
Homework 2

Due 16 September 2019

Exercise 1. Let 𝐹 ∶ ℝ → ℝ2 be defined by 𝐹 (𝑡) = (cos 𝑡, sin 𝑡). Let 𝑋 = 𝜕
𝜕𝑡 ∈ 𝔛(ℝ) and

𝑌 = 𝑥 𝜕
𝜕𝑦 − 𝑦 𝜕

𝜕𝑥 ∈ 𝔛(ℝ2).

Show that for each 𝑝 ∈ ℝ we have 𝐹∗𝑋𝑝 = 𝑌𝐹 (𝑝).

Exercise 2. Let 𝐹 ∶ 𝑀 → 𝑁 be a smooth map with 𝑀 connected and 𝑑𝐹 = 0. Show that 𝐹 is constant.

Exercise 3. Let 𝑀1, ⋯ , 𝑀𝑘 be smooth manfifolds. Let 𝜋𝑖 ∶ 𝑀1 × ⋯ × 𝑀𝑘 → 𝑀𝑖 be the projection to the
𝑖-th factor. Show that for a collection of points 𝑝𝑖 ∈ 𝑀𝑖, 𝑖 = 1, ⋯ , 𝑘 the map

𝛼 ∶ 𝑇(𝑝1,…,𝑝𝑘) (𝑀1 × ⋯ × 𝑀𝑘) → 𝑇𝑝1𝑀1 ⊕ ⋯ ⊕ 𝑇𝑝𝑘𝑀𝑘,

defined by
𝛼(𝑋) = (𝜋1∗𝑋, ⋯ , 𝜋𝑘∗𝑋)

is an isomorphism.

Exercise 4. Let 𝐺 be a Lie group

1. Let 𝑚 ∶ 𝐺 × 𝐺 → 𝐺 be the multiplication map. Identifying 𝑇(𝑒,𝑒)(𝐺 × 𝐺) ≃ 𝑇𝑒𝐺 ⊕ 𝑇𝑒𝐺 as above.
Show that 𝑚∗ ∶ 𝑇𝑒𝐺 ⊕ 𝑇𝑒𝐺 → 𝑇𝑒𝐺 is given by 𝑚∗(𝑋, 𝑌 ) ≃ 𝑋 + 𝑌 .

2. Let 𝑖 ∶ 𝐺 → 𝐺 be the inversion map. Show that 𝑖∗ = − Id𝑇𝑒𝐺.

Exercise 5. Let 𝐹 ∶ 𝑀 → 𝑁 be a smooth map. Show that 𝑑𝐹 ∶ 𝑇 𝑀 → 𝑇 𝑁 is smooth.

1


