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Polarizations

(a) quasi - ample
,

2=0×43 ) with D divisor big and nef
L

Theorem[Mayer_]

If 2=0×42 ) is quasi - ample ,
there exists nzl

such that In D1 is base - point free and
-

41ns ,
:X → IP

"

consists of contracting all rational curves C with D . C = o
.

Moreover
,

all singularities in Im ( 41ns , ) are rational

double points .

(b) lattice polarization ( Deauville
, Dolgacheu)

Let M even lattice of rank r
-

and signature ( 1. r - I )
-

- -
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k3surfaceswithfx-20-Tshioda-Iuoseterminc.to

Tx Eet NS ( x )
t
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* transcendental lattice
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• In this case Tx is even
, positive definite ,

rankerC- 7L

→ ( 25be ) aa' ! b > o

,
uae - b

2
> o

-

SL ( 2,74 - conjugacy class classifies X

• Theorem [ shioda - Ino se ]
-

Siren X
,

Y '  ' singular
" K 3 surfaces ,

one has :

X - Y ⇒ tx-tyisomeetafg.IQ
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Fix ;
- M even lattice

,
rank  = r

, signature ( s
,

r - I )

{
- primitive lattice embedding a : M ↳ L

Then define :

T=2(tgOne has : T even lattice
,

rank  = 22 - r
, signature ( z

,
20 - D
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Given ( X
,

i
,

0 ) :

T inherits a Hodge structure of weight 2

TO ① = T
" °

T
'

s
'

① T
92

- - -

⇐
3W ,w- It a E

which
,

in turn
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"

period
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rn = I [ w ] Elp
'

( T a ) I ( w
,

w )=o
,

( w
,

I ) >of
↳yPeniodDom

- ]
Obs

.
on - Rra :

• open variety of dim = 20 - r

• symmetric homog . space
O ( 2,20

- r ) / so Cz ) x 0/20 - r )
-

• two connected components
,

each I Herm
.
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.
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theorem[ Hi Kulin
,

Burns - Rappaport ,
Todorov ]

(a) There is a fine moduli space Km for marked M - polarized k3 's
-

( b ) p : Km i→ rn is etale and surjective
-

period map [ Aste risque ,
262 )

Removing markings :
- -

Mpg : coarse moduli space for M - polarized K 3 's
-

p : Mia I → Mhra
-

My = { f E O ( t
,

K ) / f = id
.

in Aut ( TTT ) }
-

Theorem [ Torelli for M - polarized Ks 's ]-
P : Mpg →

Hrm
isomorphism of quasi - projective

w

In
varieties
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specialM-polarizationshighankyfyr.gg

quasi - projective variety

dim-zo.se
bounded symmetric domain factored

-

p by a discrete arithmetic

group

For high rank
,

one may E

- understand 7
,

well ,
as dimension is small

- in some cases
, Faa is known to number - theorists

- understand compactification s

- explicit descriptions for k3 families
- connect to appropriate modular

forms
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theorem H - polarization on X ⇐ Jacobian elliptic fibration
- -

( 9 :X → IP
'

,
Sc > X section )

< f
,

s > a HSG )
- -

^ f ! o
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,
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rank = 8
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or -
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-

T
- -

Theorem ( Nikitin
,

Van Geemeu
,

Sarti )

-Hot N - polarization
Jacobian elliptic fibration|-on×←→wilhanorder-twosectio

4 :X → IP
'

elliptic fibration y ? x ( x 't aftlxtbct ) )
- -

So
" base " section So : x - N

-

s
,

section
,

has order 2in MWH,
So) s ,

: x=o
-



UH ① µ
- 20 - dim

. quasi -projective variety

Generic member : elliptic fibration has 8 Is 's and 8 Io 's

*
-

AtE-If
"  -

¥- -

8Is
T 8 Io fibers T

theorem ( Van Gee men
,

Santi )
2% ) =w

An H N - polarized K 3 surface carries a canonical

symplectic involution ax :X → X given by fiber - wise

translations by the order - two section
.
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we shall consider polarizing lattices M with

H Of N C M rank M = r

- -

i:ir::i: a :::::
← p

degree = 4 degree = 2
) - )

quartics in IP
}

double sex tics
- I - ,

easier to richer geometry
,

describe I classify
in terms of
Modular forms
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M=t①Eo① r= IS

Fm = Xo ( n )
+

=

,z,
FriekeModuearCu

of level n

- -

Hz : usual complex upper half - plane

To ( n ) = { ( Ibd ) E PSL C 2,24 I c = o ( mod n ) }
-

-

To Cmt = f Tolu)
, ( org

,

-

torn ) > s PSL Cs IR )
- -

USN dual : km ( E
,

x Ez)

÷ :*: . . I is:;:
.  .

E
,

x Ez
O
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M = HO Ez ① Ez 1=18

- - Shi oda - Ino se

theorem [ c.Doran ]

normaef_orm@yLetCa.b

,
d) E E3

,
with d to

.
Consider the quartic in Ip

3

:

-2a L

y zur - 4×32  taxz¥tbzw3- I (§ Ew 't w - 4) = O
←

singularitiesarerationaedoublepoindthemin.sesolution is a K3 surface X Ca ,
b

,
d ) carrying a

-

canonicalH①EzQEgpolarizafc
• ← Pz

Singularpoints o
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+
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÷

:
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Eg Ez

•

M = Ez Eg A C s
, of- I-3. y

T 3

Th[ c - Doran ]
-

(a) All H Ese A Ez - polarized K 3 surfaces , up to i zoomorphism
,

can be realized as X ( a
,

b
,

d )

C b)

XCd=X¥
if and only if

I = t ? a
,

I = t ? b
,

d-⇐EG. d

for some t E att



Lbs
: M

, ① E , Eg

DEF } [ a ,b
,

d) E- WP ( 2,367 I d to }

I
is a coarse moduli

space
for It ① Eg A Ez - polarized

K3 surfaces
. ¢ Hilbert

-
lemme

7.a ⇒ *
.

=

itTE'Zs←"s:dj⑤
-

IT  
= [ PSL ( 2,7L ) x PSL ( 2,7L ) ] X 742 > e

- T
theorem[ C - Doran ] Inverse period map is given by :

c.ae?id..--cz.Leaaiac.IT'.

9267=60 . Ey te )
,

9314=140 . Este )
,

A (3) = 8236) - 27.856)
- -



Observations :

• I
,+ ② E

,
① E ,

is also coarse moduli space for A  = E
,

x Ez
-

with Ee
,

Ez elliptic curves

• VS It duals : km ( E
,

× Ez )
-

• In fact ,
via the J - invariant function J = 8¥ :

2fEDt2CEz)=a3_bdZtd-,zCr⇒.zCEz)=adi.



⑦
M = H -0 Ez ① Ez

,

r = 17

-

theorem [ c.Doran ]
.

Let ( a
, b. c. d) E a

" with ( Sd ) # lo ,
o ) .

Consider the quartic in Ip }
-

⑥z.w-4x3ztaxz¥_bzw3¥Sxz2w-z(dz2w7ft-
Singularities are rational double points avid the min

.

resolution is a K3 surface X Ca ,
b

,
c

,
d ) carrying a

canonical Ha Ez AEzpolarization . • ← Pz

sin::÷::÷
Pz : [ o 200 ] ← Ash ⇐

w=o

Pz ; [ o o 20 ] ← As ( c * ° )

2c×-duw=[3add-zbc3-d3]Zw2#

- c3w3 + 2 y
2

2-  = o
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-3the[ c - Doran ]

(a) All HAE ,
①Ez- polarized k3 surfaces , up to i zoomorphism

,

can be realized as XCq,↳Sd)C b) X ( a,#d) = X CEeT) if and only if :

a=±a÷÷÷÷÷T



M DIF } [ a ,b
,

C
,

d ] E Wp ( 33,56 ) I C c
, d) 46,07 }

HA Ez ① Ez F

is a coarse moduli

space
for It ① Ese AEz - polarized

K3 surfaces
.

tent tito
.

. e.
⇐s . " .mu.

sina.ee?s:dei@

- I

Hz = { I = ( 5¥) EM ( 2×2
,

e ) I Im G) ' Im ( z ) > Im (2)
2

,
Im ( x ) > o }

Sp. (4,74 = { m -
- ( Ac:} ) E GLC 4,74 I Mt -214=2 where y = }

M . I = ( Abt B ) ( CE t D )
- I



J E
,

× Ez" s

:S
. " .mx .

. a
.

"i÷÷;:i: ↳ aa.cc ,

✓ ¢
C genus - two curve

• Siegel modular forms in genus two

Theorem [ Igusa ]
-

A4KH6, =P
,

Cease . ,9o,9d
graded ring of Eisenstein Cusp Forms

modular forms series

for Spark )

Go
-
- ( - " ) ( Ey Eg - Go )

,

C ,z= ( a.) [32.7243+253.82-69192]



Theorem [ C - Doran ] Inverse period map for M -
- HE Ez A Ez :

-

[ a ,b,c ,
d ] = [ Ey te )

,
Eg ( E )

,
27355. Go

,
273 ? C

,z ]

Observations : one - to - one
-

corresp .

• { X
,

HAE
,

A Ez - polarized } ←→ }
.

A
,

P.P. abelian surface }
• Go = o ⇒ A  = E

,
x Ez [ M=H①Ez ① Eo )

•Cio to ⇒ A  = Jac ( c ) ,
C genus - two curve

• KSN duals : km ( A )
-



⑧
19 = HQ Ez A Ez ,

1=16

-

theme[ C - Doran - Maline holier ]

Let ( a
, b. c. d

,
e

,
f ) E CIG with ( c. d) t ( o.o ) and ( e

, f ) # ( o
,

o )
Consider the following quartic surface in IP 3

:
#

YZZW - 4x3zt3axZwZtbzw3+cxzZw- { (IzZw2+fw4 ) t exw
?

= o

Singularities of above quartic are rational double points and

the minimal resolution X ( a ,b ,
c

,
d

, e. f ) is a k3 surface

Carrying a canonical HE Ezo Ez polarization .
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the[ c - Doran - Malm eudier ] .

(a) All HAE

#Ez
- polarized k3 surfaces , up to c- zoomorphism

,

can be realized as X ( a
,

b
,

c
,

d
,

e
, f )

C b) X ( a
,

b
,

c ,d
,

e
, f) = X ( E

,
I

,
E

,
I

,
E

,
I )

if and one

#
if .

.

Ci ) ( a-
,

I
,

I
,

d-
,

I
, F) = ( a ,b ,

e
,

f
, Sd )

OR

Cii ) ( E
, 5,5 ,

I
,

E
, E) = ( t ?a

,
t ?b

,
t.SE?d ,tie ,

f )

for Some TEE
't



One

defines
then the following invariants :

Ky = a

Kg = b

Kg = Ce

Kio = Cf t de

K iz
= d f

theorem[ c - Doran - Malm endier ]

UH A Ez -0 Ez
= { [ K 4 , KG

,
Ko

,
Kio

,

k
,z ] C- WP ( 2,3 , 4,5 ,

6 ) /
I ( Ko

,
Kio

,
Haz ) t ( ooo ) }

is a coarse moduli space for
HQ Ez -0 Ez - polarized k3 surfaces .



Periodicals

Matsumoto-sasaki-Yoshidattoe.ae

. I "::÷::!÷i
D= { WE M ( 2×2

,
a ) I i ( w

*
- w ) so } I

W = ( IYw )
,

4 . Im ( *) . Im ( w ) > I y - I 12

Gs = { g = ( E:3 ) E GL ( 4
,

Klis ) / g
*

2 g =3
, 2 = fI ) }

* w Ef w
t

* g * W = g- w

G = G
, X L * >



Theorem [ c - Doran - Mal men dies ]
-

( i ) K 4
,

KG
,

Ko
,

K
, o

,
K , ,

are modular forms of weight 4
,

6
,

8
,

to

and 92
, respectively ,

with respect to group G
.

( ii ) AZ *

( G
,

G ) = Cl [ Ky
,

KG
,

Ks
,

Kio
,

kiz )
-

graded ring of
even weight modular

forms over G

-

names :

÷÷÷÷÷÷÷÷÷÷:÷÷÷÷



⑨ P = It Ez ⑤ ( A , )
4

E H ② Ez A Dy Az 9=14

than [ c - Malmendier ]
Let ( a

, b. c. d ,e , f , g ,h
,

k
,

l ) E Q' °

such that ( a
, d) I Co

,
o)

( e f ) to
,

( g ,
h ) ¥ C o

,
o ) and ( k f ) t Co,

o ) symultaneoasly .

Consider the following quartic surface in 1123 :

y2zw - 4×3 z  t3gxzwltbzw3-tzczcx-d.co/C2gx-hw1zZ-IzC2ex-few) (2k£-few) = o

The singularities of the above quartic are rational double

points .
The minimal resolution X ( a bed e f gh k e )

is a KS surface carrying a canonical P - polarization.



↳ Ly Ll

Singular Points
- -

• ← Pa
( generic case )

L
5:c:c::÷: : ,¥÷
.





theorem [ C
.

- Mal men dies )

The quartic coefficients define seven invariants

( Ky ,
KG

, Kg
,

Kio
,

Kaz
,

BG
,

B 8) .

The six - dimensional open space :

{ [ Kei
,
Ks

,
ko

,
Kio

,
Kk

,
Boo

, By ] E WPP ( 2,3 , 4,5,
6

, 3,4 ) /
( K8

, Kio
,

Kaz
,

Be
,

By ) t ( o o o o o ) }
is a coarse moduli space for P - polarized

KS surfaces



USN - duals for P - polarized KS surfaces
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