
Homework 1
All exercises from Artin

due Aug 17

1 Exercise. Let 𝐹 be a field Find all elements 𝑎 ∈ 𝐹 such that 𝑎 = 𝑎−1.

2 Exercise. Let 𝐹 be a field contained in an integral domain 𝑅. Suppose that dim𝐹 𝑅 < ∞. Prove that
𝑅 is a field.

3 Exercise. Let 𝐹 be a field with exactly 8 elements. Is the characteristic of 𝐹 8?

4 Exercise. Let 𝐾 = 𝐹 (𝛼) where 𝛼 is a root of the irreducible polynomial 𝑓(𝑥) = 𝑥𝑛 + 𝑎𝑛−1𝑥𝑛−1 + ⋯ +
𝑎1𝑥 + 𝑎0. Determine 𝑎−1 explicitly in terms of 𝛼 and the coefficients 𝑎𝑖.

5 Exercise. Let 𝐹 be a field and 𝛼 an element which generates a field extension of 𝐹 of degree 5. Prove
that 𝛼2 generates the same extension.

6 Exercise. Let 𝜁 = 𝑒2𝜋𝑖/7, 𝜂 = 𝑒2𝜋𝑖/5 show that 𝜂 ∉ ℚ(𝜁).

7 Exercise. Let 𝛼, 𝛽 ∈ ℂ. Prove that if 𝛼 + 𝛽 and 𝛼𝛽 are algebraic numbers, then 𝛼 and 𝛽 are algebraic.
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