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So many periods...

Periods z € C admit the following equivalent characterizations:
Elementary [R(z2),13(z)] are volumes of @-semi-algebraic sets;
K-Z. I1R(2)1,13(2)I are of the form [,_,f, for f,g € Q(t);
Motivic z=(1,y)(x,p). where n€ Hi(X,D) and y € HF(X, D), for

some smooth variety X,g and some divisor D — X which can
be taken to have simple normal crossings.

Example: $(27i)/2=Vol(x®>+y?<1)= [T t2di1' and 27i = <[%] '[©]>G@
Problem: Given a period, express it as a motivic one. This allows to: ij
* make predictions about transcendence, via the period conjecture;

* place our period in various filtrations (e.g. study its weight).

o~

Alexander Groendieck Today: We are going to see this for the Mahler measure of a polynomial.
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Kurt Mahler

Z\V' P f “‘X/V\

A huge problem about small Mahler measures

Mahler (1962): For P e C[zE']\{0}, let m(P):= [;.log|P|du,, where

M= (SH" and p, = (Zil)n(dzl A /\dz—i”) is the Haar probability measure.
We have m(P) =log(limp_ollPllp,,). but aIsoEn(PQ) =m(P)+ m(Q)}
Moreover, m(P) =log(¢(P)), where (X eznay-2}) = Xyeznlayl is the length.
In particular, m(P) =0 if Pe Z[z]\{0}.
Lawton (1977): If PeZ[zX']\ {0}, then m(P)=0< P=2z" HPlg‘(z,,) i,
This generalizes Kronecker (1884). Other proofs by Boyd (1981), Smyth (1981).

Pierce (1917) If P(z1) =I1;(z1 — aj) € Z[z1], then Ap(P) :=TI; aj’.’ —1 is easier
to factor than a random integer. Often, A,(P)/A1(P) is prime, if n is prime.
Lehmer (1933) We have A,41(P)/An(P) — exp(m(P)). Thus, we want the
smallest m(P) >0. Does it exist? If so, is it achieved by:

P(z))=2z%+2) -z -2 -22 ~ 2} -z} +zy +1 7


https://londmathsoc.onlinelibrary.wiley.com/doi/abs/10.1112/jlms/s1-37.1.341
https://zbmath.org/0447.12004
https://archive.org/details/n1werkehrsgaufvera03kronuoft/page/46/mode/2up?view=theater
https://www.sciencedirect.com/science/article/pii/0022314X81900330
https://www.cambridge.org/core/journals/canadian-mathematical-bulletin/article/kroneckertype-theorem-for-complex-polynomials-in-several-variables/9C037BA7D0624A950D6A7AA70F3DA607
https://www.jstor.org/stable/2007169
https://www.jstor.org/stable/1968172
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David William Boyd

The multivariate aspects of Lehmer's problem

Let ., := m(Z[z;']\{0}) € Rso, and Moo :=lim _ (z) < Raxo.

Boyd (1981) m(P) =limg_..co m(P(z1,2{,2",. ,21@) if PEC[_“]\{O}
Hence, we have 4 © o < 41, and 1 = R=g if inf(.1\ {0}) =
Thus, if /., is closed, then Lehmer's question has a positive answer.

For PeClz:!] and A€ Z™ ", let Pa(z,,):= P(z;™" - zpt, oz zp™).

Smyth (2018) For P € C[z:tY], the set #(P):={m(Pa): A€ Z**"} is closed.
Moreover, ./, is filtered by the sets .#(Qy), where Qg := Zj'l:1(22j—1 - 25)).

Brunault, Guilloux, Mehrabdollahei, P. (2021) For P € C[z£!]\ {0}, we have
that m(P) = limy(4)— +00 m(Pa), where p(A) :=min{|lvlle: v € ker(A)\ {0}}.
This gives us new limit points inside .#,, and generalizes Lawton (1983).

As a special case, we recover an identity of Mehrabdollahei (2020),

concerning the limit of m(Py), where Py(z1,20) = ) zizL.
O<a+b=d


https://doi.org/10.4153/CMB-1981-069-5
https://doi.org/10.1090/proc/13951
https://doi.org/10.1016/0022-314X(83)90063-X
https://arxiv.org/abs/2101.07675
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Mahler measures and special values of L-functions

- Q\ag\%@\‘éaﬂq Qz?&) Boyd (1998) looked for small numbers inside .45, and found numerically:

Christopher Deninger

w =
( + L + 25+ ! +k) L'(EW0)
zn+—+z+— ~
1t ot et o L'(€YO)
whenever k? € Z. Today, this has been proven for:

[k € (-4v2,-2v2/1!2,3,2v/2,3v/2,5,8,12, 16, ,2i,3i, 4, fzi}}

by Rodriguez-Villegas (1999), Rogers & Zudilin (2014), Brunault (2016),(etc...)

These identities can be related to the conjectures of Beilinson (1984) on
special values of L-functions. Indeed, Deninger (1997) proved that:

arr=n W WP

m(P) = 'm(P(z,-1,0)) +¢r (121, za), [y p] © (V=T v o)
where Vp:={P=0}— G, and yp ::mm lz1l=...|zp-11 =1, |z,] = 1}.
Hence, if Vp is smooth, PE tempered, and dyp = @, Beilinson's co_njectures
predict m(P) «~ L*(H"*(Vp),0), for a smooth compactification Vp of Vp.


https://doi.org/10.1080/10586458.1998.10504357
https://doi.org/10.1007/978-1-4613-0305-3_2
https://doi.org/10.1093/imrn/rns285
https://doi.org/10.1016/j.jnt.2015.12.019
https://doi.org/10.1007/BF02105861
https://doi.org/10.1090/S0894-0347-97-00228-2
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Some little steps...

In particular, Bornhorn (1999), following the ideas of Deninger (1997), proves
that Boyd's conjecture:

1 1
mlzi+—+z+—+k 3@x L'(Ex,0)
7 ¥
holds under Beilinson's conjectures. This can be generalized to the family:

1 1 4l Z2
P(zi,22)=z1+ —+220+—+—+—+k
21 2 22 1

which was treated in Theorem 4.4.3 of P. (2020).

One can also use a weak form of Beilinson's conjectures for CM elliptic curves
E/qg, proved by Bloch (1978) (see also Rohrlich (1987)), to show that:

m(P)=rL'(E,0) +log|s]

for some P € Z[z1,2], and two numbers re @ and s€ Q.
This was done in Theorem 9.2.4 of P. (2020).


https://arxiv.org/abs/1503.06069
https://doi.org/10.1090/S0894-0347-97-00228-2
https://drive.google.com/file/d/1p5aqSwS8WDOa9bkPkxR51OXLTs7O3EZH/view?usp=sharing
https://bookstore.ams.org/crmm-11/
https://zbmath.org/0632.14020
https://drive.google.com/file/d/1p5aqSwS8WDOa9bkPkxR51OXLTs7O3EZH/view?usp=sharing
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Fernando
Rodriguez-Villegas

A gallery of explicit relations

Some identities between Mashle{ measures and zero—dlmen5|ona| L-functions:

A= =3

Smyth (1981) m(/l) L (ﬂ,@ and m(L3) =-14.¢ (@) with L, =27 ey
Ray (1987), Boyd & Rodriguez-Villegas (2002) Many more L'(ya,—1) for A <O.
Lalin (2006) m(z0S,, +S5,) € (¢'(=2),...,{'(=2k) )q, for Sg, = (1)
D'Andrea & Lalin (2007) m((1-z1)(1-z2) - (1-z3)(1—z4)) =—-18-{'(-2).

L’v_\.l
What about higher-dimensional L-functions?
Rodriguez-Villegas (2004) m(Ls) L —-L'(f,-1) and m(Ls)=-8-L'(g,—-1), for
two modular forms f € 53(15) and g € S4(6). How to go on?

Note that m(L,) is related to the probability density of a random walk with
n-steps, as studied by Borwein & Straub & Wan & Zudilin (2012).

?

Finally, some elliptic curves may appear, such as:

?

m(z;—(1-22)(1-z3))

studied by Boyd & Rodriguez-Villegas (2004) and Lalin (2013).

~2.1'(Xy(15),-1)


https://doi.org/10.1017/S0004972700006894
https://doi.org/10.4153/CJM-1987-034-0
https://doi.org/10.4153/CJM-2002-016-9
https://doi.org/10.1016/j.jnt.2005.03.002
https://doi.org/10.1016/j.jpaa.2006.06.004
https://www.birs.ca/workshops/2003/03w5035/report03w5035.pdf
https://doi.org/10.4153/CJM-2011-079-2
https://www.birs.ca/workshops/2003/03w5035/report03w5035.pdf
https://doi.org/10.1515/crelle-2013-0107
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Matilde Noemi Lalin

Looking for answers: the notion of exactness

In all the previous examples, either dyp # @ or Vp is not smooth.

Maillot (2004) We should look at Wp := Vpn Vp-, where P*(z,):= P(Z,;}).

n
Why this? Suppose P is exact, i.e. r( ({z1,...,zp}) = 0 inside HIH(Vp).
Then, using Stokes, we can write m(P) = [, o for some we Q" 2(Wp).
This already explains Smyth's identity m(Ly) =L'(y-3,—1), because
WL2 = {((3,—(3 — 1), (—(3,(3 — 1)} What about m(L3) = —14-(’(—2)?
Lalin (2007) Some polynomials are successively exact, so we can apply
Stokes's theorem multiple times. Since 000 =0, this can’t be done directly.

However, if Wp is singular, the pullback of @ to the desingularization Wp of
Wp may become exact, while dyp might acquire a boundary!

For instance, if P e C[z3!], one can take Wp = {Res_, (P, P*)=0}.


https://www.birs.ca/workshops/2003/03w5035/report03w5035.pdf
https://doi.org/10.1215/S0012-7094-07-13832-8
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Jean Gaston Darboux

The first step: symmetrizing the Deninger cycle
Brunault & P. (2021): If PEC[E#]\{O} and Vp: {P-P* =0} — G, then:

-
e o) m(P)=m(pz, 1,00 = o0
where 19 = r{y ({21, .,zp}) and yo € HB | (Vo) is a symmetrized version of yp.
Thus, looking at the Mayer-Vietoris long exact sequence:
_ 5 yn— _ _
- — Hig?(Wp) = Hig ' (Vo) — HiR ' (Vp) @ Hig ' (V) —
we get a class 17 € HJRTZ(WP) if no‘vp =0. Hence, we get:
m(P)—m(P(Zn_l»O))=(TI1,7’1)\A}p

where y1 =0d(yo) is obtained by looking at the adjoint Mayer-Vietoris long
exact sequence in homology. Thus, say that P is exact if m'VP =0, as before.

Historical note: Maillot points out that the relation between the involution
z,— z,;! and the intersection Vp(C)NT" might go back to Darboux (1875).


https://mathshistory.st-andrews.ac.uk/Biographies/Darboux/

2‘03:1?013257 U\) . '\)2;/‘8 . . . .
e 3= 9 How to go on: successive desingularization

Pengo
There exist exact reciprocal polynomials, such as P =z + 21_1 +2+ 22_1 +4. In

this case, Wp = Vp is not the good variety. How to deal with them?
Brunault & P. (2021): Generically, Wp = V"€, So, one can look at:

i
.
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where each V is smooth. Here, a polynomial is exact if n0|\70 =0.

By induction, P is k-exact if it is (k—1)-exact and nk,1|\7k71 =0. We get:

—
ENS DE LYON

m(P)—m(P(z,.1,0)) = Mk, YK v

Heisuke Hironaka

» for € HiR ™ (Vi) and yi=0(yk-1) € HS |, (Vi).



GADEPs
2021.08.27

Riccardo
Pengo

Mahler
measure:
definition
and basic
properties

Exact
polynomials:
from
Darboux to
Lalin

Our
contribution:
a geometric
approach

15

Pierre René Deligne

(),

P@)= Z-N

'y
H(P ( b YL (\4 3) A more canonical approach: the exactness filtration

— Let X = Vo (smooth), and D := V4 < X (simple normal crossings divisor).
Write D= D;U---uD, and D() =ysj=i Dy, where D; =Njes D; (smooth).

Take |77 € Hiz (X, D) lifting 1o € Hj5' (Vo) through the diagram: \/3{4‘9

= HgR_,z(WP) — Hggl(\/o, Wp Hn 1 Vo \V) p)=0
| :
.. — H22(D) — JHIRH(X, D) — HiZY(X) — HIRY(D) =
and consider the spectral sequence H9(D(P)) = HP*9(X, D), inducing Fil’,,

Brunault & P. (2021): Say that P is k-exact if 77€F11re|(Hg§1(X»D))-
Let ye HB [(X,D). If ¢ Fil* and 7 e FillE \Fil® |, we have:

m(P)—m(P(z,_4,0)) = (erk, (@), & (V) x.0) = T Ti) pivo

which computes m(P) as an absolute period on the smooth variety D(¥).
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Christopher Smyth

bn (Bt { D4 3700

An example: the three-variable linear polynomial

|
Let P=L3=2z +2z+2z3+1. Recall that (P)——14(( 2) by Smyth (1981).
Let Z=1{z1=0}U{z=0}U{z1i+zo =1} and S={z; = 1}U{z =1}U{z; + 2o =0}.

We have Vp =A?\ Z, thus H3.(Vp) = Hys(Vp) = R?, and Wp=S\(5n2).
Hence, Hl.(Wp)=R* and Im(H1 (V) ® Hig(Vp:) — Hi(Wp)) = R3.

Therefore, Hi. (Vo) =R3 and Hi. (Vo) =R’. We get a diagram:

0 — Hl (Vo) — HlL(Wp) 2 H2.(Vo, Wp) — H2.(Vo) — 0

l l | l

0 — HI(X) — HL(D) == HgR(X,D)X—> H2(X) — 0

whose rows are exact. Note that D= Wpu Wp and X = Vpu Vp-.

, ~ . TH(2) = (U6 |
Finally, ne@l(Hz(X,D)) =r13:l—£\ H?(X,D)) @and D®) =Spec(Q)-°.
Thus, we should indeed expect (and we can prove) m(P) ~g~ {'(=2).


https://doi.org/10.1017/S0004972700006894
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{
Pengo ¥ aco, L_(//KJ)[—-\) .
e — ———— * Resolve the ambiguity Im(H/;?( V") — HJ (X, D)) for 7.
A Write m(P) as a period for (X\ A, B\ (AN B)), with X smooth projective.
Relate this to X(Ap) (toric variety) and to (successive) temperedness.

* Compare with the weight filtration on H" ().
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* Compare with the degeneration P-P* =t for t — 0.
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Make yp more canonical, following (perhaps) Besser & Deninger (1999).
Study the families L, (1-exact if n#3) and zS, + S, ((n—1)-exact).

“Compute” m(Ls) and m(Ls) up to Q*, and assuming Beilinson's conj.

Study the co-exactness filtration on .

Write m(P) as a motivic period, following Brown (2017)
Maybe it's a single valued period, as in Brown & Dupont (2021).

Study this in fibrations, as in Doran & Kerr (2011).
Compute trdeg(Q(mw, m(P1),...,m(P;))/Q), assuming the period conj.

Francois Brunault

17


https://doi.org/10.1515/crll.1999.093
https://doi.org/10.4310/CNTP.2017.v11.n3.a2
https://doi.org/10.1515/crelle-2020-0042
https://doi.org/10.4310/CNTP.2011.v5.n2.a3
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Thank you very much for your attention!

Esta preparando seu espirito e sua vontade, porque existe
uma grande verdade neste planeta: seja vocé quem for ou o
que faca, quando quer com vontade alguma coisa, é porque

esse desejo nasceu na alma do Universo.

Paulo Coelho de Souza, O Alquimista

P.S: Did you get curious about Mahler measures? Check out the book:
Many Variations of Mahler Measures: A Lasting Symphony
by Brunault and Zudilin (2020).


https://doi.org/10.1017/9781108885553



