Math 110: Midterm I
July 12, 2001

Name: SO Lu‘ﬂ ON S

Instructions: This is a closed book exam, and you will have 55 minutes. Please write
your name on every page you use. Calculators are not allowed! Make sure to show your
work clearly. The exam is worth 40 points.

Good luck!

Problem 1 (12 pts): Determine whether the following statements are true or false
(write your answer clearly, otherwise it will not be graded). If the statement is false,
provide a counter example.

7 a) Let V be a vector space, and let Wi, W, U be subspaces of V. If
WieU=W,eU

then Wl = WQ. .
Answer: FALSE. Llet \/:ﬁ?\z, W\"A’“""/ "'\lz—‘- Line y=Xx | U= X-axis
WEW, bt Wel=W, U= RE

7 b) IfS={v,...,v,} CV generates the vector space V, then any other set generating
V has at least n elements.

Answer: FALSE. S= i,_(.l,o) on (.l.l\} Wa\m fEZ, S han 3 clements
ot SO0 Lo Ny ﬂhz/\wa?w with 2 elemauts,

7 c) If B is a basis of a vector space V, then any subset of 3 is linearly independent.

Answer: TRUE
L d) The real vector spaces P3(R), May(R) and C? have the same dimension.
Answer: TRVE (u\\ have dimension q)

T e) If V is a finite dimensional vector space and T : V — V is a linear tranformation,
then T is injective if and only if T is surjective.

Answer: TRJUE  ( this s« Lonyequenin qg fae dim ‘H/\W\S

L f) Let T: R? — R? be a linear transformation. Then R? = N(T) & R(T).
Answer: FALSE .
CTR—R, TOP=(0,x) is el Hauk

NUTY= fraie, ROTY < e (50 NePYDROD=
4 Y-axis )



Problem 2 (8 pts): Consider the linear tranformation T : P3(R) — R? given by

T(p) = (p"(0),7'(0)).

Find bases for N(T") and R(T'), compute the nullity and rank of T, and determine whether
T is one-to-one or onto. :

It poo= aabx+cx+dxd Hhen F‘(A):’o+2cx+3dw<?) Ploy=b
PO = 2¢ +6dx , PN = 2¢

So

T PO = (2¢, b). e

Then T(px=0 &= b=0,cz0 | ank

3

N{T = { PO / a‘»dﬂ, a,AGRzS

‘ @f ¢ basis Fm' N(T) = ii) Xa%

R(T) = R ( s tollows Auup-&l?r g—mm or "'O e dim Hatoremn ‘
— dmNty =2 ) J\M%(K)""( >
A LuR)=2

@ basis foc BRED = $ (1o (01§ o sy e,

; ;\ o rone o= 2
W,

@ . 1§ NoT {-4 ({‘WNC‘P):HDQ
/()c Tis ON"I;O

T



Problem 3 (8 pts): Let 8= {(1,0),(1,1)} and v = {(0,1),(=1,1)} be bases of R?, and
let T : R2 — R? be a linear tranformation such that

= (3 o)

What is T(1,0)? What is 7(0,1)? What is T(z, y) in general?
For v=(1,0), =100 +0.0.).
vole Haak [\r—,\rﬁ (o) | so
(el [T1 09 = (o
Hene T = 0. (o + 4. 111 =/(-1,1) =T(m2j @

Foe v= (o), U= -00)+ (L)
[\ﬂ/\= ('I,i\

(Tl = T = gy (4-0)

Tr = (0,1) — (‘\,\3

Tomen|

o Tlug= xT(ho FyT (o) |
x(-hl)’r}(hoﬁ - (3"‘/ x) @

So




b
01

Problem 4 (B pts): Let V; and V, be finite dimensional vector spaces, and suppose
T : Vi — V; is a one-to-one linear transformation. Let Wi €V, be a subspace.

3 ek a) Prove that T(W,) C Vy is a subspace of V5.
4 ‘ph b) Prove that dim(T(W;)) = dim(W,).

O<9 . Since 0e Wy aud T(o) =0, OQTCWD
{ —

§» &U?POK ¥4 e T(\r\],,\ Tlhom 4=T0x) ,~az=T(><;_3, x, €W, X, e W, .

Tl Yo+, = TN +TOR) «T(x+ %),

@ | Oma % +¥% € V\T, (For T/\ﬁ W awaxpau,\,

3.‘ * &5?, € T(WA .

¢ Fre rﬁe T(w‘\, C Su&,Qa/n, qj 2Ty = T lex)

~3-';\”(:(),"(6\'\“ Bt cx € Wy ) So (’:j éT(Wg)

TI/\.U\Q (’\:\fl". T(\/\“\) _g_\/)_, 'S a SJOSFCLC-Q4

@ LQ‘;" gw”._,w.‘cg be & Laou\,m v@ W{ (SD CLIVY\W/):K‘)

we Jlawm Haat ’{Vwb, ‘ ‘,)Tzk,g < T(\/\/h 1s a basic Of. TC\AL,) (a.w! '\’\A?S'\M’Ph‘fo\
dw TOwWY= i)
o gTw\p-,_E)sz ?{ZAMAG\'CO p '

1f we TW, e 1;7‘(@\ e Wy,

ot w= aw - Ty, S0 ta’-‘ T(."‘\“’\*"""au%\:al‘n“n bt a [ (wy)

o annd

. {Tzo‘ \")ka} s yb 2
Q|Tw.‘\' 4 aTu, =0 =D T(_a\w‘-&..«—a.kuw =0

Swce T s owe- 4o -oing N(ﬂ:go“g' o AW .. AW, SO

)

%u‘*‘ Wy .., Wy, are yl: N hauw szaa:‘--""au_"oi

—



s #pk
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Problem 5 (‘ pts): Let V be a finite dimensional vector space, and let W, Wy C V be
subspaces. Prove that

dim(W; + W3) = dim(W;) + dim(W,) — dim(W; N W5).

(This result implies, in particular, that dim(W; & W,) = dim(W;) + dim(W,)).
Hint: Find a basis of Wy + W, starting with a basis of Wi N Wa.

Lﬂ‘\' iU.»~,uuS be a basis og. Wy N W, ‘,@\m \I\',f\\l\!?fk)

Cdimn W = e4m)
Smee Winw, € Wi, W waum axtend Jood 4o a basis fupoug, Vo Ve of W
Swmw \/\I4ﬁ\l\/z < \/\]z, e e extemd dup U fo o boncs [ NNVARTERIRIE A °§w7-
Cdim W, = 4N
oo ‘.‘{5:3 Vs Ui, Vis-1 Vo, Wis s i abars of Wit
(me b (W, #0,) = k4 m
= dim W, *dimW, ~ Kk

,r) Wa.'tu Y
= W, + i), =
10 26 W, +W. =%+ X , ) {
£ ttW, 4, W) 'ﬁe\l\/z_ Atmw‘ﬂwl_\
50 X = alu‘+"+awuq,+ bl"l* "‘\'bMVm j j =4 u\+"+ckuu,“'¢£|w|* ’4Ahh.)“ a,-lbl-’ C.’,d;
§(,420.45

.

44 & = X‘f‘j‘—'- (q\+c|\ U + ..+(au+c“ﬁ Uy + L,v, +. «»erv,v, + J,w‘-\--.A«A\,\wn

0{23 is /Q»U Supere
TR R VS N VAN b_V., + Wit W = O (')

we wwsk e Rk d;=b =¢; = O.

we o (UY‘:'\TL .Za( u.\ .ré‘_i,)‘\/o = —-Z_(;rb.)p s go Ztr e & Wﬂnv\/l} ok {A"u"q

m M Lo be Weitlon wn S A4, U
WL WL

0 wehore o by = S8ur = 20w+ Zhv; =0
L,V% l)uiv'\)u.vn"v\,-“] Vs Ql = b\),zo /‘j:“‘m

NOW 64'6\) 5 8“0‘" d‘u,+-‘+a‘cuu+Clw'-\-..-\—c“w“:o =% a;=0,¢;=0©

S Uy - Uy W, - W), ane Qd, @



