
Homework 2

Due 26 August 2019

Exercise 1. Let 𝑝± = (0, ⋯ , 0, ±1) ∈ 𝑆𝑛 ⊂ ℝ𝑛+1. Define the stereographic projections 𝜎± ∶ 𝑆𝑛⧵{𝑝±} →
ℝ𝑛 by

𝜎±(𝑥0, ⋯ , 𝑥𝑛) = (𝑥0, ⋯ , 𝑥𝑛)
1 ∓ 𝑥𝑛 .

Show that 𝜎± defines an Atlas on 𝑆𝑛 and that the corresponding smooth structure is the same as the one
defined in class.

Exercise 2. Denote by ℂℙ𝑛 the set of complex linear subspaces of ℂ𝑛+1 with the quotient topology 𝜋 ∶
ℂ𝑛+1 ⧵ {0} ↠ ℂℙ𝑛. Show that ℂℙ𝑛 is naturally a compact 2𝑛 dimensional smooth manifold.

Exercise 3. Show that ℝℙ1 ≃ 𝑆1 as smooth manifolds. Let [𝑥0 ∶ 𝑥1] be homogeneous coordinates of
ℝℙ1 and [𝑦0 ∶ 𝑦1] be homogeneous coordinates of another copy of ℝℙ1 and let [𝑧0 ∶ 𝑧1 ∶ 𝑧2 ∶ 𝑧3] be
homogeneous coordinates on ℝℙ3. Show that the map

([𝑥0 ∶ 𝑥1], [𝑦0 ∶ 𝑦1]) → [𝑥0𝑦0 ∶ 𝑥0𝑦1 ∶ 𝑥1𝑦0 ∶ 𝑥1𝑦1],

is a well defined smooth map 𝑆1 × 𝑆1 ↪ ℝℙ3, that is the two torus embeds as a submanifold of ℝℙ3.

Exercise 4. Show that ℂℙ1 ≃ 𝑆2 as smooth manifolds. Conclude that with the same notation as in the
previous exercise, there is an embedding 𝑆2 × 𝑆2 ↪ ℂℙ3.

Exercise 5. Let 𝐻𝑒𝑖𝑠3(ℝ) be the set of upper triangular 3 × 3 matrices with real entries and 1 on the
diagonal. Let 𝐻𝑒𝑖𝑠3(ℝ) be the subset of matrices with integer entries.

1. Show that they are both smooth manifolds of dimension 3 and 0 respectively.

2. Let 𝑋 = 𝐻𝑒𝑖𝑠3(ℝ)/𝐻𝑒𝑖𝑠3(ℤ). Show that the map
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↦ (𝑒2𝜋𝑖𝑎, 𝑒2𝜋𝑖𝑏) ,

descends to a well defined map 𝜋 ∶ 𝑋 → 𝕋 2.

3. For any 𝑥 ∈ 𝕋 2 show that 𝜋−1(𝑥) ≃ 𝑆1.

4*. Show that 𝑋 is a smooth manifold and that 𝜋 is a smooth map. Such an 𝑋 is called an 𝑆1 fibration
over the torus.
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