f and the equalities ), we get the desired result.

Exercise 9.6 1. Let us take two open sets Uy, U, C E which contain O. Show that
the definition of de Rham cohomologies of E attached to the coverings {Up, U, }
and {Uy,U, } are canonically isomorphic.

2. By our definition of residue, it takes values in kj, the fractional field of E. Show
that the map Tr has values in R.

Now we define the cup product in the case of a curve defined over R. Let us take
two elements @, o € H(}R (X). We take an arbitrary covering X = U;U; of X and we
assume that @ and « are given by {®;;}i jejand {04 }; jeywith
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C()j — @ = dfl‘j, O!j — 0o = dg,-j.
We define
y:=oUac Hi(X)
which is given by:
Yij = &ij0; — [fij&; + fijdgij. 9.4)

Let us consider the elliptic curve in the Weierstrass format as in In this

case
dx xdx -1 @

—U—= 9 =~ )
y y {wo1}, @ 2
and Jx xd
x xdx
(=, =—)=1. 9.5)
y oy

Exercise 9.7 1. Show that the definition of ® U & does not depend on the covering
of the curve X and that U is non-degenerate.

2. For a curve over complex numbers show its algebraic de Rham cohomology, cup
product and intersection form are essentially the same objects defined by C*-
functions.

9.6 Eisenstein modular forms

In this section we give an application of the residue computations in It
can be skipped as we will not need it later. We aim to recover the Laurent expansion

of the Weierstrass & function, see in an algebraic framework.
Let E be an elliptic curve over k and @ be a regular differential 1-form (@ €

F'HL (E)). We take the Weierstrass coordinates (x,y) of the pair (E, ®), and so
d
E:V =48 —bx-n, 0= nnek
y

For our discussion we may only consider a ring R C k with 7,,#3 € R. Let also ¢
be a coordinate system around the point O = [0;1;0], for instance take r = ;—C We

have % = Pd for some regular function P in a neighborhood of O. Let us write the
formal series of P at O and then write it as a derivation of some other formal power
series z =z(t) = Y7 | z;t'. We have

dx
— =dz, 71 = 2.

We call z the analytic coordinate system on E. Note that the first coefficients in the
formal power series of £3y,#2x in ¢ are invertible and so z(¢) has coefficients in R.
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Proposition 9.6 We have

| =

2k

x=7+zgzk+2z )
S

and

dx -2 &
y= 5= + 2 2k~g2k+2zzk, gu+2 ER.
Z Z k=1

Proof. We have z(t) = —2¢ +O(t?) and write ¢ in terms of z, thatis, = (z) = Sz +
O(z?). Since the coefficients of z(¢) are in R and z(¢) starts with —2¢, the coefficients
of #(z) are also in R. We write x in terms of z and we have: x = Y5, g;z* for some
gk € R. The elliptic curve E is invariant under the involution (x,y) — (x,—y). The
coordinates ¢ and z are mapped to —¢ and —z, respectively, and x is invariant. This
implies that g; = O for all odd integers k. Calculating g¢, g» we see that go = g» = 0.
The expansion of y follows from the equality dx = ydz.

Proposition 9.7 The mapping (E,®) — gox+2 is a full modular form of weight 2k +
2.

We denote this modular form with Gy and we call it the (algebraic) Eisenstein
modular form of weight 2k + 2.

Proof. The growth condition in the definition of a quasi-modular form follows from
the fact that in the process of defining Gy, all the coefficients are in R. For k €
G, the Weierstrass coordinates system of (E, ®) ek is (%, 7) = (k~2x,k~>y). In this
coordinates system 7 = kt and Z = kz which give us the desired functional property
of gyr2’s with respect to the action of G,.

Exercise 9.8 Show the last piece of the proof of thatis, go = g2 =0.
Calculate G4 and Gg.

9.7 Ibiporanga: enhanced elliptic curves

Let N be a positive integer. In this section we use the notation of groups Ip(N), I (N)
and I"(N) without using them, see for their definitions. Their appearance
in this section is for the sake of following the terminology in the literature. They are
the monodromy groups of universal families of elliptic curves enhanced with cer-
tain torsion points, and hence, one usually do not see them in an algebraic context,

however they are hidden there, see

Definition 9.4 An enhanced elliptic curve for I§(N) is a 3-tuple (E,C, ®), where E
is an elliptic curve over k, C is a cyclic subgroup of E(k) of order N and ® is an
element in H} (E)\F'. An enhanced elliptic curve for I3 (N) is a 3-tuple (E, Q, ®),
where E, @ are as before and Q is a point of E (k) of order N. Let us fix a primitive
root of unity of order N in k, say {. An enhanced elliptic curve for I'(N) is a 3-tuple
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(E,(P,Q),®), where E, @ are as before and P and Q are a pair of points of E(k)
that generates the N-torsion subgroup E[N] with Weil pairing ey (P, Q) = &. For the
definition of Weil pairing see We call C,Q or (P,Q) a torsion structure
on E. The number of enhanced elliptic curves for I" with fixed E and o is finite and
it can be shown that it is the cardinality of the quotient I'\SL(2,Z). For N = 1 an
enhanced elliptic curve for all Iy(N),I7(N) and I'(N) is the same and so we write
I =SL(2.Z) = [o(N) = [ (N) = [ (N),

The choice of ® € Hlx (E)\F' determines in a unique way a regular differential 1-
form @; € F! with (@, @) = 1. This is because F' is a one dimensional subspace of
HJp (E) and any non-zero element in F'! together with @ form a basis of H} (E), and
hence, it has non-zero intersection with @ (otherwise the intersection form would be
identically zero). In this way, @;, @ form a basis of the k-vector space HC{R (E).Ina
similar way we can define a family of enhanced elliptic curves, see [Har77, Chapter
III, Section 10].

Remark 9.2 The general definition of an enhanced projective varieties given in
[Mov22a, Chapter 3] includes a marked polarization 8 € Hz, (E) with Tr(6) € N.
This is a discrete object and its presense in the enhancement can be neglected. As
before, we choose w; € F'Hgr(E) in such a way that (@, ®) := Tr(w; U @) =
Tr(0) - COITU“’ = 1. In the case of polarized abelian varieties this will produce differ-
ent moduli spaces, see [Mov22al Chapter 11].

Let To(N), T1(N) and T(N) be the set of enhanced elliptic curves for Iy (N), I7(N)
and I'(N) respectively, and modulo canonical isomorphisms. In the following we
will denote by T one of these moduli spaces. The additive group G, = (k,+) and
the multiplicative group G,, = (k*,-) acts in a canonical way on T:

(*5*7(0) ok = (*5*7](71(0)7 ke Gm7 (*a*aw) € T7
(x,%, @) 0k = (x, %,k 0 + @), k' € G, (x,%,0) €T.
Both these actions can be summarized in the action of the algebraic group

/
G—Hgk’il] | k’ek,kek—{O}}NGaxGm 9.6)

that is,

(x,%,0) 0 g = (%, %,k @ —i—k*la)), gEG, (x,x,0)€T.
For N = 1, our three moduli spaces are the same T := To(1) = T(1) = T(1), and
we have:
Proposition 9.8 For N = 1 the moduli space T is defined over Q and it is the affine
variety

1
T = SepcQlt1, 1,13, Z}, A:=278 -1

We have a universal family over T given by E — T, where
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E: o?—d4(x—1)  +0(x—1)+n =0,
besyiz] x (t,02,13) €P2 X T,

[xdx

0= } € Hix(E/T), given in the affine coordinate 7 = 1.
y

The action of the algebraic group G on T is given by

k K

teg .= (t1k72+k’k71>t2k74at3k76),t = (t17t2’t3)’g = [0 k!

|<a.

Proof. We use |Proposition 4.4|to write a pair (E, ;) of elliptic curve and holomor-

phic 1-form w; in the Weierstrass format. We get @ = “% +1 %. The proof of the
action of the algebraic group is as follows: Let

a: Al = AL (x,y) = (Kx— Kk )
and f =y> —4(x—1;)> +t2(x — 1) + 3. We have
kS (f) =y* =4k S (kPx — Kk —11)> + ok O (KPx — Kk —11) + 1k 6 =

V=4 — Kk =0k 2P k(o — Kk — 1k 2) 413k 6.

This implies that a induces an isomorphism of elliptic curves

xdx xdx
o (Ereg, @' (—) = (Er,—)-
y y
Since
a*@ — k@ —k’ﬂ
y y y

we get the result.

Note that from the beginning we could work with the elliptic curve E in the Weier-
strass form with #{ = 0. We have the isomorphism

(P =4(x—1n) —n(x-n) *%}yﬁ) =~ ({y? =4 ft2x7t3},@ +11@)’
y y y
(x,y) = (x—11,y). 9.7)

For historical reasons, we also present the following proposition.
Proposition 9.9 The moduli space T|2] is defined over Q and it is the affine variety

1 1
9 9 ]a
h—h h—n h—nR

T = SepcQlt1, 12,13,

We have a universal family over T given by E — T, where



146 9 Quasi-modular forms

E : 2 —4(x—12)(x—12)(x—12),
baysz] x (t,t0,13) € PP x T,
P=[11;0:1], Q= [0;0;1]

d
0= {H} € Hix(E/T), given in the affine coordinate 7 = 1.
y

The action of the algebraic group G on T is given by

k K

teg:= (k> +Kk 'k 2+ Kk sk 2+ Kk 0= (1,0,13),8 = [o .

|ec
Recall that in we have reinterpreted the Ramanujan (resp. Darboux-
Halphen) differential equation as a vector field in the parameter space T in[Proposi
[tion 9.8] (resp. [Proposition 9.9).

9.8 Quasi-modular forms

The algebraic group G acts from the right on T and so it acts from the left on the
space of functions on T.

Definition 9.5 A quasi-modular form f of weight m and differential order or depth
n for I' is a function T — k with the following properties:

1. With respect to the action of G, f satisfies
ke f=k"f, ke Gy, 9.8)

2. With respect to the action of G, f satisfies the following condition: there are
functions f;: T — k, i=0,1,2,...,n such that

Kef= Xz’) (7) K'fir K € Gy ©.9)

3. (Growth condition)?

We were not able to formulate a growth condition for quasi-modular forms in a
purely algebraic and intrinsic way using degeneration of curves. Such a condition
would correspond to the classical growth condition for holomorphic quasi-modular
forms. In [Kat76bl], this condition is formulated in terms of Tate curves and Eisen-
stein series. This does not seem to be a natural one because it assumes a priori that
we know Eisenstein series. The formulation in [Hid12]] allows modular forms to
have poles on cusps. We are going to introduce this condition using one of its main
consequences, namely, the k-algebra of quasi-modular forms for SL(2,7Z) is gener-
ated by three Weierstrass coordinates. Note that combining both actions and

(©9) we have:
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n o /
feg=k"Y (’l’)k’kf Vg = [’8 kkl} €G. (9.10)
i=0

Let us consider the case I" = SL(2,Z). We are going to describe the growth
condition in this case. Using[Proposition 9.8] the Weierstrass coordinate 7;, i = 1,2, 3
of an enhanced elliptic curve (E, @) satisfies the functional equations and
with weight m = 2i and differential order n = 1 for #; and n = 0 for £, and #4. The
growth condition for f in this case is that f is an element in the k-algebra

klt1,t2,13], weight(s;) = 2i, i =1,2,3.

It follows that it is homogeneous with deg(f) = m and deg,, f < n. A quasi-modular
form for SL(2,7Z) is also called a full quasi-modular form.

Let us now describe the growth condition for arbitrary N. We only work with
T[N]. The argument for other moduli spaces is similar. Assume that k is alge-
braically closed and consider f : T[N] — k with the properties and . We
define g;: T — k, i=1,2,...,a=deg(T[N] — T[1]) satisfying and with
weight mi and differential order ni in the following way:

gi: T[] =k,

gi(E,O)) = Z f(E,*[,CO)f(E,*z,O))"'f(E,*,',(O),
Bl TS PR
where *1,%),%2,...,%; runs through i-tuples of torsion structures on £ and attached
to I'. It follows that f is a root of the polynomial

X g X X2 (1) g X+ (—1)%,. 9.11)

The growth condition for f is that the corresponding g;’s are full quasi-modular
forms (the case N = 1). It follows that

gi € k[t1,12,13], gi homogeneous, deg(g;) = mi, deg, (gi) < ni.

For n = 0 we recover the definition of modular forms of weight m, see [Kat76bl.
A modular form of weight m is a function from the set of enhanced elliptic curves
as before but with this difference that @ € F! is a regular differential form and not
an element in Hj (E)\F!. The action of G, is given by (x,*,®) ek = (x,* ko)
and f satisfies ke f = k=" f, k € G,,. The growth condition in this case can be also
expressed using Tate curves.

We denote by M, = M} (T), for T one of T(N), To(N), T1(N), the set of quasi-
modular forms of weight m and differential order n and we set

M= Y M),
meZ,neNy

/
If n < n’ then M?, C M", and
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MM, C M M+ M = M.
We see that M has a structure of a graded k-algebra. The k-algebra of full quasi-
modular forms has also a differential structure which is given by:

3ot

ML — M"Yt di(R) = ZE

m+2> Ri

i=1

where R=Y3 | Ri% is the Ramanujan vector field. We sometimes use R : M — M
to denote this differential operator.

Exercise 9.9 1. There is a canonical bijection between modular forms of weight m
and quasi-modular forms of weight m and differential order 0.
2. In verify that f; is a quasi-modular form of weight m — 2i and
differential order n — i. In particular, f, is a modular form of weight m — 2n.
3. The algebra M (I"(2)) is freely generated by three quasi-modular form sy, 2,53
of weight 2 and differential order 1. Show that the polynomial in (9.11)) for each
Si is
(X -1t )3—1t (X —1 )—lt )?
1 e 1= gh)
Remark 9.3 It is desirable to have a coordinate free description of k[t;,#,3]. It
turns out that k[f|,,23] is the k-algebra generated by Ria, i=1,2,..., where a
runs through all invertible element in . Note that the set of invertible elements in
O is a multiplicative group generated by A. This kind of statement does not seem
to be valid in general. For example it fails for mirror quintc, see [Mov17].

9.9 Quasi-modular forms over C

In this section we recall the definition of quasi-modular forms as holomorphic func-
tions on the upper half plane H which satisfy a functional property with respect to
the action of a subgroup of SL(2,Z) on H and have some growth condition at in-
finity. The main references and more details can be found in [MROS, MovOS|]. We
show that what we have developed so far in the algebraic geometric framework is
essentially the same as its complex counterpart. The bridge between two notions is
the generalized period map which is constructed by elliptic integrals.
ab
For A = L d
recall the slash operator f|,A = (ct+d)™" f(AT). LetI" be a subgroup of SL(2,Z).
For instance, take a congruence group of level N.

} € SL(2,R),t € H, m € Z and f a holomorphic function in H,

Definition 9.6 A quasi-modular form of weight m and differential order n = 0 is
a classical modular form of weight m. A holomorphic function f on H is called
a quasi-modular form of weight m and differential order n if the following two
conditions are satisfied:
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1. There are holomorphic functions f;, i =0,1,...,n on H such that

flmA = Z() (ct+d)"'fi, VAeT. 9.12)

2. filmA,i=0,1,2,... ,nhave finite growths when Im(7) tends to +co for all A €
SL(2,Z), that is

lim (f;[nA)(T) =aja <oo, aja €C.
Im(7)—+o0
We will also denote by M, the set of quasi-modular forms of weight m and differ-
ential order n and we set

M= Y M.

meZ,neNy

For an f € M}, we have f|,,] = fy and so fy = f. Note that for a quasi-modular form
f the associated functions f; are unique. If f € M, with the associated functions f;
then f; e M)~ ’2 with the associated functions f;; := f;, ;. The set M is a differential
C-algebra:

+1
57 M), ~>M2+2

If n < then M. M. and Mﬁer’r'l, C M"™, Ttis useful to define

m+m'"

FllmA = (detA)™ "~ 12( ) 1) (et +d) " fi(AT), (9.13)

i=0
—c
A e GL(2,R o= .
€ ( 9 ) fe m7 CA 1 det(A)
Exercise 9.10 Prove the following:
1. The equality (9.12) is written in the form
f=fllmA, VAET. 9.14)

2. We have
fllwA = flln(BA), VA € GL(2,R), BE T, f € M.

3. The growth condition on f is required only for a finite number of cases fi||n 0, o €
I'\SL(2,Z),i=0,1,2..
4. The relation of ||, w1th 7 is given by:

I(fllmA) _ df
—o = EHmHA, VA € GL(2,R). 9.15)

5. Let A € SL(2,Z). If f € M],(I") with the associated functions f; then f||,A €
M" (A~'T"A) with the associated functions f;||,,A € M"~" (A~'T'A).

m—2i
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For a congruence group I" of level N we have

Ty = |:(1)III:| er.

Now assume that I" is a normal subgroup of SL(2,Z). For an f € M'(I') and A €
SL(2,Z) with [A] = o € I'\SL(2,Z) we have (f||mA)|mTn = f and so we can write
the Fourier expansion of f]|,,A at

v 2miN
fllmA = Zanqﬁ,, a, €C, gy:=e™"".
n=0

We have used the growth condition on f to see that the above function in gy is
holomorphic at 0.

9.10 Generlized period domain and generalized period map

Quasi-modular forms as holomorphic functions on the upper half plane H are best
viewed first as holomorphic functions on the generalized period domain

Mn:= { {xl xQ}
X3 X4
We let the group SL(2,Z) (resp. G in with k = C) act from the left (resp.

right) on [1 by usual multiplication of matrices. The Poincaré upper half plane H is
embedded in I1 in the following way:

rz= |71
Tt ol

X1,%2,X3,%4 € C, x1x4 —x0x3 = 1, Im(x1%3) > O}. (9.16)

We denote by H the image of H under this map. Note that any element of I is
equivalent to an element of H under the action of G because:

Xy x| ;ﬂ—l X3 X4
N [0 ()] ©.17)

The map

J:GL(2,R) xH — G, J(A,1) = [(CT(;Ld) (C1+d)_—cl det(A)}

is an automorphy factor, that is, it satisfies the functional equation:

J(AB,t) = J(A,Bt)J(B,T), A,B € GL(2,R), € H.
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This follows from the equality

T -1 At —1
A[l O] = { 10 ]J(A,r),AeGL(Z,R), T e H.

Proposition 9.10 Quasi-modular forms f € M}, are in a one to one correspondence
with holomorphic functions F = ¢ (f) : 11 — C with the following properties:

1. The function F is I -invariant.
2. There are holomorphic functions F; : 11 — C, i =0,1,...,n such that

i=0

3. Foralla € SL(2, Z)jhe restriction of F; to Hy, has finite growth at infinity, where
H, is the image of H under the action of & from the left on I1.

In fact we have F; = ¢(f;). The proof is a mere calculation and can be found in
[MovO08]], Proposition 6.

Exercise 9.11 1. Verify that the vector field

d d
X:i=—x=——x

ax1 487)(:3 (919)

is invariant under the action of SL(2,7) and hence it induces a vector field X in
the quotient T'\[N.

2. Show that under the correspondence in[Proposition 9.10} the differential operator

on quasi-modular forms as functions on '\ is given by the vector field X. Note
that X restricted to the loci H is %

9.11 Generalized period map and it inverse

Recall the notations of for the base field k = C and[Section 9.8] Recall
also that that for I = SL(2,Z) we have

T:=Tr ={(t1,t2,t3) € C*| 2713 — 153 #0}.

IfI'"isone of I'(N),I7(N),Ip(N) then we know that the projectionmap 3 : Tr — T
(neglecting the torsion point structure) is a covering of degree #(I"\SL(2,7Z)) (see
[Exercise 9.12)) and so Tr has a natural structure of a complex manifold. We define
Rr to be the pull-back of the Ramanujan vector field in Tr.

Letus fix » € Ty and a basis &, 89 of the Z-module H, (Eg,), Z) with (57, 87) =
1. For any path y which connects b to an arbitrary point ¢ € T~ we define 81,8, €
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H,(E;,Z) to be the monodromy of & and &) along the path y. The generalized
period map is defined by

PZTF%F\H,IH[

1 fal?ﬁsl% _
v=ami | s 5 Js

We also use P for the multi-valued map Tr — [1; being clear in the text which
we mean. Brackets [-] means the equivalence class in the quotient I"\[1. Tt is well-
defined because of |Proposition 3.2} |Proposition 3.5|and the following fact: different
choices of the path 7y lead to the action of I" from the left on 1 which is already
absorbed in the quotient I"\I. Different choices of b and 57,8 lead to the com-
position of the generalized period map with canonical automorphisms of I"\I1 (see
|Exercise 9.12|, [tem 2[). The factor ——— is inserted so that the determinant of the

\—=2mi
matrix 1s one (Legendre relation between elliptic integrals).

Proposition 9.11 The Gauss-Manin connection of the family of elliptic curves y* =

4(x—11)* —ta(x — 1)) —t3 written in the basis %, x% is given as bellow:

dx dx
\% (g) =A <;> (9.20)
y y

1 —3tio— 15dA la
A=~ A (32 e 3 L agal
A |Adt) — ghdA — (517 + ga) & 56X+ 73dA

where

A =271 —13, a = 3n3dty — 2nrdts.

In particular, the period matrix P satisfies the following differential equation:
dP" = AP". 9.21)

Proof. This is an easy consequence of after inserting shifting x with
11. For this recall the isomorphism (9.7).

Proposition 9.12 We have

1. The generalized period map is a biholomorphism;
2. It satisfies
P(teg)=P(t)-g,t€Tr, g€G; (9.22)

3. The push forward of the vector field R by the generalized period map P is the
vector field X in (9.19).

Proof. Tt is enough to prove the Proposition for I' = SL(2,Z) (Exercise 9.12}

[ftem 4). The equality (9.22) follows from The last statement fol-
lows from [Proposition 9.11]as follows:

ap® =P()-a"®R) =P | % 0] = |72 ().
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We have used the notation P = [il iz] . Using the equality (9.21) and det(P) =1
3 X4

we have:

dxi Ndxz Ndxy = A1 NApp A (X]A3 +)C2A22)

1 1 3

= —(——dA)A (2 Adt
3)61

= —dti Ndp \dt
AA 1 2 3

where A = [A;;] is the Gauss-Manin connection in the basis in [Proposition 9.11
Using we know that x; # 0 and we conclude that P is a local biholo-

morphism. The fact the P is a global biholomorphism follows from the local case
and the fact that after taking the quotient by the group G we have the inverse of the

Jj function as inSection 3.

Exercise 9.12 1. ForI' =I(N), I1(N), I'(N) show that the cardinality of ['\SL(2,7Z)
is the number of enhanced elliptic curves for I" with (E, ®) fixed.

2. Show that the generalized period map P is well-defined.

3. For A € I'\SL(2,Z) we have the well-defined map F4 : I'\I1 — I'\I, x— Ax. A
different choice of 610, 520 in the definition of the generalized period map leads to
the composition P o Fy.

4. [Proposition 9.12|for I = SL(2,Z) implies the same proposition for arbitrary I".
Now, let us consider the case I’ = SL(2,Z) and

g=1(81,82,83) H—=T (9.23)

—1
be the composition H — SL(2,Z)\MN P T.Here, P! is the inverse of the general-

ized period map. From [Proposition 9.12] part 2 it follows that g;’s satisfy

4 ,at+Db .
(CT+d) ZIg[(m):gi(T), l:2,3, (924)
5 ,at+b, . ab
(ct+d) gﬂm+d)—gﬂﬂ+w&r+® ,reH,Ld € SL(2,7Z).

From [Proposition 9.12]part 3 it follows also that g is a solution of the vector field R,

that is,

dgi 5, 1~ dg dgs 1,
97 ~ 81T 8 5y = 48182683, =7 =68183— 383 9.25)
. 11 . L
Since 01l € SL(2,Z), the functions g; are invariant under 7 — 7+ 1, and so, they

can be written in terms of the new variable g = ¢>™7. In|Section 9.12| we will prove
that g;’s have a finite growth at infinity and hence as functions in g are holomorphic
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at g = 0. This implies that up to multiplication with some constants, g1, g»,g3 are
E», E4, Eg, respectivly. The precise equalities will be obtained in this section.

9.12 Periods and Ramanujan

In this section we consider the full modular group I' = SL(2,Z) and the corre-
sponding generalized period map. We are interested in the image L of the map g
constructed in[Section 9.11{ This is the locus L of parameters ¢ € T such that:

xdx \/7 / xdx 9.26)

5 Y

for some 8,8, € H|(E,;,Z) with (8;,8,) = —1. Using [Proposition 9.12] part 2 and
the equality (9.17), we know that the locus of such parameters is given by:

(\/JZm‘ f52 %)7 \/72m f52 o
I=(I,h,5):=(t1,1,13) ® =

0 \/ﬁftiz y
N xdx
(cnem [, St [ 5]
- m) 2| %)4, ~nem) (| "yx>6) .

The mentioned locus is one dimensional and the above parametrization is by us-
ing three parameters f1,f,#3. We may restrict it to a one dimensional subspace

t = (0,12,—4y) as in [Section 3.9| use the formulas of elliptic integrals in terms
of hypergeometric functions (3.32)) and obtain the following parametrization of L:
I =
17 15 15
F 1 1 F(-,2,1 1-27)F(-,>,1]2)°
(0F (oo 9P 3112 (g 31194 a1 =207 (. 2.1 2.

where i o i
(1) T1 2 (1) 3
—, 12(— —)7). 2
(85 ©27)
Since the generalized period map sends R to X, and the canonical map H — I1 sends
% to X, we conclude that if we write /;’s in terms of the new variable

(a1,a2,a3) = (
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that is (I1,5,13) = (g1(7),£2(7),£3(7)) then g is a solution of R. Here, g;’s are the
same as in (9.23). We can write g;’s in terms of ¢ = ¢*™". This is g; := I;(p~'(¢)),
where p : (C,0) — (C,0) is the map given by (3.38). It follows that g; as a func-
tion in g is one valued and holomorphic in the disc of radius one and center O.
Now, by (9.24) we know that g1, g2, g3’s satisfy the same functional equations as the

E»,E4, Eg. This to gether with[Theorem 2.3]implies that
Ex(t) =a; 'gi(1), i=1,2,3. (9.28)

Note that by [Theorem 2.3|there is no modular form of weight 2 and hence we know
that g; must be a multiple of E; .

Proof (Proof of[Theorem 2.4). This is a direct consequence of (9.28) and the func-
tional equation of g; in (9:24).

9.13 Comparision theorem

Now, we are in a position to prove that the algebraic and analytic notions of quasi-
modular forms are equivalent.

Theorem 9.1 The differential graded algebra of quasi-modular forms in the Poincaré
upper half plane together with the differential operator 3 is isomorphic to the

graded differential algebra of quasi-modular forms defined in together
with the differential operator Rr.

Proof. According to|Proposition 9.10} quasi-modular forms can be viewed as func-

tions on I"\[M. Now, the generalized period map which is a biholomorphism gives
us the desired isomorphism of algebras.

Our geometric approach toward quasi-modular forms and the fact that the gen-
eralized period map is a biholomorphism give also the double sum formula for the
Eisenstein series E5 in

Proof (Proof of [Theorem 2.13). Let us consider the family of elliptic curves y> =
453 — thx — 13 with o = , W= (x—i—tl)% and

(l‘],l‘z,l‘g.) = (alEg(‘L'),a2E4(‘L'),a3E6(‘L')),

where a;’s are given in (12.22)). By[Theorem 2.2]and [Theorem 2.3} if we use the bi-

holomorphism C/(Zt+Z) 2 E, z+> (\/—27ti72,(0(z), \/—27'ci73ﬁ(z)) and define
81,0, to be cycles in E corresponding to vectors 7,1 € C then
1

\/ =271 1 0|’

d d
Is, S s, (x+0)5
Note that in the Weierstrass uniformization the coefficients
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(€2,83) = (60-2-(4)-E4,140-2-{(6) - Eg) = ((—27i)*aEs, (—27i) a3 E)

appears. Let us consider the equality corresponding to (1,2) and (2,2) entries:

1 xdx T
H-T=-1-— —:—1—/ T,2)dz 9.29
1 T s A 2(7,2)dz (9.29)
1 xdx 1
H= 00— | =t 7,2)dz. 9.30
: \/fzm/sz y /o‘fg( 2)dz 630

The integration in (9.30) can be replaced with integration over the following path ¥:

—£ € 1—¢

Recall the Weierstrass zeta function in We continue the computation
of 11:

0= [de@)=Ci-e)- e =2£(3)

which gives us the result.

9.14 Partial compactifications

Once a moduli space T is given, one has also the problem of its partial compacti-
fications, that is, enlarging T in such a way that it parameterizes degenerations of
the underlying objects. In our main example T in after constructing
coordinate system on T we get in [9.8] that T := C*\{A = 0}. The main goal of
partial compactifications in algebraic geometry is to construct A = 0, or part of it
like A = 0 minus its singularity which is the origin, without describing the ring of
functions coordinate freely, as in general there are no methods to choose such cor-
rdinates. In other words, it is desiable to have A = 0 as a kind of moduli space. In
this section do this.

We consider the moduli of (P',0,P,a, ), where P = {P;,P,},0,P,P, € P!
and Py, P> are distinct different from O, and are not ordered and ; € H(}R (IP’1 —P)
and o, € HJp (P! — P) @ Hlx (P!, P) with (o, o) = 1.

We choose a coordinate function y on P! with pole or order 1 at O. Further, we
assume that y(P;) +y(P») = 0, and hence (y — y(P;))(y — y(P,)) = y*> — b for some
b € C. We consider the following generators of our one dimensional vector spaces

dy

W) = V2 —b HJR([Epl —P), w:=dy GHJR(PI’P)’

and we can verify that (@, ) = 1. The choice of y is not unique and can be re-
placed by any Ay+ B, A € C*, B € C. Since we assumed that y(P;) 4+ y(P,) = 0 we
have B = 0. We conclude that our moduli space is Sepc(C[b, ¢, 7]) and we have the
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universal family over it given oy = yzd—fb and 0p =dy+ cyzd—fb. We want to see this
in the boundary of the moduli space T in For this we have to identify
the point P; and P> and get a singular curve, more precisely, we need a morphism
P! — PV such that is an embedding outside P; and P, and these poins are mapped
to a single point. We can see that y > [y*> — b : y(y*> — b) : 1] is the desired map. In

the affine coordinates (X,Y) for P? we get
dx (X +c)dX
Y2 =X>(X+b), 4 = ~o, = .

( + )7 1 Y s 2 Ve

Further transformation (X,Y) — (X — 1b, 1Y) puts our moduli space as degenera-

tion of T.

9.15 Hecke operators

The theory of Hecke operators for quasi-modular forms is similar to the classical
case and it has been developed in [Mov15b]]. In this section we review this and its
main consequence:

Theorem 9.2 Let N € N be a natural number and f be a quasi-modular form
of weight k for SL(2,7) defined over Q. There are quasi-modular forms g;, i =
0,1,...,w(N) of weight ki for SL(2,7Z) such that

() )
Y syn-if(N-T) =0.
i=0

This same statement for modular forms is presented in|Proposition 8.4






Chapter 10
Riemann zeta function

I have told the story before, but it is ironic that being at the same university, Artin
had discovered a new type of L-series and Hecke, in trying to figure out what kind
of modular forms of weight one there were, said they should correspond to some
kind of L-function. The L-functions Hecke sought were among those that Artin had
defined, but they never made contact-it took almost forty years until this connection
was guessed and ten more before it was proved, by Langlands. Hecke was older
than Artin by about ten years, but I think the main reason they did not make contact
was their difference in mathematical taste. Moral: Be open to all approaches to a
subject, (J. Tate in [RS11|] page 446).

10.1 Introduction

In this chapter we introduce the Riemann zeta function. We will follow mainly the
Riemann’s original article [Rie39] and the book [EdwO01]] which explain a historical
account on Riemann’s paper. Euler considered the zeta function

OED

for real s and Riemann introduced {(s) for complex s and its extension as a mero-
morphic function to the whole s-plane. In particular, it was known before Riemann

that

6 8

T T
5(6) = gz £(8) = gucs

We will then consider Hecke’s L-functions which are natural generalization of { in
the framework of modular forms.

159
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10.2 Riemann zeta function

In this section we are going to study the first of all zeta function, namely the Rie-
mann zeta function:
=1
s)i=) —
OEPW

We mainly use the Riemman’s original article [Rie59].

Proposition 10.1 The series {(s) converges for all s € C with Re(s) > 1 and

1
g(s) —1;17(1_1,_3)7 (10.1)

where p runs over all primes.

Equation (10.1)|is known as Euler’s product formula and [Rie59, page 671] men-

tions that it is a remark made by Euler.

Proof. We have |n~*| = nRe(s) and so it is enough to prove the proposition for s €
R,s > 1. We have

1
= if s> 1.
s—1 s

In the last equality we assume that s is a real number bigger than 1. For a prime
number p we have p~° < 1 and so

(1 _pfs)fl _ Z pfms_

By unique factorization theorem

[T0=p)" = ¥ 0 +Ru(s).

P<N n<N

Clearly
Ry(s) < Z ns.
n=N+1

Since {(s) converges we have Ry (s) — 0 as N — oo and the result follows.

10.3 The big Oh notation

In this section for @ € RU {+£eo} we define the interval I, to be a small one sided
neighborhood of a. If @ € R this means that I, = (a,a+ €) or = (a — €,a) for some
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Fig. 10.1 Riemann’s zeta function converges.

small € and for a = +oo this means I, = (b, +0) for a big positive number b and for
a = —oo this means I, = (—eo, —b) for a big positive number b.

Definition 10.1 Let f, g be two complex valued function in 1, we write

f=0(g)orf~usag

to say that % is bounded near a, that is there exists a constant M such that

[f ()] < Mlg(x)], Vx € L.
For three complex valued functions f,g and h in I, we write f(x) = h(x) + O(g(x))
if f(x) = h(x) = O(g(x)).
We mainly use the following convergence criterion: Let f be a complex valued
continuous function in 7,,a € R and

[ ~isa (x—a)’, seR.

For a = o we assume f ~,_,, x*. We can extend this assumption to s = F-co. For
instance for a € R the expression f ~,_,, (x —a) ™ means

Vs €RT, frua (x—a).

Proposition 10.2 Letr f be a complex valued continuous function in I,,a € R and
[ ~oa (x—a)*, s e R Fora,s € R the integral f,a S(x)dx converges if s > —1. If
a = =oo, s € R then the integral [, f(x)dx converges if s < —1.

Proof. We have

’ /1 F(x)dx

a+tée

§/|f(x)|dx§M/ |x—aldx = (x—a)*!| |
Ji, I

a
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where the equality is written for I, = (a,a+ ¢€). The last quantity is finite if s 1 > 0.
The other cases are similar.

in some instances is not enough to prove the convergence of inte-

grals. A simple change of variable in this proposition gives us:

Proposition 10.3 Let f be a complex valued continuous function in I,,a € R and
[ ~xsaIn(x—a) (x —a)*, s,r € R. The integral [; f(x)dx converges if s > —1. If
s =—1, s € R then the integral [; f(x)dx converges ifr < —1.

Proof. For simplicity we assume that I, = (a,a + €). We make the change of vari-
able y = —In(x — a) and we have

f)dx=—f(e™ +a)eVdy ~y 1wy e EHD,

If s+ 1 > 0 then

ye Ut oy vre N (10.2)
and so by the desired integral converges. If s = —1 then

< [ oyatne) = — [ dmoy,

oo

and the statement follows.

Remark 10.1 We know that In(x) ~,_,q+ x~¢ for all positive &, however, there is no

a € C such that In(x) ™! ~,_,¢+ x%. This means that we cannot use [Proposition 10.2

directly for integrals whose integrand contains In(x)~!, that is why we have reformu-

lated [Proposition 10.3| which will be used in[Section 10.9] Note also that f ~y_,, g

does not imply f* ~,_,, g° for an arbitrary s, and f ~,_,, g does not imply g ~,_,, f.
In 09 June 2021 T was using In(x) ~,_,o+ x~¢ implies In(x)* ~,_,o+ x~*¢ for an ar-
bitrary s, which is trivially false, and it took a full day to find this bug in my mind!

10.4 Gamma function

The gamma function is defined by
I(s)= /wasflefxdx, Re(s) > 0.
It converges because near 0
X le™ oy g RO
and so for Re(s) > 0 the integral near zero converges. Near infinity it is always

convergent because
¥ le ™ vy iwx " VneN. (10.3)
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We have
Lis)=(—1DI'(s—1) (10.4)

because

I(s)= —/mx“*lde*x — e
0

+/ e fdx' 1 =(s— 1) (s—1).
0
0

Since I'(1) = 1 this implies that
I'n)=(m-1)!,neN

and so the I'-function is the interpolation of the factorial function.

Proposition 10.4 The I"-function has analytic continuation to a meromorphic func-
tion in the whole complex s-palne with poles of simple order at s =0,—1,—-2,....
Moreover, it has no zeros.

Proof. The equalities

_F(s—}—l)_m_ I'(s+n+1) "
Fis)= s s(s+1)---(s+n)’ €N

proves the first statement. The second statement follows from Euler’s reflection for-

mula -

r(1—sI(s)= sin (73) (10.5)

There are three well-known functional equations involving the Gamma function.
Two of them we have already seen in (I0.4) and (I0.5). The third one is the Gauss
multiplication relation:

1 m—1

F(m-z)kl—!)

m—1

(z+ %) = m2 " (2m) " (10.6)

for z € C. We call these three the standard relations of the I function. For m = 2
this is the Legendre duplication formula

r'iz)r (z—i— ;) =212 \/n (2z).

Exercise 10.1 Prove Euler’s reflection formula (I0.5) and Gauss multiplication re-

lation (T0.6)).

Remark 10.2 Gauss introduced the notation I1(s) = I'(s+ 1) which is used in Rie-
mann’s original article. The notation I" is due to Legendre, see [EdwO01, page 8].

Definition 10.2 The Mellin transform of a function f defined on R™ is
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./O‘wx"f(x)@.

X

Proposition 10.5 If f(x) is locally integrable along the positive real line, and

F(X)in0s = 00 and  f(¥)erion = O(')
then its Mellin transform converges in the fundamental strip [—u,—V).

Proof. This follows from [Proposition 10.2]

By definition the I" function is the Mellin transform of e™*.

10.5 Analytic extension of Riemann’s zeta function, I

Riemann in his paper [Rie39] introduces two methods to prove the analytic exten-
sion of {(s) to the whole s € C. In this section we present the first one. From the
definition of I"-function it follows:

I(s)

nS

= / x*“le™™dx, Re(s) > 1. (10.7)
0

Taking sum for n = 1,2, ... we obtain

= xS*ldx
T(s)¢(s) :/O — T Re(s) > 1,
One can see that near +o we have ﬁ = O(x~) and near 0 we have ﬁ =

O(x~!). Therefore, the convergence strip for the above integral is Re(s) € (1, +oo),

see Now, we consider the integral
G0 (S d
1(s) = / (=) dx.

w ¥—1 x

Here, we have taken the branch of (—x)* = ¢*™(=%) in C\R™" such that In(—x) for
negative x is a real number. The path of integration begins at +co, moves to the left
down the positive real axis, circles the origin once in the clockwise direction, and

returns up the positive real axis to +oo, see Now, the above integral is
convergent for all s and it gives an entire function in s. A simple calculation shows
that it is equal to

x5 dx

gx—IY’ Re(s) > 1.

1) = (=) [0

In particular, this shows that /(s) vanishes in s = 2,3, .... Therefore, we get
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Real x line s S —
e \o—

Fig. 10.2 A path of integration

Disin(ms)[ ()¢ (s) = / ) dx

4o —1 x

and by (10.5)

C(s) _ F(l —s) ./Jroo (_x)s dX- (108)

2 Jyw =1 x
Note that for s € Z the integral I(s) can be written as

I(s) = / (—x)* dx

lx|=¢ € — 1 x

where the domain of integration is oriented clockwise.
Proposition 10.6 We have

1. {(s) extends to a meromorphic function on the s-plane.

2. It has a unique pole at s = 1. The point s = 1 is a simple pole of .

3. Itvanishs at s = —2,—4,—6,... and for s =0,—1,—3,-5,...

sBl—s
1—s

Eis)=(=1)

)

where By,’s are Bernoulli numbers given by

-1 1 1 5

SR I . 6§ 2 W4, D6, B8, 6 10
ex_l—ZBm%—l—i—Tx—Fax +?X +ax +§x +W)€ + e

m=0

Proof. The first item follows from the equality (T0.8). The second item follows from
the fact that I"(1 — s) has a simple pole at s = 1,2,3,.... Since {(s) has no poles at
s =2,3,... we conclude that the integral /(s) in (I0.8)) must vanish at these points.

The equality () d
' —X) dx
— =2mi #0,
J

x=e e —1 x
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shows that the pole at s = 1 survives. We now prove the third item. For s € Z,s <0

we have
—s oo mxm+s—1 by
(o) =52 (2 (1)53) o

2mi 0 m! x
B
=I(l1-s)(—1)°
(-9 s,
B
= (—1)°
(1=,

where the domain of integration is oriented clockwise.

By Cauchy theorem for s with Re(s) < 0 we get
2sin(7ws)(s){ (s) = (2m) (—i)* L+ 1) Z n!
n=1

see [EdwO01, Section 1.6] for further details. In other words the function

N _s
r()a3¢(s)
remains invariant under s — 1 — s. By analytic continuation this holds in the whole
s-plane. In our way we also find the values of § for even positive integers:

Exercise 10.2 Prove that

(2m)*" (=1)""'By,

N.
2. 0 '€

£(2n) =

10.6 Second proof for functional equation

In this section we present the second proof of the functional equation of {(s). This
proof is more interesting, as in it appears a theta series and it has been the main
motivation for Hecke to generalize it for a bigger class using modular forms.
In the equality we make the change of variables x — n’>7x and s — 5 and
we obtain: s
re -

s Ral 2
n 2= x27le7™™dx, Re(s)> 1.
n’ Jo

Define

and so -
csir(Cyn s = / S Ty(x)dx, Re(s) > 1. (10.9)
2 0
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Note that the sum in y cannot start from 7 = 0 as the integral [;°x3~dx is not con-
vergent for all s € C. Since y is a subseries of the geometric series Y| (e~ ™)", it
is convergent in the interval (—1, 1). For this we could also use directly the Cauchy-
Hadamard theorem. We need the following functional equation of y. .

Proposition 10.7 We have

X

142y (x) =x2 (1+2w(1)) . (10.10)

We prove this in[Theorem 2.1} where the main ingredient is the Poisson summation
formula. We have the theta series

65(7):= Y ¢, q=e"" 1cH
n=—oo

which is related to y by 63(t) = 14+ 2y(—it). Using (10.10) we continue comput-
ing (10.9).

(S

s . o 1,
COrGat = [ ad yedes [ a3 Ty(ax
dx

o0 I 1
:‘/1 ()C +x 2 )W(X);+m, seC

[Py

for which the right hand side is convergent for all s € C. We multiply the above

equality by @ and define

E(s):=T (%+ 1) (s—1)m3¢(s)

which is an entire function and satisfies & (s) = (1 — ).

10.7 Hecke’s L-functions

In this section we present Hecke’s L-functions introduced in [Hec36]]. This is mainly
the imitation of the first proof of the functional equation of {(s) discussed in
however, it gives a general framework for the second proof.

Let us consider a series of the form

= fot figh +frgh ++ fagh +-o (10.11)

where f; € Cand A € R". We assume that f is convergent in the unit disk and
hence if we set ¢ = ¢*™7 then it defines a holomorphic function f : H — C. We
further assume that f satisfies the functional equation
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(5) =rcmtse (10.12)

T

for some y = £1 and k € Q. This format of a functional equation is useful when
we restrict to the imaginary axis T = ix, x € RT. The real function g(x) := f(ix)
satisfies

g0 =7,

Note that by definition f also satisfies the functional equation

fx+2) = f(2).

Definition 10.3 The Hecke’s L-function attached to f is
S
L(fis) =} s
n=1

which converges in the region Re(s) > a, where we have assumed that f,, ~ n“.

Note that the constant term f of f does not appear in the expression of L. We have

1—‘ oo

L) _ / ¥ le ™™ dx, Re(s) > 1

n® 0
which implies
L(f,s)[(s) :/ X! (Z fn~e”x>dx.
0 n=1

We make the change of variables x — 27zx-A~! and get

) = [T =iy [ @t war L s a013)

where f = fy+ f. In the following we will use the notation

f (i) == fo.

Theorem 10.1 Let f be a holomorphic function in the upper half plane with a g-

expansion of the form (10.12) and the functional equation (10.12). If f (ieo) = O then
the integral

oo

R(f.5)i= (=) [ (1) = fli=))de

is a holomorphic function in the entire plane s € C and if f (i) # 0 then it is a
holomorphic function in the half plane Re(s) > max{0,k} and it has a meromorphic
extension to the whole s € C with poles of order one at s = 0,k. In both cases it
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satisfies the functional equation

R(f,k—s)=7VR(f.5), y==L. (10.14)

Proof. This integral is always convergent at ico. The argument is as follows. Let
T =ix, x € R". Using the g-series of f in (I0.TT) we know that there are positive
constants M and N such that

|F(ix)] < M-e™ 2™, Vx € (N, +o0).

This together with
lim e*-x"=0,VmeN

X—>+o0

imply the convergence at ico for all s € C. The convergence at 0 happens if fo =0
and all s € C or fy # 0 and for all s € C with Re(s) > max{1,k}. For this we use
the functional equation (I0.12) which implies the functional equation of f-

f(j) — fo- (=i} = D)+ 7(=i0) ().

or equivaelntly
f<i1> = fo- (= 1) + 9 Flix).

X

We have

oo

©N(f(ix) — (i) dx

(=}

1

= [ X f(ix der/ =1 F(ix)dx
0

oo

= 2y f(ix))dx

oo

= “les R Fli) 4 x° f(lx)) dx+ fo /oo xS (k= 1dx
1

1

_/ ( stk g s 1)f(ix)dx+f0'<_1s_—s}j|-k>

If fo # 0 then we have used Re(s) > k and Re(s) > 0 in order to compute the last in-
tegral. The first integral is a holomorphic entire function in s € C and so the theorem
is proved. Note that for (T0.14) we have used y = +£1.

(10.15)

Remark 10.3 If we do not remove the constant term fy of f and then define
Joo T f()d then the difference of this with the previous one is foy [;° 75" 'dT
which is not convergent. This implies that [;° t*~! f(7)d7 is not convergent for

fo#0.
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Example 10.1 For the theta series

we know that

andsok=1,y=+1,2=2and fy = 1. In this case

L(65,s) Z

and so we get the functional equation and analytic continuation of §(s). We recover

the content of in this case.

Example 10.2 In this example f is the Eisenstein series Ey, k > 4. We have

L(Ee s *”%Z =h X X

n=1 d=1 m=1

(10.16)

where by = 240,b3 = —504 and in general by = (— )kéi

Example 10.3 We can also formulate Hecke’s L-function for quasi-modular forms.
Let us explain this for E; which satisfies the functional equation

o —rZE(r)+£r
N )7 27i

instead of (I0.12)), and describe the functional equation of L(E5, s). Note that similar

to (I0.16) we have
L(Ey, f) = =248 (s — 1) §(s)

Note that by = —24. If E; = 1 + E, then the functional equation of £ is

12 c
2mi

E, <_’L_l> = (—l"C)2 -1+ (—iT)kEz(T) +

Similar to (T0.13)) this gives us
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For the extra integration due to 5 ‘L' we have to assume that Re(s) > 1. Because of
this we have the functional equat10n

12
R(EQ,S)—R(Ez,Z—S) = ?S*l.

Remark 10.4 It is well-known that any quasi-modular form f of weight k and order

< s can be written as Z OD’F + OcDZEg, where F; is a modular form of weight
k—2iand ¢ =0if s < , see [MROS| Proposition 4.2]. This implies that

N

L(f,s) = ZL(Fi,s—i)—FOCL(Eg,s— g)

i=0

10.8 L-function of cusp forms

An important class of L- functions are those attached to cusp forms, see for instance

[Sil94a, pages 80-84]. Let f = Z /24", fi =1, be a normalized eigenfunction of
weight k. Then in we have seen that

S = fntn s (nam)zla
fpf’fp:fpe+l+pk_1fpe—1 e>1.

Proposition 10.8 We have

1
, !;[me 1 _fpp—s +pk—l—25

\ pN

-y

n=1

(10.17)

k
forRe(s) > 35+ 1.

Proof. The convergence follows from f;, ~ nd (see [Theorem 2.8)) and the same

convergence statement for Riemann zeta function. For the product formula we first

observe that
)= fan*= 1] X fep®

p prime e=o

Then we have
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(1= fop %) ( Y foe 'P8S>

e=o
— Z fpepfes _ Z fp . fpepfsfes_k Z fpepkilizsies
e=o e=o e=o
A B C
=A+C-Y (fpert —i—pkilfpefl)p*‘yfe“' —fpp?
e>1

=A+C—-(A—-1—f,p°)—C—fpp*=1.
The product in (10.17) is also called the Euler’s product formula of L-function.
Theorem 10.2 Let f be a cusp form of weight k for SL(2,Z). Then

1. L(f,s) has an analytic extension to an entire holomorphic function in s € C.
2. Ifwe set R(f,s) := (2m)°I'(s)L(f,s) then

e

R(f k=s) = (=1)2R(fs).
k

Note that R is symmetric with respect to Re(s) = 5.

Proof. This is a particular case of Hecke’s theorem, see [Theorem 10.1} We have
Y= (—1)§7 A =1, f(iec) = 0. Note that & is even.

Remark 10.5 For the analytic continuation of L-functions attached to cusp forms
for In(N) or I7(N) we use the map Wy introduced in (8.3). For more details see
DSOS, Section 5.10, page 204],

Remark 10.6 We may analyze L-functions of cusp forms from a point of view
which has to do with elliptic points of the action of SL(2,Z) on H. Let y = 7, — P,
where 7y, connects ioco to i and 9 connects O to i. Both paths are in the imaginary
axis. Note that

01
’)/2_S.747 S_|:1 0:|'
In some sense, R(f,s) = (—i)° [, f(T)7*" 4t is attached to S with $> = —I and its

fixed point i. Recall that the analytic continuation of R to C is done through

wro= [ roeS- [ poe e |

1

(re- st ).

T T

This gives us the convergency at 0 and the functional equation R(f,k —s) = R(f,s).
Here, we are using the fact that & is even. Now, consider

A= (—11(1)>

with A3 = —I, Ap = p, where p = _1%”/5 Under the iteration of A we have
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Fig. 10.3 L-function

joo — —1 — 0 — ioo
T+1 —1
T =g T

Furthermore, we have the functional equations

f(”l) — (“0)f f(7) f( - ) — (x4 D £(2)

-7 T+1

Let &; be the path in the upper half plane which connects ie to p. For instance,
it can be in the straight line Re(7) = Re(p). Let also 8, = Ad; and 8 = Ad,, see

[Figure 10.3] We define
N1=06—8, rh=56—-08,13=586-0

10.18
Ri:=(—i)* [ f(o)r*!, i=1,2,3 ( )
%
We have
Ri+Ry+R3=0

The integrals in (T0.18)) are convergent at ieo, —1, 0 respectively. Since y3 connects
ies to 0, we conclude that Rz = R(f,s). By substituting the Fourier expansion of f
inside these integrals one arrives at incomplete Gamma functions, and it might be
interesting to investigate this further.

Remark 10.7 Let f be an eigenform of weight 2 for Iy(N). Recall from (I0.13)
that the L-function of a modular form is basically a Mellin transform
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I'(s)
(—2mi)s

joo

L(f,s) :/ o f(0)de (10.19)
0

We use Mellin inversion theorem and write

1 ctico F(s)
T)=— T ——L d 10.20
10 =5z | T s (10.20)
Now let E be an elliptic curve over Q and f be the corresponding modular form
L(E,s) = L(f,s). In the absence of f, it is tempting to insert a mirror map in (10.20)
and try to recover f through this formula:

Jao\ 1 getie(fso\ " I
f<f52w>_2m/cioo (f(;zw> (_zn)‘vL(Eas)d& (10.21)

Note that the Left hand side is a polynomial expression in terms of elliptic integrals.
One might replace E with a variety for which arithmetic modularity is not known,
compute experimentally the right hand side and observe which kind of periods must
pop-up in the left hand side. For instance, if the left hand side of (T0.21)) is a period
then it must satisfy a polynomial differential equation, and one might try to compute
such a differential equation directly from the right hand side (this is also true directly

the formula (10.20)).

10.9 L-function attached to Gauss hypergeometric equation

Using the analytic continuation of the mirror map in we can define
a vast generalization of L-functions attached to linear differential equations. The
main idea is that if we have a modular form f(7) and we replace 7 with the Schwarz
map then we get polynomial expressions of periods. For simplicity, we will do this
only in the case of Gauss hypergeometric equation with the Schwarz map in
This method seems to be elaborated in [[Sti88]] in which the author in page
229 says “A number of specific arithmetic applications will be fully discussed in
our forthcoming paper ...”. The paper’s name is “n, 6, {” which seems to be never
published.

Recall the identities (3.43) in[Section 3.11] Let us take for instance the identity
involving E4. We substitute the schwarz map in (T0.16) and get
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Recall the differential equation (3.36)) satisfied by the nominator and denominator
of the Schwarz map, and the equality (3.37). We conclude that up to multiplication
by a constant independent of s we have

E(s=3)¢(s) =

s—1
(Zn)s/l F(L311—2) ( 15 , 15 2) (dz dz)
I'(s) Jo F(L,2,1]2) F(6’671|Z) F(676,1\z) z+1—z
(10.22)

Let R(E4,s) be the integral in the above formula. In order to see the functional

. o L F(%,%,l\lfz) - 15
equation R(E4,4 —s) = R(Ea,s), we set T := 03 ) F=F(g,z,1]z) and
676"

we write

R(Ey,s) :/OIA(s,z)=/O£A(s,z)+/1A(s,z)

[N

Z/O%A(s,z)—A(s,l—z)
:/05(131+T3S)(F2—F2) (tZZ+ dz )+

Z 11—z
/ (,L.37s _ T*lfs)FwZ (dz + dz )
Jo z 11—z

For the computation of the second integral, we return back to the 7 coordinate and it
is —(lv + ﬁ) This is clearly invariant under s — 4 — s. This part also contains the
poles s =0,5s =4.

By [Proposition 10.3|the integral[10.22]is convergent at z = 0 for all s € C because

its integrand has the asymptotic
integrand ~ (In(z))*".

Note that % (F(é, %,1 | 2)? fF(%, %,1 | z)=2) is holomorphic at z = 0. By
the convergency at z = 1 happens only for Re(s) > 4. This is because near
z=1wehave F(},2,1|z) = hol-In(z— 1) +hol and so

integrand ~,_,; (In(z— 1)) =2 (z—1)"!

Remark 10.8 Similar change of variable is used in [Rogl3| and [KZ01, page 24]
in order to compute special values of Ramanujan’s L-function.

For a modular form f with the constant term f; we have used f(7) — fp in the
expression of L(f,s). This does not seem to be an elegant way, as we expect to
make a sum of f with another modular form of the same weight and not weigh 0
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modular form which is the constant fj. This is why the L function of cusp forms
are more natural. There is a very trivial way to construct cuspidal quasi-modular
forms. Namely, if f is a quasi-modular form then its derivation with respect to 7 is
a cuspidal form and so we can directly define its R-function:

(9 joo
R(f'.s) ::/ i lgid'c—/o v ldf(7)

0

For instance, for f = E4, we get

Es—9G(s—1) = 55 LB 5) =

(—2miy [U(FL -2\ 15
24°F<S)/0 < F(g.3.1k) ) "( 66 ”Z)) (10.23)

In order to simplify this formula further, it seems natural to define

15

¥=Fg 6

1]2)*=1:(C,0) = (C,0) and (0,1) — (0, 4o0)

and define its inverse by M(x). Let

15 15
—, = 1|1—-z)=F(=

where G is holomorphic at z =0 and G(0) = 0. We have

. i) Joo . s—1
Sls=4)C(s—1)= §40217f())/ (ln(éézM(x))JrW())) dx  (10.24)

) In(—=2) + G(2)

F 432

Since F (é, 2,1 | z) is an elliptic integral of the first kind, it never vanishes in
C\{0,1}. We have to prove that its derivative in z does not vanish in (0, 1) in order
to be able to talk about the inverse of G(x) which is defined in (0,4-c). Even if this
is the case, F’ might have zeros in other places. A consequence of this is that the
Taylor series of G(x) might have a finite radius of convergence.
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Fig. 10.4 A change of coordinate.






Chapter 11
Hasse-Weil zeta function

1 should like to conclude with a brief discussion of a very interesting conjecture, due,
I believe, to Hasse. As we have said, from the Kroneckerian point of view the fields
of dimension 1 are the number-fields and the function-fields of curves over finite
fields; to each one of these there belongs a zeta-function, the properties of which
may be said to epitomize in analytic garb some of the more important properties of
the field. It is therefore reasonable to guess that similar functions can be attached
to fields of higher dimension, and in the first place to the fields of dimension 2, i.e.,
to the curves over an algebraic number-field, and to the surfaces over a finite field,
([Weid2l page 99]).

11.1 Introduction

11.2 Finite fields

A finite field, as its name indicates, is a field with finite cardinality. By definition of
a field and finiteness property, the characteristic of a finite field is a prime number
p > 1. Finite fields are completely classified as follows:

Exercise 11.1 We have the following:

1. The order of a finite field of characteristic p is p" for some n € N.
2. There is a unique (up to isomorphism of fields) finite field with p”, n € N ele-
ments.

3. For a prime number the finite field with cardinality p is simply the quotient ), :=
Z

4, lé%r g = p", n € N the finite field with cardinality p" is denoted by IF,. It is the
spliting field of the polynomial x4 — x over IF,.

5. Every finite integral domain is a field and in particular, let f(7T) be a monic
irreducible polynomial of degree n in F,[T]. Then the quotient F,[T]/(f) is a

finite field with p” elements.

179
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6. Let f(x,y) € Fp[x,y] be a polynomial and I be a non zero prime ideal of R :=
F,[x,y]/(f). Then the quotient R/I is a finite field.
7. We have

Fp=|JFp. (11.1)
n=1

For more on finite fields the reader is referred to [Jac&85]].

11.3 Zeta functions of elliptic curves over finite fields

In this section we review the zeta function of elliptic curves over finite fields which
are rational functions, and hence, much simpler than L-functions. The general defi-
nition and rationality was conjectured in [We149] and was proved by P. Deligne (see
for instance [Kat76al] for an exposition of Deligne results). In the following, p is a
prime.

Definition 11.1 Let X be an affine or projective variety defined over IF,,. The zeta
function of X is defined to be the formal power series in T':

Z(X,T)= exp(i WT’).

r=1 r

Theorem 11.1 Let E be an elliptic curve defined over I ,. Then

1 +2apT + pT?
(1=T)(1—pT)’

where ag is an integer depending only on E. Moreover, the Riemann hypothesis
holds for E, i.e. the only zeros of

Z(E,T) = (11.2)

§(C,s):=Z(E,p™)

are in the line Re(s) = %

Proof. For a proof see [Mil20, Theorem 9.10, page 202].

Let
1 —2apT +pT? = (1 —aT)(1—BT)

and so
o+ B =2ag, af =p (11.3)

Note that o and 3 are algebraic integers:

a,B =ag+/az —p. (11.4)
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We take the logarithmic derivative of both sides of (11.2)) and one easily finds the
equalities
#E(Fy)=p +1—-a" —B", r=1,2,3,... (11.5)

For r = 1 we obtain
#E(F,) =p+1—2ag (11.6)

We conclude that

Corollary 11.1 For elliptic curves over a finite field IF, the number of I ,-rational
points determine the number of F,r-rational points.

Proof. This follows from the equalities (T1.4)), (T1.3) and (T1.6).

Corollary 11.2 For an elliptic curve E over a finite field IF ,, the Riemann hypothe-
sis holds for Z(E,p~*) if and only if

HE(F,)—p—1]<2,/p. (11.7)
Proof. By the rationality statement in{Theorem 11.1|we know that if
1
|| = |B| = p2. (11.8)

then the Riemann hypothesis holds for Z(E, p—*). Therefore,
HE(F,) —p—1] = |2ag| = [a+B| <2/p.

The equality cannot occur because p is prime. Conversely, if (I1.7) happens then
a2 — p < 0 and so the roots of the polynomial 1 —2agT + pT? are complex conju-

gate, B = & and since aff = p, we get |a| = | B] :p%.

11.4 One dimensional algebraic groups

Let us consider a singular curve E of degree 3 in ]P’ﬁ given by f(x,y,z) =0, where
f € k[x,y,z] is a homogeneous polynomial. It is not hard to see that the singular
point P of E is defined over k and it is unique, see In this section,
we want to remark that there is three type of singularities P. In the literature, see
for instance [Mil20, Chapter II, Section 3, page 70], this is usually done using the
language of algebraic groups that we mention it at the end of the this section.

For two points A and B in P2 (k) let Ly be the line through A and B. Let us take
an arbitrary line ]P’}( in Pﬁ which does not cross P and define the map

f:PL(k) = E(k), Q> the third intersection point of Lpy with E

1. There is exactly one point A € Pli(k) which is mapped to P. In this case P is
called a cuspidal singularity.
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2. There are exactly two points A, B € ]P’,l((k) which are mapped to P (A, B are defined
over k). This is called the nodal singularity with the extra information that the two
tangent lines to E to two branches of E passing through P are defined over k.

3. There is a € k which is not square in k and there are exactly two points A,B €
P} (k(y/a)) which are mapped to P (A, B are defined over k(y/a)). This is called
the nodal singularity with the extra information that the two tangent lines to E
to two branches of E passing through P are Galois conjugate or equivalently the
product of these two lines is defined over k.

Exercise 11.2 Verify the classification above for the curve:
y2+a1xy+a3y =x +a2x2+a4x+a6, ap, - ,...,a6 €Kk,

or for sub familly of this (for instance take a; = a3 = 0).
These corresponds to the following algebraic groups which is used in [Mil20].

1. The additive group G, := A := Sepc(k|x]). The group structure in the k-rational
points G, (k) = k is the usual addition in k.

2. The multiplicative group G,, := A! — {0} := Sepc(kl[x, 1]). The group structure
in the k-rational points G,,(k) = k* is the usual multiplication of k.

3. Twisted multiplicative group G,,[a] := Sepc(k[x,y]/(x* —ay* — 1)) for an ele-
ment a € k*. The group structure in the k-rational points G, [a](k) is given by

(6,3) - (¥,y") = (o' +ayy' 5y +4y).

which is induced by the multilication in the field extension k C k(+/a).

Exercise 11.3 In the above we have not given the scheme theoretical definitions of
group structures, for instance, for the additive group the group structure is induced
by k[x] — k[x] @k k[x], x—x® 1+ 1®ux. Give a detailed exposition of the scheme
theoretical definitions of the above algebraic groups. You may consult [Mil17]]

Exercise 11.4 Show that
Gnla) = Gylac?], a,c € k—0,
In particular, G,, [cz] =~ @,,. Moreover,
Gmla](Fp) =p+1.

By Bezout theorem a singular cubic curve E in P? has a unique singular point (if
there are two singularities then the line connecting that points meets the curve in 4
points counted with multiplicities). The singular point is defined over k because it
is fixed under the action of the Galois group Gal(k/k). Let S be the singular point

of of E and
E™ (k) :=E(k)\{S}.

The same definition of group law for elliptic curves applies for E” and it turns out
that £ is a group and:
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Exercise 11.5 If the elliptic curve E is given by the Weierstrass form
2_ 3 _ 3 2y _
Y =X +tx+te, tr,13 € k,A =2(4t5 4+ 2715) = 0.
then E™ is isomorphic to the three one dimensional group described above:
E™ (k) 2 Gy (k) or Gy[c](k), or G4(k).

Do we need char(k) # 2,37 See [Mil20, page 74,75].

Exercise 11.6 For char(k) = 3 (resp. char(k) = 2) we have to consider the case
@-6) (resp. @-4)). Discuss the reduction modulo 2 and 3 in such cases.

11.5 Reduction of elliptic curves

We take an elliptic curve in the Weierstrass form

V=2 Fruxt1s, 13 € QA 1= 2(dt] +27t2) #0. (11.9)

2

and by change of coordinates (x,y) +— (c?x,c’y), ¢ € Q we assume that |A| is mini-

mal.

Exercise 11.7 For p prime different from 2 and 3 we have the curve E/IF, and the
reduction map
E(Q)— E(F,).

1. Itis called a good reduction if that E /I, is a (smooth) elliptic curve. This hap-
pens if p does not divide A

2. Itis called cuspidal reduction/additive reduction if the curve E /F,, has a cusp as
singularity, that is, its non-singular part is an additive group. This case happens
ifand only if p | A, and p | 2t4t6.

3. Nodal reduction/split multiplicative. The reduced curve E™ /F, is a multiplica-
tive group. This happens if and only if —2#4f¢ is a square in [F,.

4. Nodal reduction/nonsplit multiplicative. The reduced curve E™ /IF,, is a twisted
multiplicative group. This happens if and only if —2#4f¢ is not a square in I,.

See [Mil20, page 78]

Exercise 11.8 Reduction modulo 3 of the elliptic curve (I1.9) is singular if and
only if #4 = 0. In the singular case it is always a cusp. In reduction modulo 2 the
elliptic curve E /IF; is always singular and its singular point is S = (4,%s). Find the
four groups E™(IF,) corresponding to the four choice of (t4,%).

Exercise 11.9 Let E/Q : y> +y = x> — x* + 2x — 2. Show that 1. the primes of bad
reduction for E are p =5 and 7. 2. The reduction at p = 5 is additive, while the
reduction at p = 7 is multiplicative.

Exercise 11.10 [Mil20, Exercise 3.4]. This exercise is taken from [Fre86|.
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11.6 Zeta functions of elliptic curves over Q

We follow [Mil20, Chapter IV, Section 10, page 213].

Definition 11.2 The non-complete zeta function of a smooth curve E : f(x,y) =
0, f € Z|x,y] is defined to be

Gs(E,s) = [T C(E/Fp.s),

pES
where S is a finite number of prime numbers such that E /I, is singular.

In the case of elliptic curves it is natural to define

1
sE) = wem e

and call it non-complete L-function. We have

Cs(s)Cs(s—1)

gg(E,S): Ls(E S)

Proposition 11.1 The product {s(E,s) and hence Ls(E,s) converges for Re(s) > 3

Proof. 1t is direct consequence of the Riemann hypothesis for elliptic curves over
finite fields, see[I'heorem 11.1} and the convergence of the Riemann zeta function,

see |Proposition 10.

We we want to define the complete L function by adding bad prime numbers p € S.
We define

1+ (#(E(F,)) —p—1)T + pT? good reduction

L,(T) = 1-T split multiplicative reduction
PN T Y 14T non-split multiplicative reduction
1 additive reduction

We have defined this in such a way that

HE™ (F,)

Ly(p~") = »

Now we define the L-function of an elliptic curve E over Q:

L(E,s):HL !

14 P(p_s).

Definition 11.3 The conductor of an elliptic curve over Q is defined to be
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Neg=[] p"
p bad

where f, = 1 if E has multiplicative reduction at p, f, =2 if p /2,3 and E has
additive reduction at p. For the case in which we have additive reduction modulo
p=2,3wehave f, >2, f, € Nand f, depends on wild ramification in the action
of the inertia group at of Gal(Q/Q) on the Tate module of E.

Exercise 11.11 Discuss the case p = 2,3 in the above definition. [Mil20] is also
talking about a formula of Ogg f), = ord,A + 1 — m,, using Néron models. Can you
obtain some information on this.

Exercise 11.12 Show that the zeta function of the elliptic curve y> = x> — 1 can be
expressed in terms of Dedekind’s L-functions for the field Q(1 3 ). This is taken from
[Wei52| page 99]. It seems to me that A. Weil has called it Hecke’s L-function and
not Dedekind.

11.7 Hasse-Weil conjecture

Define R
A(E,s) ::Ng/Q(ZTE)_SF(s)L(E,S)

Theorem 11.2 (Hasse-Weil conjecture for elliptic curves) The function A(E,s) can
be analytically continued to a meromorphic function on the whole C and it satisfies
the functional equation

A(E,s) =+xA(E,2—5).

This theorem was first proved for CM elliptic curves by Deuring 1951/1952. It is
proved in its generality by the works of Eichler and Shimura, Wiles, Taylor, Dia-
mond and others, see ??.

11.8 Birch Swinnerton-Dyer conjecture

For the functional equation of L the value s = 1 is in the middle, that is, it is the
fixed point of s — 2 — .

Conjecture 11.1 (Birch Swinnerton-Dyer conjecture(BSD)) For an elliptic curve
E over Q, the function L(E,s) is holomorphic at s = 1 and its order of vanishing at
s =1 is the rank of the elliptic curve E.

A weak form of this conjecture is not also proved:

Conjecture 11.2 (Weak BSD conjecture) L(E, 1) = 0 if and only if E has infinitely
many rational points.
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For papers on BSD conjecture see [CW77,IBSD63|BSD65, Tun83, [Lan’78bf] [Ser89],
[Mor69].

11.9 Congruent numbers

In this chapter we follow [Kob93b].

Definition 11.4 A natural number 7 is said to be congruent if it is the area of a right
triangle whose sides have rational length.

In other words, for a natural number n € N, we are looking for the Diophantine
equation:
2

1
Cn:x2+y2:z , anxy

in Q, where x,y and z are the sides of a triangle. Consider the affine curve C,/Q in
A3 defined by the above equations. It intersects the projective space at infinity in 4
points:

[x;y;z;w] =[0;£1;1;0], [£1;0;1;0].

Let
D, :y2 :)64—7127 E, :y2 =x —n*x.

We have morphisms

2.2
Z X —
Cn_>Dna (x7y7z)'_>(§7 4y )
and
Dy = Ep, (x,) = (o, xy)
defined over Q.

Proposition 11.2 A necessary and sufficient condition for the point (x,y) € E,(Q)
to be in the image of C,(Q) — E,(Q) is that

1. xis a square and
2. its denominator is divisible by two and
3. its numerator has no common factor with n.

The proof is simple and is left to the reader, see [Kob93b].

Exercise 11.13 Let C, be the projectivization of C, in P?. Is C, smooth? If yes
determine its genus.

Exercise 11.14 [Kob93b, Exercises 1,2,3,4, page 5].

We want to analyze the torsion points of

E, :y2:x3—n2x
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By definition of the group structure of E, we know that
0,(0,0),(0,£n)

are 2-torsions of E,,. .

Proposition 11.3 We have

En(@)tors = {07 (07 0)7 (07 :l:l’l)}
and s0 #E,(Q)iors = 4

Proof. We follow [Kob93b, page 44, Proposition 4]. Let us first give the strategy of
the proof. Let E/Q be an a elliptic curve in the Weierstrass form and let p > 2 be
a prime number which does not divide the discriminant of E. By a linear change of
variable (x,y) — (a’x,a®y) we can assume that the ingredient coefficients of E are
in Z. Let E /F,, be the elliptic curve obtained from E by considering the coefficients
of £ modulo p. The main ingredient of the proof is the reduction map

E(Q) — E(F)),

which is a group homomorphism. Note that by our assumption on p, E/F), is not
singular. This is an injection of E(Q)ors inside E(IF,) for all but finitely many p and
so for such primes m := #E(Q)ors divides #E(IF,,). In fact, we have not yet proved
that £(Q)ors is finite (a corollary of Mordell-Weil theorem). Therefore, we take a
finite subgroup G of #E(Q)ors and prove that the reduction map restricted to G is
an injection and so m := #G divides #E(F,). From another side, we prove that for
E=E,:

#E,(F,) = p+1, Vp prime p = —1 mod 4 (11.10)

Therefore, for all but finitely many primes p = —1 mod 4 we have p = —1 mod m.
This implies that m = 4. Therefore, every finite subgroup of E(Q)¢os is of order 4.
Since all the elements of E(Q);ors are torsion, we conclude that #E,(Q)ors = 4-
Now let us prove that the reduction map induces an injection in a finite subgroup
G of E(Q)sors. Two points P = [x;y;z],Q = [x';)';Z] € E(Q) are the same after
reduction if and only if
xy —x'y,x7 —x'z,v7 —V'z (11.11)

are zero modulo p. For all pairs P,Q in G, the number of numbers (IT.11) is finite
and so there are finitely many primes dividing at least one of them. For all other
primes p, we have the injection of G in E(F,) by the reduction map. The proof of
(TT.10) is done in the next proposition.

Proposition 11.4 Let g = p/, p J2n. Suppose that ¢ = —1 mod 4. Then there are

g+ 11T, points on the elliptic curve E, : y? = x> —n’x.

Proof. Consider the map

fiF, = TF,, f(x)=x—nx
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f is an odd function, i.e. f(—x) = —f(x), and —1 is not in its image (this follows
from the hypothesis on p). It follows that the index of the multiplicative group IE% —
{0} in F, — {0} is two and so for all x € F, — {0} exactly one of x or —x is square
and so for all x € F, — {0,n, —n} exactly one of f(x) or f(—x) is square. Each such
a pair (x,y), y = f(x) gives us two points (x,y), (x,—y) € E,(IF,) and so in total we
have 3 + 2% points in E, (F,).

Proposition 11.5 The natural number n is congruent if and only if E,(Q) has non-
zero rank.

Proof. If n is a congruent number then by [Proposition 11.2] E,, has Q-rational point

with x-coordinate in (Q*)2. The x coordinates of 2-torsion points in the affine chart
x,y are 0, £n. The fact that n is square free and [Proposition TT.3]implies that such a
rational point is of infinite order.

Conversely, suppose that P is a rational point of infinite order in E,. We use

to finish the proof.

Exercise 11.15 ([Kob93b, page 35, Exercise 2c]) If P is a point not of order 2 in
E,(Q), then the x-coordinate of 2P is a square of rational number having an even

denominator. By [Proposition 11.2} 2P comes from a point in C,(Q) and hence n is

a congruent number.
Exercise 11.16 [Kob93bl pages 49-50, Exercises 4,5,6, 7,9].

Let us now state the main result in for the elliptic curve E,, related to
the congruent numbers. The Legendre symbol is defined for integers a and positive
odd primes p by

=<¢ 1 forsomexe€Z, a=x>modp

(a> 0 if p divides a
—1 otherwise

3

Exercise 11.17 In the zeta function of E,, : y* = x> —n’x defined over F,, p a prime

p P2n, we have:
i\/P if p =3( mod 4) in this case ag, =0
C=9 2%k (;) +2ki if p = 1( mod 4) in this case ag, = 2k + (;)

In the second case k is determined by the fact that & = p

Exercise 11.18 The bad prime numbers for the elliptic curve E, : y> = x> — nx are

those which divide 2n. For p | 2n, p # 2 or p =2, 2|n we have an additive reduction.
For p =2 and p fn we have apparently a multiplicative reduction: y* = x> + x.
The singular point in this case is S = (1,0) and E™(F,) = {0,(0,0)} which is
isomorphic to (A(F),+) and so it is additive.The conductor of E,, is:

N 2472 if nis even
En/Q = 2502 if nis odd
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Exercise 11.19 In the root number =+ is determined in the following
way:
1 iftn=1,2,3(8)
{ —1 ifn=5,6,7 (8)

Exercise 11.20 Reformulating we have we have:

(1=T)(1 = pT)Z(E,/Fp,T) = [ (1 — (7))

pl(p)
where
ivp ifp=(p)
_J a+ib if p splits, where a +ib is the unique generator of p
P which is congruent to (%) mod 2+ 2i.
0 pl2n

The L function of E,, is

LEns)= [] (1 (op)* P (Np)~)"!
pCZ[i] prime

Now Z[i] is a Dedekind domain and so we can define a unique map x from the ideals
of Z[i] to C such that x,(p) = aSeg(p). Therefore

LE.ns)= ] (-xp)Np)~) "= Z]xn(a)(Nﬂ)ﬂ

pCZ[i] prime aCZli

where the sum is taken over all non-zero ideals.






Chapter 12
Jacobi forms

Monsieur, un jeune géometre ose vous présenter quelques découvertes faites dans
la théorie des fonctions elliptiques, auxquelles il a été conduit par I’étude assidue
de vos beaux écrits. C’est a vous, Monsieur, que cette partie brillante de I’analyse
doit le haut degré de perfectionnement auquel elle a été portée, et ce n’est qu’en
marchant sur les vestiges d’un si grand maitre, que les géometres pourront parvenir
a la pousser au dela des bornes qui lui ont été prescrites jusqu’ici. C’est donc a
vous que je dois offrir ce qui suit comme un juste tribut d’admiration et de recon-
naissance, (in Jacobi’s letter to Legendre, see [Cogl4| page 533]).

12.1 Introduction

In this chapter we recover the theory of Jacobi forms in the frame work of the moduli
of enhanced elliptic curves. Despite examples of Jacobi forms going back to Jacobi
himself, its systematic treatment has been started in [EZ85]]. The geometrization of
Jacabi forms in terms of relative algebraic de Rham cohomology of elliptic curves
with two marked point has been started in [CMV24] and in this chapter we follow
and extend the results of this article. The relative algebraic de Rham cohomology in
general is defined through the hypercohomology of a certain complex and the reader
can find the missing definitions in [MV21]]. We hope that the reader has become

familiar with hypercohomology in [Chapter 9|

12.2 Jacobi group and Jacobi forms

For any commutative ring R with unit 1, the Jacobi group I is a subgroup of
the symplectic group Sp(4,R) consisting of matrices with fourth row of the form
[0,0,0,1]. For our purpose we consider its conjugate with the matrix which per-
mutes the first and second coordinates of R* and hence

191
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K

_ / af

|
1

e Mat(a,R) | 08~ By =1, [l =W 1| §

o< Q >

1A u
0ap
0y o
000

The group Iy acts on C x H by

z+At+p at+p

Ik.
YT+06 ’yT—I—S)’ 8 €Ir

g (1,2) = (

Exercise 12.1 The stabilizer of the point (0, ) is the group SO(2,R) x Zg, where

SO(2,R) := { [_‘xﬁ ﬁ | a2+ B2 = 1},

1001
. 0100 . L
and and Zp is the subgroup of Iy generated by 00101 This action induces an
0001
ismorphism

I /(SO(2,R) x Zg) = C x H, g — g(i,0)
Hint: For further details see [BS98]] or [EZ85]].

Definition 12.1 A weak Jacobi form of weight k and index m is a holomorphic func-
tion f : C x H — C satisfying:

oyt AT)?
H;f . By = ooy R0 B g 0y a2

I

for {z [51 € SL(2,7Z) and (A, 1) € 7Z? together with a Fourier expansion of the form

f(T,Z) _ Z Z C(n’r)eZn'i(n‘H-rZ)‘
n=0reZ

We denote the space of weak Jacobi forms of weight k and index m by J~km If we
replace the third condition by a Fourier expansion of the form

fen=Y ¥ e,
n=0 reZ,r2<4nm

f(z,7) is a Jacobi form of weight k and index m and the space of Jacobi forms of
weight k and index m is denoted by Ji .

Now, consider the function F defined (2.66). By [Exercise 2.39| we know that
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F? e Jiz,]

is a Jacobi form of weight £k = —2 and index m = 1. Moreover, by the product
formula of F, we know that F2 has a zero of order 2 at z € ZT+ 7.

Theorem 12.1 Any weak Jacobi form of f of weight k and index m can be written
as

m—1 m—2 !
g <ao<r> ra(@o (z eI gmm‘) ) L)
=0 i=0

where ' means derivation with respect to z and ag,ay, f;,g; are modular form for
SL(2,Z) of weight k+2m,k+2m —2 k+2m—2i— 1, k+2m — 4 — 2i, respectively.

Proof. For a Jacobi form f of weight k and index m, the quotient % is of weight

k+2m and index 0. Therefore, it is an elliptic function and by it can
be written as Ry [#(z)] + #/(z)R2[#(z)], where Ry,R; are rational functions in .
As F% has only poles at z =0, R}, R, are polynomials. It is of weight k 4 2m which
implies 2deg(R)),3 +2deg(Ry) < k+ 2m. Let Ry(x) be the integration of R;(x),
that is, the derivation of R, (x) with respect to x is R(x). In the geometric frame
work with Weierstrass coordinates (x,y) = (2, /) we have

dx - dx .
T;dz = Rl(?C); +d(Ra(x)) = (a0 —|—a1x)7 +d(Rx(x) +yQ(x))
where the last equality is written resticted to the elliptic curve E;, ,, and Q(x) can be
computed using [Proposition 9.2]and [Remark 9.1] We also have

deg(Ra(x)) < m+ k_Tl deg(Q(x)) <m+ g -2.

7

From another side the pole order of -3 at z =0 is < 2m. This means that

deg(Ra(x)) <m— 5 deg(0) <m—2,

which are stronger than the previous degree condition.

Corollary 12.1 ([[EZ85| Theorem 9.4]) The ring of weak Jacobi forms f** has the
following structure:

M*(SL(Z,Z))[Chb,C} <C2 b3 _3E4a2b+2E6a3)>

_ Ly
T 432

where

. 12 _ s
a=F*cJ,y, b:WszeJo,l, c= F*g e 1a.

—1
(27i)3
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Proof. We use and we have
F g ("2 = b2,
FA"(' @' = F*" (647" — égz)ﬁ"*2 = *0b" — *%gzazb'"*z,
FM o3 = Fzm(45f — g — g3)ﬁ”’3 = b — xgra’ "2 — xg3a "3,
where *’s are some constants.

Remark 12.1 The functional equation of the Jacobi theta function involves the ex-
ponential function, and a direct geometric realization of this on the moduli space T
seems to be impossible. We need to do extra enhancement of elliptic curves with
objects not related directly to de Rham cohomologies. The first suggestion is the
following: consider the line bundle &'(—20) over the elliptic curve E. By definition
its dual £(20) has a global holomorphic section s with div(s) = 20. We can view
sas s: 0(—20) — C which is linear at each fiber. The new enhancement is a point
0 # 0 over the fiber of &(—20) over P. The fiber of the line bundle &(—20) at
P € E is given by meromorphic differential forms @ with simple poles at O and P.
In the Weierstrass coordinates this is given explicitly given by

y+b@

ﬁ(—20)p =C
x—ay

,P=la:b:1].

where % % can be interpreted as a global section of &(—20) with a pole of order

two at O.

12.3 Relative de Rham cohomology

Definition 12.2 Let X be a smooth variety over k and Y be a smooth subvariety of
X. We consider the complex (5 Hod ) (resp. (27 Jod )) of regular differential forms

on X (resp. Y). The (algebraic) relative de Rham cohomology of (X,Y) is defined to
be the hypercohomology of the following complex

Hig (X,Y)/k) := H" (0 y) o )

where
Q)= Wp O
and
d: Q% vy Q&TYI)/k , (0,a) = (do,oly —da).

Consider the case in which Y consists of two points O and P. The short exact se-
quence
o—1 . .
0= Q) = Ly 0
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induces the long exact sequence
= HO(X, Q3 ) —» H'(Y, Q;/*k‘) = H' (X, Q0 y)p) = H' (X, 25 ) = -+
which gives us the exact sequence
0 — HiR(X/k) — Hyg (Y /K) — Hi (X,Y)/k) — Hjp(X/k) =0,  (12.3)
together with the isomorphisms
HR(X,Y)/k) = Hig(X/k), Vi>2.
It follows from that dimyHJp (X,Y)/k) = Hj (X /k) + 1 and
coker (H3x (X /K) — H3p (¥ /K)) = k- /.

where f:Y — ks given by f(O) =1 and f(P) =0.

Let us now X be a smooth projective curve of genus one given by the Weierstrass
equation zy? = 4x> — thxz> —t37° in the homogeneous coordinates [x : y : z] € P2, and
letY := {O,P}, where O = [0: 1: 0] is the infinity point and P = [a : b : 1]. Hence
13 = 4a® — tra — b*. We choose the following covering for X:

U()ZX—O7 U1:X—{x:0}.

in order to write down the double complex of the the relative algebraic de Rham
cohomology. The associated simple complex turns out to be:
0— Q%Up) @ Q%U) = Q' Uy, UynY) & QL (U, U NY) & Q% UyNUy)
— QY (UynU,,UyNnU NY) — 0.
(12.4)

Here, for the differential of the double complex, we choose the sign rule defined in
[MV21] page 29]. In particular, we have
H(}R(va) =
{((wo, 0), (@1, 01), for) | dfor = ®1|uy, — Doy, > forly = Gtlu, — %luy,
{((dfOMfO‘YﬂUO)? (df17f1|YﬁU1)7fl|U01 _f0|U01)}

(12.5)

where f; € QU(U)), for € QVUyNUy), (wy, o) € -Q(lx_y)
Ui. '

Proposition 12.1 For a # 0, we can choose a basis of Hiz ((X,Y)/k) as follows:
1L ((070)>(df70)7f‘U01)’ Wheref: %;

2. ((%|UO,O), (%|U1 ,0),0), where % is a holomorphic 1-form on X;

3. (42,0, (4 +dg.gly).8lup, ). where g = 3.

(U,', U; ﬂY) and Uy = UpN



196 12 Jacobi forms

Proof. For the second and third item, they form a basis of H (X /k) and the details
can be found in [Movl12, Proposition 2.4]. For the first one, it is enough to show
that this element is not zero in Hy ((X,Y)/C). If this is not true, then we can write

((070)7(df70)7f|U01) as
((dfo, folyrwy): (dfr, filvow, )s filug — folug )-

Then fy = 0 and hence f; = f. However the infinite point O € Y NU; and f(0) =1,
which is a contradiction with fi|yny, = 0.

12.4 Meromorphic forms without residues

In this section we provide another algebraic interpretation of the relative de Rham
cohomology. It depends on the choice of an affine chart U containing ¥ = {O, P}.
The advantage of this description is that the Gauss-Manin connection becomes much
simpler to compute and it can be used to integrate elements of algebraic de Rham
cohomologies over paths.

Proposition 12.2 Let U C X be an affine open set such that Y C U and take Uy :=
X — {0}, Uy =U as a covering of X. We have the isomorphism given by

o € I'(Q}) without residues on X —U
exact forms df with fly =0

2

Hig(X,Y) (12.6)

given by
(@0, fo), (@1, f1), for) = @1 + (f1(P) — f1(0))df
where f is any regular function in U with f(P) = 0 and f(O) = 1.

Proof. The proof in [CMV24][Proposition 2.4, Proposition 2.5] is not elementary.
It must be rewritten.

Under the isomorphism (12.6), we may choose the basis of the relative de Rham
cohomology directly rather than using the representatives in the Cech complex. This
will be useful when we compute the Gauss-Manin connection later. Depending on
the coordinates of the point P, we choose the following basis on H&R (X,Y):

x—a\ dx xdx y b x—a
— — —d(=)—= 12.
d( X >’y’ y d(Zx) 2ad< X )’ a7 0, (12.7)

x—a\ dx xdx y b x—a
o(:=5) 55 () - meyt (5) e

Note that for a # 0 we are considering U = (X — {x = 0}) U{O}, while for a # 1
we take U = (X — {x = 1}) U{O}. The first differential form ®; = df is chosen
in such a way that f(0) = 1, f(P) = 0. Note also that the correction of % with
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an exact differential form kills its pole at O. The computations are similar as in
[Mov12l Section 2.8]. We remark that when a £ 0,1 both basis are equal in the
right hand side of (12.6) for U = (X — {x(x — 1) = 0}) U{O}. For instance, the
difference of the third element in both basis is an exact differential form dg with
8(P)=8(0) = £ — 5k,

For the general definition of cup product in relative algebraic de Rham coho-
mology see [CMV24| Section 3]. In thi section we explain what it is in the case of
elliptic curves. We choose the affine open cover {Uy,U;,Up; } of the smooth projec-
tive curve and ake two elements (@, o) and (v, 3) which are represented as

((wo, 00), (@1, 01), @01), ((Vo, Bo), (Vi,B1), Vor)-
We have
(wo A vo, —aly APo), (@1 Avi,—@r|y APr), (=@ A Vor + o1 A vy, —ot]y ABr)

In particular, using the basis ;,i = 1,2,3 of Hl ((X,Y)/C) given in[12.1] we get

that J J
o U, = <<o,0>, (de ’“,0) , (Wo» , (12.8)
y xy
o U = ((0,0),<dem,o>,<W,o>>, (12.9)
y y
dx
We have the composition
Hip(X.Y) x Hlg (X,Y) = HR(X,Y) » HR(X) 5C  (12.11)

which gives us the bilinear map
() Hig (X,Y) x Hig (X,Y) = C,
which is called the relative trace map. We find that
(0, 3) = —(@3, ) = 1,

and the others are zero. Here we used the fact that the trace map is the residue of
@y around the infinite point, see for instance [Mov12, Page 19].

12.5 Mixed Hodge structures

The following definition is the outcome of a general definition of mixed Hodge
structures.
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Definition 12.3 The polarized mixed Hodge structure in H'(X,Y) consists of the
following data:

1. The Hodge filtration
0=: F? ¢ F! = Holomorphic differential 1-forms in X € F®:= H}; (X,Y)
2. The weight filtration
0=:W_; CWo:=ker(Hlx(X,Y) = H}g(X)) C W := H(X,Y).

3. The bilinear map (polarization) Hl, (X,Y) x H}z (X,Y) — k.

The one dimensional vector space is generated by (2) and W is generated by (1).
We also need the mixed Hodge structure in Hj, (X —Y):

1. The Hodge filtration
0=F*cF'cF :=HRR(X-Y)

where F! is generated by regular differential 1-forms in X — ¥ with pole order
< 1alongY.
2. The weight filtration

0=:Wo C W :=Im(H}g(X) = Hig(X —Y)) C Wy := Hlx (X,Y).
A basis of Hj (X —Y) is given by

dx xdx ly—&-b@
y vy 2x—ay’

dx  xdx dx 1y+bdx
vy (resp. Vv 2X_ay).

We would like to have a four dimensional vector space HéR (X —Y,Y) canonically
attached to (X,Y) with filtrations

Wi (resp. F1) is generated by

WoCWiCWa=H,0=F>CcF'cF'=HL(X-Y,Y)

such that Wy /W_ = H} (X,Y) and Wo /Wy = Hy (X —Y) are ismorphism of mixed
Hodge structures. The main issue is how to choose ws € W, /W; and define

H(}R(X_Y7Y) :HI(X,Y)EB(C(D:;

We choose @3 € F'HJ; (X —Y) and assume that it has residue +1 at P. We have the
freedom @; € W; NF! which is one dimensional. Therefore, we fix a parameter s
and consider @3 + s;.

Further, we would like to have a pairing (-,-) : Hi (X —Y,Y) x Hp (X = Y,Y) —
C which coincides with the canonical pairing of W; and it is symplectic. We choose
a basis @y, o, @, of Hly (X,Y) with the intersection matrix
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000
(@1, 0))]i.j-012:= |0 0 1
0-10
Let
0 0 0 a
0 0 1 a
(o oplij=o123:=| o _; o a

—ap —ad) —ap 0

where a;’s are unknown quantities depending only on a,b,t,,#3. In order to find a
symplectic basis, we must replace @3 with % which changes the residue of a3
at P3. Therefore, ap must be necessarily 1. Moreover, we replace @z with w3 —

a1 @ +ax; in order to get the symplectic basis. The computations in[Section 12.12]
suggests that for

— dx dx 1y+bd
a)():d<xxa>, o = = wzzx——d(y), o= =22 (1212

y y 2x 2x—ay

we must have:

00 01
00 1 0
Lo oj)lijo123:=1 o . o 2
-10 -20

Recall that w3 has a one dimensional freedom. If we change s to 3 + s®;, in order
to have the same cup product as before, and in particular (@3, ®;) unchanged, we
must replace @, with @, + s@y. Note that multilication of w3 by a constant is not
allowed. We call again these elements w3 and @, and keep in mind that it depends
on a parameter s.

In the 4 dimensional space Hle (X —Y,Y) the weight filtration comes from limit
mixed Hodge structure, see [Sch73|]. The monodromy matrix is topological and can
be written as / + N, where [ is the identity matrix and N is the nilpotent matrix
with Ni4 = 1 and elsewhere zero (N> = 0). The nilpotent matrix N acts on H and
Wo = Im(N) and W = ker(N).

12.6 The moduli space T

In this section we introduce a new enhancement of an elliptic curve which is a
combination of enhancement with elements of the relative de Rham cohomology
H'(X,Y) in [CMV24] and enhancement with differential forms with simple poles
in Y which produces Picard curious example in [Mov22bl Section 10]. This has been
elaborated in [CM24]

Definition 12.4 An enhanced elliptic curve with two marked points is the data
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(X,Y),[c0, 011, 02, O]

where Y = {O,P}, P # O and ay, o1, 0, 03 form a basis of Hj (X —Y,Y) com-
patible with the mixed Hodge structure and with constant intersection matrix. This
means that oy € Wy, o € F'NW;, o € Wy, o3 € W such that

0 001
0 010

[<(X,‘,(Xj>]i_”/':0,17273 = 0 -100 (12.13)
-1 000

and
Resipoz = +1.

The following algebraic group acts on T.

10 v u
!
G= 85;;‘36 J ovueCkeC*y,
00 0 1

It acts on the enhancement [, 01, 0, &3] by usual multiplication from the right:
[0, 011, 02, 053] = [0t ko, va + K o + k' an, wag + kvary + 3]

In order to construct the moduli space T we start with the the Weierstrass familly and
the basis @y, @i, @, in[Proposition 12.1] Recall that with @; := w3 + a1, — ar @y,
the intersection matrix in this basis is already of the desired format and it
is compatible with the mixed Hodge structure. The most general basis compatibel
with MHS is given by S®, where

1 0 00
0 1 00
c—L2 n 10)°
b
d C—%Ol

The zeros in this matrix are due to the compatibility with MHS and the equality of
(3,1) and (4,2) is due to (o, o3) = 0. The correction of ¢ with % is due to the fact
that the corrected ¢ will turn out to be log derivative of Jacobi theta function. We
will use the letter d and we hope that it will not be confused with the differential.
We have proved:

Proposition 12.3 We have

1
T :=Sepc kla,b,c,d,e,t1,12, Z]

and the universal family of enhanced elliptic curves over T exists and it is given by
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Xy =4 —tox—13,P = (a,b),

e [2]
[ e )

ly+bdx
Z*y — +coy +d-ap.
2x—ay

03

Proposition 12.4 The group action of G on the coordinates (a,b,c,d,t),t;) € T is
given by

(a,b,c,d,t1,12) —teg = (k2a,k>b,v+k 'e,d+wHuk 'K +k %1,k *n).

Proof. The proof is just a mere computation. Let
a:C? = C% (x,y) = (Kx,ky)
and f = y? —4x3 +trx +13. We have
kCa*(f) =y* —4x® + kx4 13k,

This implies that o induces an isomorphism

(Epyj sy, @0,k 01, ks, 03, (k™ *a,k b)) — (Er, 1), 0, 01, 3, 04, (a, b))
which implies that

(Etz,l3 7gtra) = (Etz.t37gtrS(aa ba Cvtl ,d)CO) = (Etzk*47t3k*67gS(k_zaak_3ba Ck—l 7k_2t1 7d)w)

where
10 v w
L 01k % v
£~ 100 1 0
00 0 1

12.7 Self-similar homology

Let (X, O) be an elliptic curve, P € X with P # O and Y = {O,P}. Let also

9:X X, 6(0)=0+P

be the translation function (and hence ¢(0) = P).
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Fig. 12.1 Self-similar paths

Fig. 12.2 Homology of self-similar paths

Definition 12.5 A path § in X with boundaries at Y is called self-similar if near to
O and P it behaves the same, that is, the pull-back of § near P by ¢ is minus 6 near

0. see [Figire 121}

For instance, if the self-similar path turns N-times around O anticlockwise before
departing to P, then when it reaches P it must turn N-times around P clockwise
before ending in P.

For simplicity, we take an anticlockwise oriented loop J¢p around O and define

8p := 9.80. For two self-similar paths § and § we construct a closed path & — & in
X —Y in the following way. Near to O we take the point € (resp. €) of intersection
between & (resp. 8) and 8. The closed path & — § is as follows. It start from & goes
along 8o until ¢, then along & until P+ ¢, then along Jp until the point P+ & and
returns back to & along —0. We say that 6 and 6 are homologous if the closed path

8 — & is homologous to zero in X — Y. Note that the pieces of § — § on the paths &
and 8p are not mapped to each other under ¢. Under the identification dp = ¢80,
these pieces forming the full loop 8p. The homology of self-similar paths is an
equivalence relation.
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Fig. 12.3 Four paths

Definition 12.6 The self-similar homololgy is defined in the following way:

Hi(X—Y,Y) = Z-module generated by self-similar paths
! "/ Z-module of homologous to zero self-similar paths

Proposition 12.5 The self-similar homology H\(X —Y,Y) is a free Z-module of
rank 4.

Proof. We fix paths &, 61, 6,, 63 in X as follows: & is a self-similar path from O to
P, 85 is an anticlockwise loop arround P, and &y, &, are closed loops in X —Y which
from a basis of H;(X,Z). We prove that H; (X —Y,Y) is freely generated by these
four paths.

12.8 Self-similar cohomology

Definition 12.7 Let @ be a meromorphic differential i-form (i = 0,1) in X with
order M at O and P (if M is negative —M is pole order and if M > O this is zero
order). It might have other poles. Let N € N. We say that @ is N-th self similar at
O and P if ¢*® — w has order < M + N at O (if M is negative then the pole order
decreases by N). In case ® has poles at P (M < 0), we say that @ is self similar if it
is —M-th self similar, that is ¢*® — @ is holomorphic at O.

For i = 0, that is @ = f is a rational function, and M = 0, that is f is holomorphic at
O, P, and N = 1, the N-th self similarity is equivalent to f(O) = f(P). This has been
used in the definition of relative de Rham cohomology. Moreover, if f is a rational
function in X with pole at P of order M and homomorphic at 2P then ¢*f + f
is self semilar. Anothr example of self-similar differential forms is a holomorphic
differential form in X.

Definition 12.8 The self similarity cohomology is defined as follows:

write more details.
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H(X-v,Y):= {we Q' (xY) | o is residue free self similar}
a*® T {df|df is (—M + 1)-th self similar}

where M is the order of f at Y. Here residue free, means that @ has residue zero
except at O and P.

The main reason for defining self-similar differential forms is that their integration
over self-similar paths is well-defined. Recall that a self similar path ¥ can be written
as ¥ =7+ 7 + 73, where the path 73 is the image of y; under the translation ¢ but

with the oposite direction, see

Proposition 12.6 For a self-similar differential 1-forms @ the following limit exists:

/a):: lim [
Y £—0 b2

Proof. The proposition has been inspired by the following not so rigorous equalities
(the first integral diverges at both ends of its domain):

/y'w:/ylw/y'zw/%w
= y}a)+/yzw—.y.l¢*w
= [ o] o0

In order to make this rigorous we observe that the last quantity is a well-defined
integral and it does not depend on €. Moreover, ¢*® — @ is holomorphic in a neigh-
borhood of O and hence limg_, o f)ﬁ o=0.

Proposition 12.7 We have the following:

1. A meromorphic function f is self-similar if and only if df is self-similar. For a
self-similar exact 1-form df we have:

[lar=t0'r-no)

2. For a meromorphic function f on X, the 1-form % is self-similar if it has the

same order at O and P and:

= € ln(¢*f

o f f

3. A meromorphic 1-form with poles of order 1 at O and P (and other poles of
arbitrary order in other points) is self-similar if and only if it has the same residue
at O and P.

4. For the Weierstrass coordinates x,y of X and P = (a,b), the following differential
form is self-similar

(0)) +27iZ.
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yibdx
x—ay x

Proof. The first part is a direct consequence of the definition. Observe that the inte-
gration is f(e+P) — f(e) = ¢*f(e) — f(€). The proof of the second part is similar.
Note that the integral is defined up to 27iZ which is due to other poles and zeros of

f

Remark 12.2 The topic of the present section might be considered as a gener-
alization of Cauchy principal value. Note that the way we would like to have
oo — oo = () highly depends on self-similar differential forms and choice of points
€ and € + P which converge to O and P, repectively. We could also take the mor-
phism X — X, Q +— 2Q for a computation of an integral from P to 2P. All these
choices might result in different values. The following easy examples taken from
Wikipedia explain this in an elementary way:

lim ——— =0, lim = —In4.

a 2Qxdx . / a  2xdx
a—oo ) g x2+1 a—o | _9q x2+1 N

Thanks to Y. Nikdelan, R. Villaflor and IGADPEs team for the remark.

12.9 Gauss-Manin connection of self-similar integrals

The Gauss-Manin connection of differential forms with poles and residues at O
and P is closely related to Picard’s curious example which has been formulated
in [Mov22b, Section 10]. We reproduce the computation in this reference with the
data of exact forms so that we can glue the Gauss-Manin connection of the open and
relative cohomologies HJx (X —Y) and H}; (X,Y). Let

- dx dx 1y+bdx
wo::d(xx“), o = (Dz::xf—d(y),a)g,:—fy—i_ E 1214

y y 2x - 2x—ay

The differential form @3 has a simple pole at O and P with residues —1 and +1,
respectively.

Definition 12.9 Even though the integration of differential 1-form w; over a path
from O to P is divergent, we define

/OP(»3 = /80 <w3 - d;) +1In(a). (12.15)

Note that @z — % has simple poles at O and P with residues both equal to +1. The
path of integration & : [0,1] — X, 8(0) := O, (1) = P is self-similar, that is, it
is taken in such a way that for € a positive number near to 0 we have &(€) +P =

So(1 —¢€), see|Figure 12.4] Note that the first plus sign refers to the group structure

of the elliptic curve. This choice of &y implies that the integration of w; — % over
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& is convergent. The correction In(a) is actually fg d;“‘ = In(a) — o0, and we have
removed the evaluation of In at O which is infinity. We choose a in a neighborhood
of a point in R™ and In(a) takes real values for a positive real number.

Proposition 12.8 For the family of elliptic curve
Xy =4 —a®) —n(x—a)+ b, (12.16)

we have

P /1y+bdx P/ xdx P dx
d(/ (y )>:B3o+331~/ <x—d(y))+332-/ Y217
o \2x—ay o y 2x oy

where d is the differential of holomorphic functions in (a,b,t;) € C* and Bs;, i =
0,1,2,3 are given by

2abAB3) = (243a%b—360ra* b+ 631pab> +864a0b — 324035 4276 )da
+(23a—543a® + 2367 + 432130 —90ya® b? —864a” +360a* b — 36ab*)db
1
5 (23ab=30pa> 43126 + 7207 b — 18076 )y
-1
AB3y = S (3b+5d4npa%b—216a*b+54ab*)da

9tyab —36ab +9b°
———dn

—(23a-300ya> +31yb% + 720> — 184262 )db + 3

310b
B3y = (45tpab—108a3b-+ 276 )da-+ (23 —30nya® + 724" — 18ab%)ab— L2 dry

Proof. We first do the following easy hand computation:

Jd (Ply+bdx

7/1’ —3b(x+a)dx
=

dalo 2x—a y
d Ply+bdx 7/13 (2(x2+ax+a2)—%tz)dx
dbJo 2x—ay 0 »

d P1y+bdx/Pibdx

ohJo 2x—ay o )

(12.18)

For instance, we explain the first equality which has also the contribution from the
domain of integration. We skip the integral sign which is from &y(€) to P+ &y(€) =
0 (1 — €) and the exact terms df means f(P+ 0y(€)) — f(do(€)). At the end of
computation we see that the limit under € — 0 exists.
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d [y+bdx 8/ y+bdx dx 1
= — == ——= )+
da) x—ay Oda

x—ay x a
+b1 1 0 1 y+b 1
RTINS
x—ay x° da\x—a y a
Ip
y+b1 1 b R
-d - 1+2 _t %%
(x—ay (x—a)z( +3) R y3
ap
b1, 1 b
x—a (y)+ —a 2 y3

xX—a
:;] b %—F% dx
2 x—a y3

Knowing that ‘;—’; + g—z = 12(x—a)(x+a) we get the result. From the second equality

on, we have to add the evaluation of g% - % at dy(€). Since under € — 0 it is zero,

we have not written this term. The evaluation of % % — % at O is zero, that is why we
have written differential of this function instead of its evaluation at P+ 8y(€). The

integration of —d(%) over the path & cancels with é For derivations with respect

to s :=1t,b we have 9 (;';“ =0, and in these cases there are no exact terms.

Exercise 12.2 Prove the the last two equalities in (T2.18).

In the next all the equalities are written restricted to the elliptic curve. We have

1 dx
d(x%y) = ((4a +6)x* T2 — (a+ E)tgx“ - at3x“1> 3

and write
x*dx 1 dx y
— = —fy— d,
vty TG
x3dx 1 dx 3 xdx Xy
= 3 —+ —h— +d(=
y 107y Tyt (%)

@—itzdj_klt@_'_d(ixz +it )
y 3362y 777y 1477 168"

Cdv lttdx+7t2xdx+d(l N +1t)
— = —hi—+ —t) — —X —txy+ ——1Y).
vy 3072%y T 2407y 187 Y3607 T 36"

This is formulated in [Proposition 9.2|and [Exercise 9.3] Moreover, for a polynomial
A € Clx] we have
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PN

Adx 1A(—p dx 1 dx Aa;d 1 dx 1
a1 (—p'a1 + pas) < ai p)-(asz+2Aa1d( )

= (A= _Z2L7F) -
yooA py y vy p A y

! d dv 1 [2Aa
=3 (o2 T30 ()

1 dx xdx 1 1 . 2Aaq;
= — — +Ay— —d(yB)+ —d
(1y+2y>+A ()’)+A(

A )

1 dx xdx y 1 2xpB+4xAa; +Azp
=— (A —+Ay [ — —d(= —|d

A( 1y+ 2(y (Zx)))+A( ( 2yx ))

This is formulated in [Proposition 3.7] As it is expected, the polynomial
C :=2xpB+4xAa; +Ayp

for our three examples of A are of degree < 2 and so TCX evaluated at O is 0. We
summarize our computations as follows:

-1
A=-3b(x+a), A = 7(3r%b+54r2a2b—216a4b+54ab3). Ay = (451yab— 108a3b+27b%)

C = —(653b+1081pa%b — 4324 b+ 108ab%) - 5% — (1513 ab — 361303 b + 915 °) - x
+(4513a%b — 2881y a* b+ 215 ab® + 432400 — 2164753 1 27)
1
A= @02 +ar+a®) ~1y), Ay = ~(2Fa—3000> +30,b% + 7207 ~18a%6%), Ay = (23 —30rpa? +72a* ~18a?)

C = —(83a—- 1201y + 120307 +288¢° —72a%b%) x> — (813a% — 12019 + 301y ab? + 2880 — 144a3b% + 18b%) -x

+23a-3830% + 2262 +192000° — 481ya® b? — 28847 + 14da*b? — 18ab*)

b 91pab —36ab+9b3 3iyb
A= A= 2 T T Ay =T
% 4 2
2 2 3 3
t5h 3tyab—12tha’ b+ 3ty b
C = (Oryab—36a>b+95%) -+? + 2= x— %

12.10 Gauss-Manin connection in relative cohomology

In order to compute the Gauss-Manin connection in relative cohomology we first
recover the exact terms produced in the computation of the usual Gauss-Manin con-

nection in
Proposition 12.9 We have

P P
d(/ d?) _1dA 3a /@ By,
0 Y 24A° 24 0 Y _
P P
d. ) 1 1 dA d. y
a(f (#-az)) ) \degb%) \ [ (2-az)) ) e

(12.19)

where
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da

1
By = Z(g1dt2+g2dt3) 3 (12.20)
1 ada b
B3 = —(g3dt dtz3) — —+d | —
3= (g3dtr + g1d13) 5T <2a>
—2a*% + 3atyt3 + 9t2
g1 = 2 ") 3 (12.21)
_ 18a%t3 —at3 — 3013
82 = 2ab )
_ 6d’nt3+ (183 —13)a — 1313
8= 8ab '

Proof. First, we note the following equalities:

d [P xidx TI(TP
da _/di / 3

p] idx 7171’
"X / 2 9% Gx s=10b.
Js y y3

We only consider i = 0, 1 for which %(0) = 0. Moreover,
dy -10 10
d xdx y Pl x Sx—y P[5 %Ex >5E
—d(2)) = [ (dE)—d(& a” gy — d( 22

&a/ (y (2x)) /o ( (y) ( 2x2 V) 0 »3 (2xy)

P D P ;l@x 19p

= d( — 2 da” 4y (294

/0 (2x2y>+/0 ( 3 (2xy)

1dp t
_23—58— +p= §x+t2a—4a3+b2

Now we use [Proposition 3.7|in order to finish the computation.

where

12.11 Gluing Gauss-Manin connections

The Gauss-Manin connection matrix in the basis (I2.14) is given by

Wy 0 0 0 0] |myg
o |  |[BioB11 B2 0| |
@ | |Bx By BnO| |
3 B3o B31 B2 0] |3

\%

where the submatrix {0, 1,2} x {0, 1,2} corresponds to the Gauss-Manin in @y, @;, &, €
Hlx(X,Y) and the submatrix {1,2,3} x {1,2,3} corresponds to Gauss-Manin in
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Fig. 12.4 Four paths

o1, , w3 € Hi (X —Y). Recall the definition of ¢;’s in (T2:24). The Gauss-Manin
connection matrix in this basis is given by A, where the first and last column of A
are zero and its last row is given by:

b
A30 = (—B30 —|—CA1() — (C - Z)BSZ +d(d))7
A32 = (B32+CA12)a2-

This follows from V(@3) = —B3g@y + B3 ®; + B3y, and

V(as) = V(w3 +cay +d- )

b
= (—B3—(c— Z)Bsz +cArp+d(d))ag + (B3 — Bty +de+cAr)ay

+(Bxn+cAn)o
Note that op = (¢ — %)Ozo +1 % + @,. We note that A is integrable, that is,

dA=ANA.

//--the procedure for writing P(x)dx/y in terms of dx/y and xdx/y with exact terms-—-
proc linearw(poly A, number t(2), number t(3))
{
int i=deg(A) div deg(var(l)); poly B=A; poly exact; poly LM; list Bl;
while (i>1)
{LM=lasthomo (B) ;
B=B-LM+leadcoef (LM) * ((i-2+1/2) /number (4* (1-2) +6) xt (2) »var (1) " (i-2));
if (i>2) {B=B+leadcoef (LM) * (i-2) /number (4 (i-2) +6) »t (3) xvar (1) " (i-2-1);
exact=exact+leadcoef (LM) * (1/number (4% (1-2)+6) xvar (1) " (i-2));
i=deg(B) div deg(var(l));

}

Bl=subst (B,var(1),0), subst(B,var(1l),1)-subst (B,var(1),0);

return(list (Bl, exact));

}
//--Simplifying the integrand after derivation--
proc hum(poly A, poly al, poly a2)

{

A=Axa2-2+diff (A*al, x);

return (&) ;

b
//---Computing the 4%4 Gauss-Manin connection matrix
LIB "foliation.lib";
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ring r=(0,t(1),t(2),a,b,c,d), (x, dt(l), dt(2), da,db,dc,
number t(3)=4xa” 3-t(2)+a-b"2; poly P=4+x"3-t (2)*x-t (3);
poly al=-36xx"4+ (154t (2))*x"2-t(2) "2; poly a2=(-108)+x" 3+ (27t (2)) *x+ (-27+t (3));
number Delta= (-t (2)"3+27+t(3)"2); -diff(P,x)*al+P+a2-Delta;

matrix B([4][4]; matrix A[4][4]; //Gauss-Manin connection matrices--

//---These are obtained after derivation of (y+b)/(2y(x-a))--

poly Ra=-6xbx (x+a)*(1/2);

poly Ab=(4x (x"2+a*x+a”2) -t (2))*(1/2);

poly At2=(b/2)*(1/2);

list la=linearw(hum(Aa,al,a2), t(2),t(3));

list lb=linearw(hum(Ab,al,a2), t(2),t(3));

list lt2=linearw(hum(At2,al,a2), t(2),t(3));

poly Ca=2xvar (1)« (Pxla[2]+2+Raxal)+Pxla[1l][2];

poly Cb=2xvar (1) (P+1b[2]+2+Ab*al)+P*1b[1][2];

poly Ct2=2svar (1) (Pxlt2[2]+2xAt2*al)+P*1t2([1][2];

B[4,1)=subst (Ca,var (1), a) *da+subst (Cb, var (1), a) «db+subst (Ct2,var (1),a) *dt (2) ;
B[4,2]=1la[l] [1]+da+1b[1] [1]*db+1t2[1] [1]*dt (2);

Bl4,3]=lall] [2]*da+1b[1][2]*db+1t2[1] [2]*dt (2);

B[4,1]=(1/Delta)« (1/(2+axb))+B[4,1];

B[4,2]=(1/Delta)*B[4,2]; B[4,3]=(1/Delta)+B[4,3];

//------B[4,11=B[4,1]+db/b;

B[4,1]=-B[4,1];

//--The Gauss-Manin connection of the relative cohomology--—

Ra=(-1/2) +diffpar (P, a);

Ab=(-1/2) «diffpar (P,b);

At2=(-1/2) »diffpar (P, t(2));

dd), dp;

la=linearw (hum(Ra,al,a2),
lb=linearw (hum(Ab,al,a2),

t(2),£(3));
t(2),t(3));

lt2=linearw (hum(At2,al,a2),

£(2),£(3));

Ca=Deltax2+var (1)+

2xvar (1)« (Pxla[2]+2xAaxal) +Px1la[l] [2];

Cb= 2xvar (1) (Px1b[2] +2+Abxal) +Px1b[1] [2];

ct2= 24var (1)« (P+1t2[2]+2+At2+al) +P*1t2[1] [2];

B[2,1]=subst (Ca,var (1), a)+da+subst (Cb, var (1) ,a) xdb+subst (Ct2,var (1) ,a) =dt (2) ;
B[2,2]=1a[1] [1]*da+1b[1] [1]+db+1t2[1] [1]«dt (2);

B[2,3]=la[1] [2]*da+1b[1] [2]*db+1t2[1] [2]*dt (2);
B[2,1]=(1/Delta)« (1/(2+a+b))*B([2,1]; B[2,2]=(1/Delta)+*B[2,2];
B[2,1]=-B[2,1];

B[2,3]=(1/Delta)«B[2,3];

RAa=(-1/2) xdiffpar (P,a)xvar (1);
Ab=(-1/2) xdiffpar (P,b) *xvar (1) ;
At2=(-1/2)»diffpar (P, t (2))*var(l);

la=linearw (hum(Aa,al,a2),
lb=linearw (hum(Ab, al,a2),

t(2),£(3));
t(2),t(3));

1t2=linearw (hum(At2,al,a2),

t(2),t(3));

poly D=2svar (1) “3-(1/2) «diff (P, var (1)) +var (1)+P;

Ca= -(1/2)*diffpar (P, a)«Delta+
Cb= -(1/2) diffpar (P, b) *Delta+

24var (1)« (Pxla (2] +2+Raxal) +Pxla (1] [2];
24var (1) (Px1b[2] +2+Rbxal) +Px1b[1] [2];

Ct2=-(1/2) »diffpar (P, t (2)) *Delta+2+var (1) (Px1t2[2]+2+At2«al) +P*1t2[1] [2];
B[3,1]=(subst (Ca,var(l),a)) *da+subst (Cb, var (1), a) xdb+subst (Ct2,var (1),a) *dt (2) ;
B[3,1]=(1/(Deltax2*axb))*B[3,1]+ (subst (D,var(l),a)/(2+xa"2xb)) *da;
B[3,1]=-BI[3,1]1;
B[3,2]=la[l] [1]+da+lb[1]
B[3,3]=la[l] [2]*da+1b[1] [2]*db+1t2[1] [2]*dt (2);
B[3,2]=(1/Delta)+B[3,2]; B[3,3]=(1/Delta)*B[3,3];
//--Computing the Gauss-Manin connection matrix B--
matrix S[4]([4]=1,0,0,0,0,1,0,0,c-b/(2%a),t(1),1,0,d,c,0,1; matrix Si=inverse(S);
matrix A[4][4]=diffpar(S,d)*Sixdd+ diffpar (S,t (1))*Sixdt(1)+ diffpar(s,c)Sixdc+
diffpar(S,a) *Sixda+diffpar (S,b) *Sixdb+S«B+Si;
//----Checking the integrability of A--
list 11=diff(A,da), diff(A,db), diff(a,dc),
list lv=a,b,c,d,t(1),t(2); int i; int 3;
for (i=1; i<=6; +1)
{for (j=i+l; j<=6;
{
i,3;
print (diffpar (11[3],1v[i])-diffpar (11(i],1v(3])-11[1i]*11[J]+11[]+11[i]);
}

[1]1%db+1t2[1] [1]1*dt (2);

diff(A,dd), diff(A,dt(l)), diff(A,dt(2));

3=3+1)

}

//--Computing modular vector field-

matrix Cz[4][4]=0,0,0,0,-1,0,0,0,0,0,0,0,0,0,1,0; print(Cz);
matrix Ct([4][4]=0,0,0,0,0,0,-1,0,0,0,0,0,0,0,0,0; print(Ct);
ideal I=A-Cz; I=std(I); list 1lz;

lz=reduce (da, I), reduce (db, I), reduce (dc, I), reduce (dd, I), reduce (dt (1), I), reduce(dt (2),1I);1z;
ideal I=A-Ct; I=std(I); list 1lt;

lt=reduce (da, I), reduce (db, I), reduce (dc, I), reduce (dd, I), reduce (dt (1), I)
//----Check local embedding of the period map--

matrix lobi[3](3)=-2+a,-3+b, -4+t (2),1z[1],12z(2],12z[6],1t[1],1t[2],1t(6];
det (lobi)-2/3+Delta;

//----Other vector fields four vector fields--

matrix C1([4][4]=0,0,0,0,0,1,0,0,0,0,-1,0,0,0,0,0; print(Cl); ideal I=A-Cl;
reduce (da, I),reduce(db, I), reduce(dc, I), reduce(dd, I), reduce(dt(1l), I),
matrix C2[4][4]1=0,0,0,0,0,0,0,0,0,1,0,0,0,0,0,0; print(C2); ideal I=A-C2;
reduce (da, I),reduce(db, I), reduce(dc, I), reduce(dd, I), reduce(dt(l),
matrix €3[4][4]=0,0,0,0,0,0,0,0,1,0,0,0,0,1,0,0; print(C3); ideal I=A-C3;
reduce (da, I),reduce(db, I), reduce(dc, I), reduce(dd, I), reduce(dt(l),
print (C4); ideal I=A-C4;
reduce (dd, I), reduce(dt(l),

,reduce (dt (2),I);1t;

I=std(I);
reduce (dt (2),
I=std(I);
reduce (dt (2),
I=std(I);
reduce (dt (2),
I=std(I);
reduce (dt (2),

;5
), ;

I), )i

matrix c4[4][4]=0,0,0,0,0,0,0,0,0,0,0,0,1,0,0,0;
),

reduce(da, I),reduce(db, I), reduce(dc,
-relation between periods

0,s), (x(1..4),2z(1..4),inf),dp;

I, )i
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matrix In(4](4]=0,0,0,-1,0,0,-1,0,0,1,0,0,1,0,0,0; print(Ih);

matrix P[4][4]=-1,2(1),2z(2),inf,0,x(1),x(2),2(3),0,x(3),x(4),2(4),0,0,0,-1; print(P);

matrix Ic(4]([4])=0,0,0,1,0,0,-1,0,0,1,0,0,-1,0,0,0; print(Ic);

Ic-transpose (P) *transpose (inverse (Ih)) +P;

/) ===== modular vector fields in the fake period domain----

LIB "foliation.lib"; ring r=(0,x(1..4),z(1..2), W), (dx(1..4),dz(1..2), dwW) ,dp;

matrix P[4][4]=-1,2z(1),z(2),W,0,x(1),x(2),x(2)*z(1)-x(1)*z(2),0,x(3),x(4),x(4)*z(1)-x(3)*z(2),0,0,0,-1; print(P)
matrix dP[4][4]1=0,dz(1),dz(2),dW,0,dx(1),dx(2),dx(2)*z(1)-dx(1)+*z(2)+x(2)*dz(1)-x(1)«*dz(2),

0,dx(3),dx(4), dx(4)z(1)-dx(3)*z(2)+x(4)+dz(1)-x(3)+dz(2),0,0,0,0; print (dpP);

matrix A=transpose (inverse (P)«dP);

A=substpar (A, x(4), (1+x(2)*x(3))/x(1));

A=subst (A, dx(4), (x(1)#x(2)*dx(3)+x(1)*x(3)#dx (2)~(1+x(2)*x(3))*dx(1))/x(1)"2);

matrix Cz[4][4])=0,0,0,0,-1,0,0,0,0,0,0,0,0,0,1,0; print(Cz);

matrix Ct[4](4])=0,0,0,0,0,0,-1,0,0,0,0,0,0,0,0,0; print(Ct);

ideal I=A-Cz; I=std(I);

list lz=reduce(dx(l), I),reduce(dx(2), I), reduce(dx(3), I), reduce(dz(l), I), reduce(dz(2), I), reduce(dwW, I);
ideal I=A-Ct; I=std(I);

list lt=reduce(dx(l), I),reduce(dx(2), I), reduce(dx(3), I), reduce(dz(l), I), reduce(dz(2), I), reduce(dwW, I);
matrix C1[4][41=0,0,0,0,0,1,0,0,0,0,-1,0,0,0,0,0; print(Cl); ideal I=A-Cl; I=std(I);

reduce (dx (1), I),reduce(dx(2), I), reduce(dx(3), I), reduce(dz(l), I), reduce(dz(2), I), reduce(dWw, I);

matrix C2(4][4]=0,0,0,0,0,0,0,0,0,1,0,0,0,0,0,0; print(C2); ideal I=A-C2; I=std(I);

reduce (dx (1), I),reduce(dx(2), I), reduce(dx(3), I), reduce(dz(l), I), reduce(dz(2), I), reduce(dW, I);

matrix C3(4](4]=0,0,0,0,0,0,0,0,1,0,0,0,0,1,0,0; print(C3); ideal I=A-C3; I=std(I);

reduce (dx (1), I),reduce(dx(2), I), reduce(dx(3), I), reduce(dz(l), I), reduce(dz(2), I), reduce(dW, I);

matrix C4(4][4]=0,0,0,0,0,0,0,0,0,0,0,0,1,0,0,0; print(C4); ideal I=A-C4; I=std(I);

reduce(dx (1), I),reduce(dx(2), I), reduce(dx(3), I), reduce(dz(l), I), reduce(dz(2), I), reduce(dW, I);

LIB "foliation.lib"; ring r=(0,x(1..4),2z(1..2), W,a,b,c,d,mu, la,ka), x ,dp;

matrix P[4][4]=-1,2(1),2(2),W,0,%(1),x(2),x(2)*z (1) -x(1)*z(2),0,x(3),x(4) ,x(4) z (1) -x(3) %z (2),0,0,0,-1; print (P)
number lap=lasd-muxc; number mup=-laxb+muxa;

matrix A[4][4]=1, la, mu, ka, 0,a,b,mup,0,c,d,~lap,0,0,0,1; print(A);

matrix B=A«P;

poly pl=B[2,3]+B[1,2]-B[2,2]+B[1,3]-B[2,4]; subst (pl, x(4), (1+x(2)*x(3))/x(1));

poly p2=B[3,3]+B[1,2]-B[3,2]*B[1,3]-B[3,4]; subst (p2, x(4), (1+x(2)*x(3))/x(1));

e Reducing to tau locus—-----

LIB "foliation.lib"; ring r=(0,x(1..4),2z(1..2), W), x ,dp;

matrix P[4][4]=-1,2(1),2(2),W,0,x(1),x(2),x(2)*z(1)-x(1)*2(2),0,x(3),x(4),x(4)*z(1)-x(3)*z(2),0,0,0,-1; print(P)
matrix g[4][41=1,0,2z(2)*x(3)-z (1) *x(4),W+z (1) * (z(2) -z (1) *x (3) " (-1) *x(4)),0,1/x(3),-x(4) , 2 (2) -z (1) *x (3) " (~1) #x (4)

print (g); print (substpar (Pxg,x(4), (1+x(2)*x(3))/x(1) ));

12.12 Computation of a period matrix

In this section we explain the computation of period matrix using Weierstrass
uniformization of elliptic curves. Let us consider the family of elliptic curves

¥ =4x} —thx—13 with a = df,‘, 0= (x+t])d; and

2mi 2mi 2mi
(t1,02,13) = (a1 E2(T),a0E4(7),a3E6(7)), (a1,a2,a3) = (37 12(@)2,8(3)3)

(12.22)
By Weierstrass uniformization theorem if we use the biholomorphism

C/(ZT+2) 2E, 2 (V=27i " p(z),vV=27i " #(2))

and define J;, &, to be cycles in E corresponding to vectors 7,1 € C then

L s % s, ) 7 -1

v —27i fgz% fgz(x‘f'tl) ;C ro
see |Section 9.13] We also define &y (resp. 3) to be the image of the straight paths

from O to zp in E (resp. an anticlockwise oriented closed path around P). In order to
be able to integrate differential forms ¢; over 6;’s we have to modify them according

. (12.23)

S
|

1z;

1t;

,0,0,x(3),0,0,0,0,1;
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Fig. 12.5 Four paths

to[Figure 12.3] In this figure € is small complex number near to 0 with negative real
and imaginary parts.

Proposition 12.10 Let us consider the differential forms

y
b dx  xdx
0= (c—— oco+t1—+x——d(l), (12.24)
2a y y 2x
ly+bdx
w=-2" oy +d -
2x—ay
where
(a,b,c,d,t1,t2,13) = (12.25)

Rp B —kin(F), —2mkF), by, K
W7 b b b 12 27 12 47 63 6 b

w1 . . . . . ..
where k = (—2mi)~2 and ' is derivation with respect to z. The period matrix is of

the format:

féoaokf(soa] kfaoaz k2f50a3 —1 20 0 7,

Js, 0o k [5, 00 k [5 00 szgl o |0 T —-1z-1

Js, 00 k 5, 00 k [5, 00 K [5, 03 010 1
000 -1

Js, 00 k [5, 00 k [5, 00 K* [5, 03

Proof. The computation of the first column and the last row is trivial. The submatrix
{1,2} x {1,2} is already mentioned in (T2.23) and k [5 a1 = zo is also easy. The
proof of [5 =0 is:
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(=2mi)

BIl—
—
N
S~—
N———
Il
ﬁ
S &
Y
o ~
Nap
]
o
)
X
S

We have used J; = a% InF and

(2mi)?
12

see |[Exercise 2.40| Therefore, J; = § — (— 2nz)2t1 Is, %

Next, we prove the equalities corresponding to (1,4),(2,4) and (3,4) entries. we
are going to use the equality

Ji(z0) = &(z0) + Exzp, (12.26)

LEW=F0) e o £
G = L) ) - L)

see [Exercise 2.12] Using (12.26)) we have

1 pl(z) *JOI(*Zo) -
2 pz)—@o(—20) (Ji(z—20) —J1(z) +J1(20))

- 8% (ln (F(IZ:(_Z)ZO)) +zJ) (Zo)))

The proof of [ a3 € 27iZ is as follows:

/500)3—1n(a ::/ (03——)
B /P+€ 7%
(1 F(z—2z0)
= (" )
. F@FEpe)
" F(zo+€)@(z0+€)F (8 —20)
(2m)?
F(z0)$2(20)F (—20)

—*/50<d~d xa>cix>ln(a).

z0+€

€

+J1(z0)z0
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where =, means modulo 27iZ. Here, we take lim¢_,5. We have used the fact that
@2(z) =772+ and F(z) = (—27)z+--- and F(—z) = —F(z). For the other equal-
ities we will use

F(z+1,7) = —F(z,7)

F(Z+T,T) _ _efni(r+2z)F(Z’ T)

F(z—2)

) we have

These implies for g(z) :=

g(z+1) =g(z), g(z+1) = 0g(2).

We take € near to zero, between the vectors —1 and — 7. Moreover, we take —zg
in the parallelogram formed by 1 and 7 For the equalities below see [Figure 12.6}

/oc B '1y+bdx % /'*'E ( (z— ZO))
60 Js2x—ay TV T F(z)

_ / 1+S(Jl(z—zo)—f, (2))dz = / e )z / N 2

£—2p

a+1 1€
= / Ji(2)dz— / Ji(z)dz = —27iResi(J; (z),z = 0)
a €
= —2mi (12.27)

We have used J;(z+ 1) = Ji(z). Next we compute:

o= [ FERS S [Ty (D))

= [ —n@ie= [ n@de- [ nas

€—20
T+E€
= / (z)dz+2mi(e —z0 — a) —/ J1(z)dz (12.28)
€
= 27i(e —z0 —a) — 27i(a — €) + 27iResi(J; (z),z = 0)
= 2mi(—z0+1) (12.29)

We have used J; (z+7) = J1(7) — 2mi. The residue of J; at z = 0 after the integration
on the parallelograms in

Remark 12.3 We could also compute the integrals (12.27) and (12.29) by Mathe-
matica, see the latex file of the present text. Let 6;(z,q), i = 1,2,3,4 be the theta
sereis in Mathematica. These are related to our notation by

él(ﬁz,ebrir) _ 797 é (ﬂ'Z 627171'1) 9] o 9 (EZ 6271'1'1) _ 90,07 é4(7TZ,€2mT) =0

N\

0

Note that F = 232
P
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Fig. 12.6 Integration of o3

Remark 12.4 The 27in, n € Z in the (4,1) entry of the period matrix can be ab-
sorbed in d := —2In(kF) and so we can assume that this entry is zero provided that
in |Proposition 12.10| we say that there is a branch of In such that the period matrix
is of the desired format.

12.13 Quasi-Jacobi forms

Remark 12.5 In [Lib11] and [[Obel8]], both of the authors propose a definition of
quasi-Jacobi forms. A quasi-Jacobi form is one of the follwoing equivalent defini-
tions:

1. Any polynomial in F with coefficients in C[a, b, c,;,;] which is holomorphic at
z=0.
2. Any F™P(a,b,c,t,t;) hololorphic at z = 0.

Note that if P is a homogeneous polynomial of degree m then F™P(a,b,c,t;,t;) is
automatically a quasi-Jacobi form.



Chapter 13
Modular curves and differential equations

The applications of modular curves and modular functions to number theory are
especially exciting: you use GLy to study GL1, so to speak! There is clearly a lot
more to come from that direction ... may be even a proof of the Riemann Hypothesis
some day!, (J. P. Serre in an interview by [ICTCOI|]).

13.1 Introduction

A classical model for modular curves is given as a curve in the affine variety AZ
which is the zero set of the polynomial relation between j(7) and j(dt). This is
highy singular and in order to have less singular models we need more functions
and modular forms. In this chapters we are interested in those models which are so-
lutions of ordinary differential equations, or in a more geometric language, they are
leaves of holomorphic foliations. The main example of this returns back to [Pic89,
pages 298-299] in the case of X;(d). We mainly follow a new treatment of this in
[Mov22b] which is based on a moduli space interpretation of the ambient space. We
also give models for Xy(d) for which we first describe its three dimensional version
embedded in the double copy T x T of the moduli T of enhance elliptic curves dis-
cussed in[Chapter 9] We take a quotient of this six dimensional space and get a four
dimensional weighted projective space containing a singular model of all modular
curves Xo(d) defined over Q. All these curves are the only algebraic leaves of a
vector field which is constructed from a double copy of the Ramanujan vector field.
Recall the Dedekind y function:

v(d) :=dH(1+%)

pld

where p runs through primes p dividing d. The first singular model of the modular
curve Xo(d) is given by the following:

217
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Exercise 13.1 For any d € N, there is a polynomial P (x,y) € Q[x,y] of degree y(d)
in both variables x,y and symmetric in x, y, that is P;(x,y) = Py (y,x), such that

Fa(j(7),j(d7)) =0,

where j(7) is the j-function. Hint: We may try to deduce this statement from the

assertion of [Theorem 13.1|for E4.Eg, as if E4(dt) and E¢(d7) are algebraic over the

field C(E4(7),Eq(7)) then any rational function of them is also algebraic over the
same field. One has to then discuss the degree of algebraicity as it is announced in

We may also directly generalize to weakly holomor-
phic modular forms. The treatment of the polynomial Fy is old, and for instance, we
can find it in [Fri22| page 348] [Frilll page 136].

Exercise 13.2 Show that the affine curve P;(x,y) = 0 is not smooth. Can you char-
acterize a singular point of this curve interms of the isogeny of the underlying ellip-
tic curves.

13.2 A consequence of Hecke operators

Recall the following rescaling of Eisenstein series:
8i(7) = aiEai(q) = a; <1+b,~2 (Zdz"l)q"), (13.1)
n=1 \d|n
i=1,2,3, g=¢*™" Im(1) >0
with

(b1,ba,b3) = (—24,240,-504), (ay,az,a3) = (2mi, (27i)?, (2mi)?).

Theorem 13.1 Fori=1,2,3 and d € N, there is a unique homogeneous polynomial
Iy, of degree i- y(d), where y(d) :=d]],(1+ %) is the Dedekind y function and
p runs through primes p dividing d, in the weighted ring

Qlti,s1,52,83], weight(t;) = i, weight(s;) = j, j=1,2,3 (13.2)

and monic in the variable ¢; such that ;(7) := d* - g;(d - 7),s1(7) := g1(1),52(7) 1=
82(7),s3(7) := g3(7) satisfy the algebraic relation:

13(ti,51,52,53) = 0.

Moreover, for i = 2,3 the polynomial I, ; does not depend on s;.
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Proof. For the statement for g, and g3 we only need the theory of Hecke operators

for modular forms. We apply to f(7) := gi(t), k =2,3 and find
modular forms gy, y)—;(7) of weight 2k (y/(N) —i) such that Z;‘/:((I)V) gyv)—i(T) f(NT)' =
0. The reader must be care that the letter g is used for two different purposes. Next,
we use in order to write gy,(y)_; as polynomials in g, g3. For g we
have to use the theory of Hecke operators for quasi-modular forms. The statement
follows from [Theorem 9.2|and ??.

13.3 A model of modular curve in dimension four

Recall [Proposition 8.2] and [Proposition 8.3] Despite the fact that we have not con-
structed a basis of modular forms for Ij(d), they give us an interesting model for
Xo(d). In the following we denote the coordinate system in the weighted projective
space P+6462 by [x2 1 x3 1 y2 1 y3 1 y1].

Proposition 13.1 The map given by

Xo(d) — P40\ 127x2 — 3 =0} U {27y —y3 =0}, (13.3)
T [g2(7) : g3(7) : d*g2(d7) : g3 (d7) : dgi (dT) — g1 (7)] -

is a biholomorphism between Xo(d) and its image So(d). Moreover, So(d) is a sm-
moth complete intersection curve in PH6462\[27x2 — 3 = 0} U {273 — 3 = 0}
defined over Q.

Proof. The image of the map (13.3) is an algebraic curve in P*%*62 over Q and

outside the discriminant locus {27x3 —x3 = 0} U {27y3 — 3 = 0} it is a com-

plete intersection Q41 = Q2 = Qa3 = 0, where Qg 1(y1,%2,%3), Qa2(y2,%2,x3),
Q043(y3,X2,x3) are homogeneous polynomials of degrees respectively y(d),2y(d), 3y(d)
in the ring Q[x,x3,y1,y2,y3], deg(x;) = deg(y;) := i such that

Qu1(d-gi(d-7)—g1(7),82(7),83(7)) =0, (13.4)
Qaa(d*-g2(d-7),82(7),83(1)) =0, (13.5)
043(d® g3(d - 7),82(7),83(1)) = 0. (13.6)

This follows from [Theorem 8.2 and the fact that Iy(d) has index y(d) in SL(2,7Z).
Now, we prove that the complete intersection

P{Qu1 = Qa2 = Qa3 =0} C P**HO2\ {2725 —x3 = 0} U{27)3 —»3 = 0}
is the image of the image of the map (13.3). detil

We consider the affine chart C* c P>323! given y; = 1. The map in this affine
chart is given by
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(13.7)

: (
(d-gi(d-7)=g1(1))*" (d-g1(d-7)—g1(1))’

We consider the following vector field in (x2,x3,y2,y3) € C*:
1 0 1 1 0
V= <2x2 —6x3 + g(xz —yz)x2> EP + (3x3 — gx% + Z(xz —yz)x3> Fr (13.8)
1 0 1 1 0
— (292 —6y3+ = (32— = (33— 22+~ — =
( y2—6ys+ ¢ (2 xz)yz> 7 ( s—3yaty (2 xz)y3> e
It is obtained through the proposition.

Proposition 13.2 Let (x,x3,y2,y3) be the coordinates of the map (13.7). We have

% = (g1(r)—d-gi(d 7)) (2x26X3 + é(xzyz)xz)

0
% = (gi1(t)—d-g1(d-7) 3X3—*X2+ (X2—Y2)X3)

T

dy3

TT:(gl() d-gi(d-t))

l
92 _ (g1(7)—d-g1(d-7) ( 2y2+6y3—(y2—X2)Y2>
UCTEE

1
3y3+ yz ——(n xz)y3)

Proof. The proof is a mere computation.
As a corollary we get:

Proposition 13.3 The curve So(d) in the affine chart y, = 1 is smooth.

Proof. The singular set of the foliation the vector field v in the weighted projective
space P2323! consists of an isolated point and a rational curve:

1 1
{[0:0:0:0: 1}}u{27x§—x3 =27y —vi=x; +y; =20 :0}. (13.9)

Exercise 13.3 Show that the vector field v in the homogeneous coordinates [x; : x3 :
y2 1 y3:y1]is given by

2x2y1 — 6)63 0 I 3X3y1 — %X% 0

(13.10)
V1 dx; v 0x3
2y =6y 9 ywmi—33 0 1y-m 9
1 dy2 1 dy; 12 yr dy

IP)Z,3,2,3

In particular, Sing(v) intersects the projective space at infinity at the point
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[3:—-1:3:1:0].

13.4 Moduli space I

In this section we give a moduli space interpretation for the weighted projective

space P2323! used in|Section 13.3

Theorem 13.2 Let us consider the moduli space of triples (E1,E»,f), where E;
and E; are two elliptic curves and f : Hip (E1) = Hlx (E2) is an isomorphism which
sends F'HJy (Ey) to F'H )y (E2) and it respects the intersection form in H, (E;), i =
1,2. This as a coarse moduli space exists and it is

P32\ ({27x3 —x3 =0} U{27y3 —y3 = 0}), (13.11)
where we have considered the projective coordinates [xy : x3:y : y3 : y1] € PH6462,

Proof. For a triple (E1,E», f) as above we write both elliptic curves E; and E; in
the Weierstrass format and so it becomes of the format (Ex, ,,Ey, y;, f). We also
write f in the Weierstrass basis o;, ®; of HJR(Ei), i=1,2:

[f(ou), flo)] =[or, am]gr, gr€G,

where G is the algebraic group (9.6). Let us take a different choise of the Weierstrass
format (Ek’4x2,k’(’X3 VEf-ay, k6y50 f) isomorphic to (Ex, v;,Ey, y,, f). We have

. ~ * —
O Epay g6y = Exy iy, 070 = koo

which uses similar computation as in the proof of This together
with the same statement for (y;,y3) implies that

_[kto]l ko
8F = Ol}gf 0k’

By the action of k € G,, or k € G,, we can assume that the (1,1) and (2,2) entries
of grand g 7 The above equality is equivalent to k = k and

the (1,2) entry of gz = k> - the (1,2) entry of g;.

If we denote by y; the (1,2) entry of g, and identify f with g5 we get

I

1 k™ 2y, 1y
(Ek74xz ,k76X3 ’E];_4)'2,1;_6y3 ? |:0 1 ) (Ex27x3 ? E)’Z Y30 0 1 )
and so, we get a unique point in P62 minus {27x —x3 = 0} U {27y} —y3 = 0}.
Conversely, for a point in (I3.11) we consider the triple (Ex, ,,Ey, y,, f), Where f
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is uniquely determined by
1
). flon)] = fan, x|}

From the proof of [Theorem 13.2] we know that over the affine chart y; # 0 of
the moduli space (I3.11) we have the universal family of triples (E), Ez, f): For

(x2,%3,¥2,y3) € C* we have (Exyx3,Eyy.y4, f) and f is uniquely determined by
fla) =, f(o)=w+ 0. (13.12)

Over this affine chart we have the two dimensional cohomology bundles HJy (Ex, ;)
and H}; (Ey, ,), and hence, the four dimensional bundle H given by

sz X3,V2.3 - H(;R (Exz X3 )\/ ®c HJR (Eyz vy3)

which has a global section given by f. Recall that for two vector spaces A,B we
have
AY ® B~ Hom(A,B), Za,y Qb — (a— Za,-v(a)bi).

The cohomology bundle in (x;,x3) has global sections represented by the Weier-
strass basis o, @, for HC}R (EX2,X3). The dual bundle has also global sections Otlv =
(au,-) and @, := (o1, -), where (-, ) is the intersection bilinear form in H} (Ey, 1, )-
The conclusion is that f is represented by the following global section of H:

a/ @m+a) @ — o) o+ 00 @ .

However, this is not the section which we need in|Equation (13.8) We will need the

section
fla) = —a, f(o)=mm+a. (13.13)

or equivalently o ® & 4 & ® @, + ®)’ ® 0. The Gauss-Manin connection matrix
V can be transported to H in a natural way.

Theorem 13.3 There is a unique vector field v in T such that
Vi(oy @ +a) @+ 0 @) =0,

y2—Xx2

Vi(oy @ ) = B

This is is given by (13.3).

Proof. The proof is purely computational. Let A; and A; be the Gauss-Manin con-
nection matrices (3.23) in the coordinates system (x2,x3) and (y2,y3) instead of
(t2,13). For a connection V : H — .Q+ ® H on a vector bundle H on T, the dual
connection V¥ : HY — Q1 @ H" is defined through the equality:

o @+ oy @m;— ) @ op.

V¥(a)(b) = —a(V (b))
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for sections a and b of H and H" respectively. The minus sign is necessary in order
to make the dual connection intgerable. Note that the evaluation of a in a section
of .Q% ®H is Q%--linear. The dual Gauss-Manin connection matrix in the dual basis

[oV, @"]" is given by
—(A)2 (A | _ Al
(A)2r —(A)n ’
The last equality follows from the fact that the sum of the (1,1) and (2,2) entries

of the Gauss-Manin connection matrix (3.23) is zero. Therefore, the Gauss-Manin
connection matrix in the bundle A and the basis

() @ o, 0 @ i, 0) @ 0, 0 @ )" (13.14)
is given by
Aun 0 (A O (A2 (A2)i2 O 0
A 0 (A 0 (A + (A2)21 (A2)22 O 0
(A 0 (A)n O 0 0 (A2)11 (A2)i2
0 (A 0 (A)x 0 0 (A2 (A2)x
We have

—22 1 -1 0
-2 10 -1

A, = 12
v 200 11
0 2 _» oo
21212

and so the result follwos.

Remark 13.1 The global section f in (I3.12) written in the basis (I3.14) has the
coefficients C = [1,1,—1,0], that is, f is C times the matrix (I3.14). However, in

Equation (13.8)|we have used C = [1,1,1,0].

13.5 Proof of Theorem 13.3

13.6 Dynamics

We consider the foliation in C* given by the vector field v. The reader is not sup-
posed to know the theory of holomorphic foliations and we only want to trans-
mit a feeling of this concept using the vector field v. Roughly speaking, by this
foliation we mean the images of all solutions of v, that is all holomorphic maps
a: (C,0) — C* such that @'(t) = v(a(t)), t € (C,0). It can be points or one
dimensional transcendental or algebraic curves. The singular set Sing(v) of v is
the set of points p such that v(p) = 0. This is the zero set of the coefficients of
%, a = x2,x3,y2,y3 in v. The singular set of the foliation F(v) in the weighted pro-

jective space P := 23231 with the coordinate system [x; : x3 : y2 : y3 : y1] consists
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of an isolated point and a rational curve:
o1
Sing(v) = {0} U {27x§ —3 =215 -y =x; +yi — 2y = 0} . (13.15)

The call the second component of Sing(v) the curve singularity and parametrize it
by

1
g: P! 5P, [t:s]— [3:2:? 35257 2(s+t)} . (13.16)

It can be easily checked that

Exercise 13.4 The following union of two hypersurfaces

A:=AUA,, (13.17)
Ay = {2733 —x3 =0}, Ay == {27y3 —y3 =0} (13.18)

is tangent to v, that is, dA—A,_"(V) € Clxz,x3,y2,y3].

Theorem 13.4 ((Mov22b], Theorem 1) The algebraic curves So(d) C P¥,d € N
are not contained in A and they are tangent to the vector field v in (13.8). They are
the only algebraic curves in P\ A with this property. The curve Sy(d) intersects A
only at the points g([a: —b)), d = ab, a,b € N in the curve singularity of v.

13.7 Picard’s curious example

S 64

In this section we give a new moduli space interpretation of E. Picard’s “équation
différentielle curieuse” in [Pic89, pages 298-299], see also article [Maz01]. Our
presentation follows [Mov22b, Section 10].

Definition 13.1 Let T be the moduli space of triples (E, P,®), where E is an elliptic
curve over k and by definition it comes together with a point O, P € E(k), P# O is
another point and ® is a meromorphic differential 1-form in £ with poles only at O
and P and with the order of pole equal to one at both points. Moreover, the residue
of @ at P and O is respectively +1 and —1. We call T the Picard moduli space.

As it is the case with many other moduli spaces in this text, T turns out to be affine
and there is a universal family over a Zariski open subset of T.

Proposition 13.4 We have
TP \{[sia:b:d e P> |a =0}, (13.19)

where A .= 27(—b2 +4d> — ca)2 — 3, and the family over T is given by the following
Samily of elliptic curves written in the affine coordinates (x,y) € Aﬁ:
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E=E.p. 1 ¥y =4 —cx+b* —4a> +ca, (13.20)
ly+bdx d
0= 04 = s —x—&—s—x, P = (a,b).
y

2x—ay

Note that we do not have universal family over T. We have such a universal family
over the open subset {s # 0} of T.

Proof. Let (E,®,P) be an element of the moduli space T. We choose Weierstrass
coordinates x,y on E. These are rational functions on E with pole of order 2 and 3
at O, respectively. In this way we can write E in the Weierstrass format E_ ¢ : y? =
4x® — cx — & with A 1= 27 — ¢3 # 0. In these coordinates we write P = (a,b) and
therefore b*> = 4a’ — cx — & From this we compute ¢ and repalce it in the expression
of the elliptic curve E.  and we get E,;, .. The differential form %i J_FZ% has the
same properties as o, therefore, their difference is a holomorphic 1-form in E,
and hence it is s% for some s € k. It follows that any triple of the moduli space T is
isomorphic to a triple in for some (s,a,b,c) € k*. Note that ¢ = 4a> — ca — b*
and so it can be discarded. For k € k* we have

J i Epac g6~ Ecg,

fxy) = (x, ),
Je Ot j-20 335 = Osa -

and so (s,a,b,c) and (k~'s,k~2a,k=3b,k~*c) represents the same point in T. Any
isomorphism of elliptic curves in the Weierstrass format comes from the k* action
above, and so, any two points in the right hand side of (I3.19) are not isomorphic.

Let us consider the affine chart s = 1 for the moduli space T. We are going to
talk about integration of differential forms and so we have to work over complex
numbers, that is, k = C. Let § € H(E, ¢, Z) be a continuous family of cycles. A
more algebro-geometric version of the statement bellow similar to the Gauss-Manin

connection of families of elliptic curves, see might be necessary.
Proposition 13.5 We have

1 bdx d o d o d
d/<y+ x+X>_1. xdx | 0 [ dx (1321)
s\2x—ay 'y 5y 5y
where d is the differential of holomorphic functions in (a,b,c) € C3, a; = oy;da+
0idb+ oide, i=1,2 and o;;’s are given in

(262 —30ca? + 6cb+72a* — 18ab2) —(2¢2a—30ca® +9cab+3cb? +72a% —36a3 b — 184262 +953)

32 = 36¢a” +45cab—108a3b+276° —1 (9('264 +3c2b— 144ca’ + 54ca®b+9cb? +432a5 —216a*b — 1084262 + 54111;3)
o=
-1 (3m +3cb— 3643 + %2) 1 ((»2 — 18¢ca® +9cab +72a* — 3643 b — 18ab? + 9b3)

Proof. We know already that derivation of the integrant in the left hand side of
(T3.21)) has no more residues around O and P, therefore, it must be an element
of Hle(EaJ,’C), and hence, it must be a linear combination of %, i=0,1 with
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coefficients which we are now going to compute. This is a simple, but long, calculus
computation.

Proposition 13.6 The loci of points in T such that the integral [s (%%% + %)

is constant for all choices of § € H\(Eq ¢, 7) are the solutions of the vector field

v = (2c — 24a® + 6ab + 6b)% — (3¢ — 36a* + 36ab — 9b2)% (13.22)

d
+(12ca+12ch — 144a° + 36192)(7
c
Proof. Such aloci is given by a1 = 0, o = 0. The matrix o has rank two and the
vector field v is in the kernel of o and o and generates it. This implies that along
the solutions of the vector field v in T, the integral in the left hand side of (13.21) is
constant for all continuous family of cycles.

Theorem 13.5 The foliation induced by v in T has infinite number of algebraic
leaves S1(N),N =2,3,---. The leaf S| (N) parameterizes the triples (E, %‘%’;’7 ),
where P is a torsion point of order N and fy is a rational function in E with
div(fy) =N-(P— 0). It is given by the image of the holomorphic map

1

L(N)\H* — P, 1 |:FN(‘L') : p(N

,r) 7 (;},r) :6OG4(T)] . (13.23)

It is quite natural to give a purely complex analysis proof to the fact that the image

of the map (13:23) is tangent to the vector field v (similar to the case in
ftion T3.2). This has been formulated in

Proof. We write the triple (E, ﬁ%,P) in the Weierstrass coordinates (x,y) and by

Proposition 13.4] we get a unique point [s:a: b : c] € T. In this way, fy is a rational

function in x,y with coefficients in k and

1 dfy <1y+b+s> dx

ﬁfT_ 2x—a y

(13.24)

restricted to E, ;. is identically zero. The periods [s %, 0 €Hi(Espo—{O,P})
are all in 27iZ, and hence, they are constants independent of a,b,c. By
this implies that the curve S (N) is tangent to v.

Next, we describe a parametrization of S; (N) by modular forms. We consider the
complex torus E := ﬁ and its embedding in P? using z — [@(z,7) : ¢/ (z,7) : 1],
where (z, T) is the Weierstrass & function and its derivation means with respect to
z. We also consider the torsion point P = % in E. The following function

1y 100+ @ (3.0
Nfy 2 p(z7f)_p(%’7)

FN(T) .
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is holomorphic on the torus and hence it is independent of z. Here, fy(z) is a double
periodic function in z with period 1 and 7 and it has a zero (resp. pole) of order N
atz= % (resp. z = 0) and ' means derivation with respect to z. The compactification
of the curve S1(N) in P!23# is birational to the modular curve X; (N) := I3 (N)\H*,
where

a3=0a;=a4 =1, (mod N)}

Ii(N) = { [Zl Zz} € SL2Z
3 a4

Such a birational map is given by

L(N)\H* — P!234 7 [FN(T) : p(;{,r) : (]1’,1> :60G4(T):| :

The four functions involved in the above parameterization are modular forms for
I (N). The precise comparision of our Picard’s differential equation given by v in
(I3.22) and the Picard’s differential equation in [Pic89] pages 298-299 is left to the
reader. For the line bundle L := (P — O) on E = E,, . with its global meromor-
phic section s such that div(s) = P — O, we can associate the holomorphic connec-
tion V:L = Qr®L, s — 04p ®s. Isomonodromic deformations of (E, V) is the
same as deformations with constant integrals in the left hand side of (I3.21)). This
and [Lor16] Corollary 2 and 3 have been the starting point of our reformulation of
Picard’s example.
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Chapter 14
Calabi-Yau threefolds

Honestly speaking, the main goal of writing the present book has been to gener-
alize the whole theory of elliptic curves (Calabi-Yau varieties of dimension one)
and elliptic modular forms to the framework of Calabi-Yau threefolds. The author’s
attempts to do this has been successful in some directions which are explained in
[Mov11, Movl5Sa, Mov17, IAMSY 16, Mov22al and has failed in many other direc-
tions. As the history of modular forms and elliptic curves is almost two centuries of
mathematical research, the development of similar topics for Calabi-Yau varieties
might take even more time. In this chapter I would like to report on what tiny things
are already done and the tremendous amount of work which must be done in the
future.

For a smooth projective variety X over C we assume that the reader is familiar
with the algebraic de Rham cohomology, see [Mov21]], and singular homology, see
[] and the references therein.

14.1 Hypersurfaces with a finite group action

The parameter space of smooth hypersurfaces of degree d and dimension n in P"*+!
is of large dimension and it is desirable to have families of hypersurfaces with some
symmetry and depending on few parameters. In this section we try to elaborate
this idea and justify the definition of mirror quintic from a purely mathematical
perspective. This section is a further elaboration of [Mov22al Section 12.7].

We take a finite group G acting on IP"E'H. In practice, this will be a subgroup of
the automorphism group of the classical Fermat variety

X():X:li: P{xg+x?+...+xz+lzo}cpré+l

of dimension n and degree d. The group S, of all permutations in n 42 elements
{0,1,...,n+ 1} acts on X¢ in a natural way. An element in b € S, acts on X¢ by
permuting the coordinates:

231
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(xo,xl,...,xH]) — (xho,xhl,.. . ’xhn+l)'

Multiplication of the coordinates by d-th roots of unity provides other automor-
phisms of the Fermat variety. Let

W2 g = g X g X o x g [diag(Ua), (14.1)
—_———
(n+2)— times

where
o= 1{1,00, 57"} (14.2)
is the group of d-th roots of unity and diag (L) is the image of the diagonal map

:u'd_>“'s+27 CH(CaCaaC)

The group ,u['l’” /Uy acts on X¢ by multiplication of coordinates:

(80,815 Cur1)s (05 x15 -y X 1) = (Gox0, C1x1s -+, Cup1Xn41)- (14.3)

Let us define the free product group
Gy = (W5 /1a) *Sn2 (14.4)

which is a subgroup of the automorphism group of the Fermat variety X¢.

Exercise 14.1 Is the automorphism group of the Fermat variety either as a complex
manifold or an algebraic variety over C is equal to fo ?

Let G C G¢ be any finite subgroup. The group G acts on the space V¢ of smooth
hypersurfaces in a canonical way and we define

Vg = {t evd

g.t:t} (14.5)

that is, Vi parametrizes hypersurfaces X with G C Aut(X). By definition the Fermat
point 0 € V¢ is in V5. Our main examples for G are

Example 14.1 Let

G:

{Cewi?m] &b G =1}, (14.6)
for the case d = n+ 2. The corresponding family of hypersurfaces is give by

X, : t0x8+2 —|—t1x']’+2 +...+ tn+1x:ﬁ — (n4+2)ty12x0x1 ... Xy =0, (14.7)
which is called the Dwork family. It is smooth if and only if

2
A =10ty -ty 1 (1075 —Toty -+ tg1) # 0.
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For A = 0 and ¢;’s different from zero, X; has only isolated singularities. This might
help to discribe the homology of X; as explicit as possible using vanishing cycles.

Example 14.2 For the permutation group G =S, 1, we will consider the case d = 3.
The corresponding family of hypersurfaces is given by

X, o to(xg )+t (x4 --) F 13 (xoxixa +---) =0, (14.8)

where - - - means the sum of all possible monomials obtained from the leading mono-
mial by permuting the variables. We call X; the Deligne’s family, as working with
hypersurfaces with large automorphism group is proposed by P. Deligne, (personal
communication, February 20, 2016).

Definition 14.1 An automorphism of a smooth projective variety leaves the Hodge
filtration invariant and hence it is natural to consider the invariant part of H}f (X)

HI (X)C = {weHgR<X) ) o= VGEG} (14.9)

and the induced Hodge filtration. This is also called the invariant cohomology of X.
In a similar way, we define the invariant holology:

H,(X,2)C := {5 € H,(X,Z) ‘ 6.6=8 Yoc G}.

The fact the invariant homology is dual to invariant cohomology follows from the
same statement for usual (co)homologies.

Exercise 14.2 Let V¢ be a C-vector space and V7 be a free Z-module with a bilinear
map Vz x Vg = C, (8, ) — [5 @ which makes V7 dual V¢, that is, the natural map
Vg, = VY, 8 — (0~ [50) is injective and Vz x 7z C = V. Let G be a finite group
acting on both Vz and V¢ such that [sg0 = [,so forall g€ G, w € V¢, & € Vz.
Show that V€ is dual to V¢

Proposition 14.1 A basis of Hix(X)C for a member X = X; of the Dwork and
Deligne families and for t in a neighborhood of the Fermat point are given by

(01 - Xpp1)* Q2
I* ’
(X0X1 " X3k _p2+-+-)Q

fk R s Ly

respectively, where - -- means the sum of all possible monomials obtained from the
leading monimial by permuting the variables. It is compatible with the Hodge filtra-
tion. For the Dwork family dim(H%% (X)9) = n+ 1 and the Hodge numbers are

P B A )

1,1,1 1
———

n+1— times
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and for Deligne family dim(Hl} (X)) =n+1-2 [%] and the Hodge numbers
are

0303"'307 171a"'71 ) ana"'ao .

—— —— ——
[HL]- times nt+1-2["fL]- times [“]- times

Proof. This follows from Griffiths theorem on the cohomology of hypersurfaces in
[Gri69]], see also [MV21]].

Note that using [Exercise 14.2|and [Proposition 14.1|we can cobclude that for Dwork
family H,(X,Z)¢ is free of rank n+ 1 and for Deligne family it is free of rank
n+1-2[1].

14.2 Eisenstein series

Despite being natural, I did not find in the literature the way of writing Eisenstein
series and Weierstrass & function as in [Proposition 3.3|and [Remark 3.1] The main
goal is to see whether in this way we can generalize these convergent series to
other periods, and in particular, periods of Calabi-Yau threefolds. One can formulate
similar formal power series, however, in general the main obstacle is whether they
are convergent.

Exercise 14.3 Let X be a Calabi-Yau n-fold and 6; € H,(X,Z) be a primitive ele-
ment, that is, it is not divisable by an integer. Is the following sum convergent

—k
Y </§ w"ﬂo) ,keN, (14.10)

§ a monodromy of §,

where the sum runs in all monodromies 6 € H,(X,Z) of §;. Note that in the case of
elliptic curves n = 1, if we find &, such that 8;, 8, form a basis of H,(X,Z) then the
action of monodromy produces cd; + d &, for all coprime integers ¢ and d and the
above sum is the Eisenstein series Ej (up to multiplication by a constant). If we use
the Eisenstein summation as in[Section 2.18|then the above series is even convergent
even for k = 1,2. It might be useful that in the case of mirror quintic to write a precise
description of all 4-tuples (a;,as,a3,as) € Z* such that a; & +- - - + a4 84 is obtained
by the mondromy of a fixed 8, see We might first to ellaborate the
case n = 2, in which the moduli space of Calabi-Yau two folds (K3 surfaces) is a
Hermitian symmetric domain and we have a well developed theory of automorphic
functions in this case. For this we may take the Dwork family [MN21]] or lattice
polarized K3 surfaces [CD12].

My feeling is that in some way one has to use periods of forms over the homology
path between rational curves inside Calabi-Yau threefolds. For instance,
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2(f )

which does not seem to be convergent. Here, IP’<1) is a fixed rational curve of degree
one, P! is a rational curve of degree d such that dP} is homologous to P!, and the
sum runs through all P!’s and such homology paths. Before going to Calabi-Yau
threefols, one intermediate challenge may help us. This is namely defining Eisen-
stein series for differential Siegel modular forms develped in [Mov22a, Chapter 11]
and [CMY21].
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