THE ABSOLUTELY CONTINUOUS SPECTRUM OF THE
ALMOST MATHIEU OPERATOR

ARTUR AVILA

ABSTRACT. We prove that the spectrum of the almost Mathieu operator is
absolutely continuous if and only if the coupling is subcritical. This settles
Problem 6 of Barry Simon’s list of Schrédinger operator problems for the
twenty-first century.

1. INTRODUCTION

This work is concerned with the almost Mathieu operator H = H) ¢ defined
on (*(7Z)

(1.1) (Hu)p = tpt1 + un—1 + 2 cos(27[0 4+ na))u,

where X\ # 0 is the coupling, « € R\ Q is the frequency and 6 € R is the phase.
This is the most studied quasiperiodic Schrodinger operator, arising naturally as a
physical model (see [L3] for a recent historical account and for the physics back-
ground).

We are interested on the decomposition of the spectral measures in atomic (corre-
sponding to point spectrum), singular continuous and absolutely continuous parts.
Our main result is the following.

Main Theorem 1. The spectral measures of the almost Mathieu operator are
absolutely continuous if and only if |\| < 1.

1.1. Background. Singularity of the spectral measures for |A\| > 1 had been pre-
viously established (it follows from [LS], [L1], [AK]). Thus the Main Theorem
reduces to showing absolute continuity of the spectral measures for |\| < 1, which
is Problem 6 of Barry Simon’s list [S2].

We recall the history of this problem following [J]. Aubry-André conjectured the
following dependence on A of the nature of the spectral measures:

(1) (Supercritical regime) For |A| > 1, spectral measures are pure point,
(2) (Subcritical regime) For |A| < 1, spectral measures are absolutely continu-
ous.

A measure-theoretical version of this conjecture was proved by Jitomirskaya [J]: it
holds for almost every a and 6.

The description of the supercritical regime turns out to be wrong as stated.
More precisely, for generic « there can never be point spectrum [G], [AS], whatever
A and 6 are chosen, and for every « there is a generic set of 6 for which there
is similarly no point spectrum [JS]. Thus the result of [J] is essentially the best
possible in the supercritical regime (one can still look for more optimal conditions
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on the parameters, which can be sometimes useful for other purposes, see [AJ1]
and [AJ2]).

There was some hope that the description of the subcritical regime was actually
correct as stated, since the work of Last [L2], Gesztesy-Simon [GS] (see also Last-
Simon [LS]) established that there are absolutely continuous components (of some
spectral measures) for every a and 6 (belief in the conjecture was however not
unanimous, due to lack of any further evidence for generic ).

Two key advances happened recently. In [AJ2], the problem was settled for
almost every « and every 6, and soon later, in [AD] it was settled for every « (to be
precise, for every « that can not be dealt by [J], [AJ1]) and almost every 6. Those
two results are based on quite independent methods.

1.2. Outline. Our proof of the complete conjecture splits into two parts that do
not interact. The arithmetic properties of «, more precisely whether it is “well
approximated by rational numbers” or not, will decide which of the two methods
will be applied.

Let p, /g, be the continued fraction approximants to a and let

1
(1.2) 8 = B(a) = limsup Dnt1
n—oo q’ﬂ/
For our problem, the key distinction is whether 8 = 0 (the subexponential regime)
or 3 > 0 (the exponential regime).

1.2.1. The subexponential regime. In [E], Eliasson introduced a sophisticated KAM
scheme that allowed him to study the entire spectrum of one-dimensional quasiperi-
odic Schrédinger operators in the perturbative regime. Applied to the almost Math-
ieu operator, his results imply that, for frequencies satisfying the usual Diophantine
condition « € DC, that is In g,+1 = O(Ingy,), and for |A| sufficiently small (depend-
ing on «), the spectral measures of the almost Mathieu operator are absolutely
continuous.

In [AJ2], a non-perturbative method was introduced that, when applied to the al-
most Mathieu operator, gives sharp estimates through the whole subcritical regime
for @« € DC. Absolute continuity of the spectral measures was then concluded by
showing that, after an appropriate “change of coordinates”, the smallness require-
ments of the KAM scheme of Eliasson were satisfied.

In order to extend the conclusions of [AJ2] to the subexponential regime In g, +1 =
0(qn), there are two main difficulties. The first is that some key estimates of [AJ2]
break down in this setting (essentially for not achieving exponential decay of Fourier
coefficients which is needed to address the entire 8 = 0 regime). The second is that
the “easy path” consisting of reducing to a KAM scheme is out of reach. Indeed,
the expected limit of the KAM method is the Brjuno condition ) lng—z“ < 00 on «,
but this is still stronger than In g, +1 = 0(g,). Thus a novel, more robust, approach
to absolute continuity of the spectral measures will need to be implemented.

We notice that the discussion in the subexponential regime yields significant
information which goes beyond the absolute continuity of the spectral measures
(see for instance Remark 3.2 for an example), and can also be applied to the more
general context considered in [AJ2] (see §3.2).

1.2.2. The exponential regime. In the exponential regime, our approach will be
to show that each exponentially close rational approximation p, /g, gives a lower
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bound on the mass of the absolutely continuous component of a spectral measure,
and that this lower bound converges to the total mass of the spectral measure.

In [AD], this approach was used to prove absolute continuity of the integrated
density of states, which is the average of the spectral measures over different 6
(absolute continuity of the spectral measures for almost every 6 is obtained as a
consequence of this result, by applying [BJ] and [K]). The key point of [AD] was
to compare averages of the spectral measures (restricted to a large part of the
spectrum) over long sequences {6 + jqna}?’;gl with the corresponding objects for
the periodic operator obtained by replacing o with p,,/g,. In such approach, we
clearly lose control of individual phases, and one can not hope to recover a result
for every phase by an abstract scheme such as Kotani’s.

Here we will describe a key novel mechanism of “cancellation” among different
phases (which we hope will find wider applicability). We show that an abnormally
small (compared with the total mass) absolutely continuous component for any 6
implies the existence of an abnormally large absolutely continuous component for
some 6 + jg,a. The latter possibility giving a contradiction, we conclude that all
spectral measures have approximately the correct size.

Remark 1.1. Let us mention that the description of the critical regime at this point
is quite accurate but not complete. One conjectures (it is explicit in [J]) that for
|A| = 1, for every « and 6 the spectral measures are singular continuous. This is
proved for every « in the exponential regime and every 6 (Gordon’s Lemma, [G],
[AS]), almost every a and 6 ([GJLS]), and it is currently known to hold for every
a and almost every 0 (JAK]). See also [A] for a recent discussion including further
evidence for the conjecture.

Acknowledgments: I would like to thank Svetlana Jitomirskaya and David
Damanik for our joint work on [AJ2] and [AD], which form the basis on which this
work is built.

2. PRELIMINARIES

2.1. Cocycles. Let a € R, A € C°(R/Z,SL(2,C)). We call (o, A) a (complez)
cocycle. The Lyapunov exponent is given by the formula

(2.1) L(a,A) = lim l/111||An(:c)||das,
n—oo N,

where A,, is defined by
(2.2) An(z) = Az + (n— Da) - A(x).

It turns out (since irrational rotations are uniquely ergodic), that

(2.3) L(a, A) = lim sup ~In [[An()]|

N0 peRr/Z T
if « € R\ Q. We say that («, A) is uniformly hyperbolic if there exists a continuous
splitting C? = E*(x) ® E%(x), € R/Z such that for some C' > 0, ¢ > 0, and for
every 1> 0, [ An(x) -wl] < Ce="w], w € B*(z) and | An(z) " 0] < Ce="u],
w € E"(z+na). In this case, of course L(a, A) > 0. We say that («, A) is bounded
if sup,,> Sup,er,z [ An ()| < oo
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Given two cocycles (o, AM) and (a, A®)), a (complex) conjugacy between them
is a continuous B : R/Z — SL(2,C) such that A®)(z) = B(z + o)A (z)B(x)~"
holds. The Lyapunov exponent is clearly invariant under conjugacies.

We assume now that («, A) is a real cocycle, that is, A € C°(R/Z,SL(2,R)).
The notion of real conjugacy (between real cocycles) is the same as before except
that we now ask for B € C%(R/Z,PSL(2,R)). Equivalently, one looks for B €
C°(R/27Z,SL(2,R)) satisfying B(z + 1) = £B(x). Real conjugacies still preserve
the Lyapunov exponent.

We say that (a, A) is reducible if it it (real) conjugate to a constant cocycle.

The fundamental group of SL(2,R) is isomorphic to Z. Let

(cos 270 —sin 2#9)
9 pr—

(24) sin27f  cos276

Any A :R/Z — SL(2,R) is homotopic to « + R,,; for some n € Z called the degree
of A and denoted deg A = n.

Assume now that A : R/Z — SL(2,R) is homotopic to the identity. Then there
exists ¢ : R/Z x R/Z — R and u : R/Z x R/Z — R* such that

n ) (S e (VY.

The function ¢ is called a lift of A. Let p be any probability on R/Z x R/Z which
is invariant by the continuous map T : (x,y) — (z + o,y + ¥(x,y)), projecting over
Lebesgue measure on the first coordinate (for instance, take p as any accumulation
point of L Z;é T*v where v is Lebesgue measure on R/Z x R/Z). Then the
number

(2.6) pla, A) = /’L/Jd,u mod Z

does not depend on the choices of ¥ and p, and is called the fibered rotation number
of (o, A), see [JM] and [H].

The fibered rotation number is invariant under real conjugacies which are ho-
motopic to the identity. In general, if (o, A1) and (o, A®)) are real conjugate,
B(z+a)A® (2)B(z)~' = AW (), and B : R/2Z — SL(2,R) has degree k (that is,
it is homotopic to @ — Ry, /o) then p(a, AV) = p(a, A®)) + ka/2.

2.2. SL(2,R) action. Recall the usual action of SL(2,C) on C, <a Z) z = ZZZIZ

In the following we restrict to matrices A € SL(2,R). Such matrices preserve

H = {z € C, Sz > 0}. The Hilbert-Schmidt norm of A = (Ccl Z) is ||Allus =

(a2 + b2 + ¢ + d2)/2. Let ¢(z) = HEL for 2 € H. Then [|A||Zg = 26(A - 4).

One easily checks that |RgA|lus = HAR(;HHS = || Al|us, so ¢(Rez) = ¢(2).

We notice that ¢(z) > 1, ¢(i) = 1 and |In¢(z) — Inp(w)| < distg(z, w) where
disty is the hyperbolic metric on H, normalized so that distg(ai,i) = |lna| for
a> 0.

2.3. Almost Mathieu operator. We consider now almost Mathieu operators
{Hx,a,0}0er. The definition is the same as in the introduction, though we will
allow « to be a rational number p/q. The spectrum ¥ = X , ¢ does not depend
on 6 for « € R\ Q. We let Xy , be this 6-independent set for &« € R\ Q, and we
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let Xy /g = UsX ) p/q,0 in the rational case. It is the set of £ such that («, Sx g) is
not uniformly hyperbolic, with S g given by

(2.7) S,\7E(x) _ (E — 2/\1cos 2mx 01) ’

The Lyapunov exponent is defined by Ly (E) = L(a, Sy g).

Theorem 2.1 ([BJ], Corollary 2). For every « € R\Q, A € R, E € X, ,, we have
Ly o(E) =max{In|A[,0}.

2.3.1. Classical Aubry duality. Let IA{,\,mg = AMH)-1,9. If @ € R\ Q then (see
[GILS]) the spectrum of IA{,\,mg is ¥x,q. This reflects an important symmetry in
the theory of the almost Mathieu operators, known as Aubry duality.

Classical Aubry duality expresses an algebraic relation between the families of
operators { Hx a0 }oer and {Hx o0 toer which corresponds eigenvectors with Bloch
waves. In our notation, it is just the computational fact that if u: R/Z — C is an

~ 270
¢? function whose Fourier series satisfies H) o0t = Et, then U(z) = (Z(z u(;c)))
satisfies Sy g(z) - U(z) = e*™ U (2 + ).

2.3.2. The spectral measure. Fixing a phase § and f € I2(Z), we let uf = ,uf\cya_’e be
the spectral measure of H = H) o ¢ corresponding to f. It is defined so that

(2.8) (H—E)'f.f) = / !

E - F
holds for E in the resolvent set C \ .

We set p = pé=t + p® (where {e,}nez is the canonical basis of 1?(Z)). It is
well known that {e_1,ep} form a generating basis of (?(Z) [CL], that is, there is no
proper subset of [?(Z) which is invariant by H and contains {e_1,eg}. In particular
the support of u is ¥ and if p is absolutely continuous then all uf, f € 2, are
absolutely continuous. From now on, we restrict our consideration to p which we
will call just the spectral measure.

dp! (E)

2.4. The m-functions. The spectral measure p = fty o0 can be studied through
its Borel transform M = M} 40,

(2.9) M(z):/Ell_Zdﬂ(E’).

It maps the upper-half plane H into itself.
For z € H, there are non-zero solutions u* of Hu* = zu® which are £ at 400,
defined up to normalization. Let

(2.10) m* =2

Then m* and m~ map H holomorphically into itself. Moreover, as discussed in
2],
mtm™ —1
2.11 M=——m—
(2.11) mt 4+ m~
The connection with the cocycle acting on C arises since

(2.12) Sx-(0) - FmE(0) = FmE(0 + ).
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Since the holomorphic function m* maps the upper-half plane into itself, the non-
tangential limits lim._om™*(E + i¢) exist for almost every F € R, and define a
measurable function of R which we still denote m* (E).

Theorem 2.2. For every 0, for almost every E such that Ly o(E) = 0, we have
mi_,oz,@(E> = 7m;,oz,9(E)‘

Proof. Tt is a key result of Kotani Theory [S1] that the conclusion holds for almost
every 6. The point here is to extend this to every 6. Fix some arbitrary 6, and let
0, — 6 be some sequence such that the conclusion holds for 6,,. Let K = {E €
R, L/\,OL(E) = 0}

Let 7' : H — D be the conformal map taking (—1,0,1) to (—1,—i,1), t(z) =
T(m*(0,,T~(2))) and t*(2) = T(m* (0, T~'(2))). Notice that tX — t* uniformly
on compacts of D. Let nf = t*dz and n* = tTdx, where dz is normalized Lebesgue
measure on JD. By the Poisson formula, n° — n* weakly. Since |tF| < 1 and

[t*] < 1, we conclude that n:"| K — n*|K. By the hypothesis on 6,,, t; = t;, almost
everywhere in K. Thus 7,7 |K = 7, |K and passing to the limit, n*|K = n~|K. We

conclude that t7 = —t~ almost everywhere in K, which implies the result. ([

Corollary 2.3. Let 0 < A <1, a € R\ Q. Then for every 0 € R/Z there exists a
measurable function mx a0 : Xx.o — H such that Sx g(0) mx a.0(E) = mx a.0+a(E)
and

(2.13) diEM,\,a,e(E) = %d)(m/\,aﬁ(E))'

Proof. Let us show that m = m™|3 has all the properties. Equivariance is obvious.
We need to show that m™* € H for almost every E € 3, and that %,u = L1o(m").

First notice that m* = —m~ for almost every E € ¥, by Theorems 2.1 and 2.2.

To show that m* € H for almost every E € X, it is enough to show that the set
of E such that m* = —m~ € RU{oo} has zero Lebesgue measure. Otherwise there
would be a positive Lebesgue measure set of F € R such that the non-tangential
limit of m* is co or such that the non-tangential limit of m™ + m™ is 0, both
cases giving a contradiction (using that if the non-tangential limit of either m™ or
mT +m™ is constant in a set of positive Lebesgue measure then m™* or m* + m™
is constant everywhere).

If E is such that m*™ = —m— € H we have
d 1 . . 1
(2.14) d_EM)"’a’e(E> = lg% SMy,,0(F +i€) = ;(b(m;aﬂ(E)).l

O

2.5. Integrated density of states. The integrated density of states is the func-
tion N = N o : R — [0, 1] such that

(2.15) N(E) = /M 119(—00, E]do,

IThis implies that diE“ > % Notice that even if the relation m* = —m~ € H (almost

everywhere with L = 0) was only known for a dense subset of 6, the estimate diE w> % (almost
everywhere with L = 0) could then be concluded for every 6. Let us point out that we have not
used the 6-independence of absolutely continuous spectrum obtained in [LS].
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which is a continuous non-decreasing surjective function. The Thouless formula
relates the Lyapunov exponent to the integrated density of states

(2.16) L(E) :/Rln|E’—E|dN(E’).

There is also a relation to the fibered rotation number
(2.17) N(E)=1-2p(a, Sx )
where p(a, Sy g) € [0,1/2].

2.6. Periodic case. Let a = p/q, and let A = Sy g. The spectrum X , /40 is
the set of all E such that [trA,()] < 2, where A = Sy g. The set of E such that
[trA4(6)] < 2 the union of ¢ intervals, and the closure of each interval is called a
band. We order the bands from left to right. Inside a band, tr4, () is a monotonic
function onto [—2,2].

We define N /49 = %Zg:_g xp/q,0+ia(—00, E]. Inside the i-th band, we have
the formulas

k—1 1— (—1atht

(2.18) qNp/q0(E) =k —1+ (=1)7"""12p(0, E) + —
where 0 < p(0, E) < 1/2 is such that trA4,(8) = 2 cos2mp(0, E).

In the interior of a band, py,/46 has a smooth density. Since [trA,(f)| < 2,
there is a well defined fixed point my ,6(E) of A4() in H. Then

d 1
(2.19) EHA,p/q,e(E) = ;¢(m(9))-
2.7. Bounded eigenfunctions and absolutely continuous spectrum.

Theorem 2.4. Let B be the set of E € R such that the cocycle (o, Sx i) is bounded.
Then pix 0B is absolutely continuous for all 6 € R.

This well known result follows from [GP]. We will actually need an explicit
estimate, contained in [JL1], [JL2] (we give a proof since we found no reference for
the exact statement we need).

Lemma 2.5. We have ju(E — i€, E +ie) < Cesupgc <o || As|§, where C > 0 is
a universal constant.

Cxny T gy — +12 -2 .
Proof. We have SM = l‘;ﬁﬁg’ip (1g$+‘ + 1—2\12,‘ ) Since Sm™,3m~ > 0,
Smtem— 1
TmFrm-z < 3 and
12 —2
(2.20) gar < L (LEmTE L mT Y
-2 Smt Sm—

Clearly SM(E + i€) > o-ju(E — €, E +¢€). so

1+ |m*(E +ie)|?
Sm*(E + ie)

1
(2.21) 2—,LL(E — ¢, F+¢€) <max
€

We want thus to estimate

M<C sup || A,]2
sllo

2.22
( ) Sm(E + ié) - 0<s<Ce—1

for m = m™, m = m~. By symmetry, we will only consider the case m = m™.
Let mg = R_g - m. Those are so-called m-functions for the corresponding half-line
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problem with appropriate boundary conditions, see [JL2], §2. Assume now that
e~ !is an integer (the general statement reduces to this case). By Proposition 3.9 of

[LS] (a consequence of Theorem 1.1 of [JL1]), such m-functions satisfy the bound

1+€71
(2.23) Smg(E +ie) < (5+V24) > || Al
s=0

2
We notice that the quantity % = 2¢(z) is invariant under Rg. By choosing (

appropriately so to maximize Smg, mg becomes purely imaginary with Smg > 1,
and % < 2Qmg. Then (2.22) follows from (2.23). O

2.8. Corona estimates. Given a non-zero vector U € C2, it is easy to find a
matrix with first column U that belongs to SL(2,C). We just have to solve an
equation of the type ad —bc = 1, and it is trivial to get estimates on the size of the
solutions. If U depends holomorphically of a parameter, to obtain a holomorphic
solution of the same problem with good estimates is much more challenging, and
it is related to the famous Corona Theorem of Carleson [C].

The Corona Theorem states that if d > 1 and a; : D — C, 1 < i < d are bounded
holomorphic functions such that max; |a;| > € pointwise then there exist bounded
holomorphic functions b; : D — C, 1 < ¢ < d such that > a;b; = 1.

After the work of Wolff, good estimates on the solutions b; were obtained. For
instance, Uchiyama [U] (see Trent [T] for a published generalization) showed that
if § < (32 ]ai|?)'/? < 1 pointwise then the b; can be chosen such that (3 [b;|?)1/2 <
C372(1 —1Ind), with C independent of d. (Let us point out that [C] gives an upper
bound of the form Cy6~¢* with Cy depending on d, that would be enough for our
purposes.)

If instead of functions of the disk one consider functions of an annulus {z €
C/Z, |3z| < a}, the conclusion of the Corona Theorem (with the Uchiyama esti-
mates) is still valid, and is a consequence of the disk version (because the annulus
is uniformized by the disk and has amenable fundamental group).

The following is an equivalent convenient formulation of the case d = 2 of
Uchiyama’s Theorem for the annulus.

Theorem 2.6. Let U : R/Z — C? be an analytic function. Assume that 6; <
|U(x)|| < 65" for |Sz| < a. Then there exists B : R)Z — SL(2,C) with first
column U and such that | Bl < C67265 (1 —1n6162).

3. THE SUBEXPONENTIAL REGIME

We will follow the basic scheme of [AJ2], based on quantitative duality. In this
approach, almost localization estimates for the dual operator yield information on
the Fourier series of a “conjugacy” to constant. The almost localization estimate
gives exponential decay away from “resonant” sites, but this does not ensure con-
vergence for all energies (for generic energies, it is actually divergent). Still, the
estimates yield a good control of the dynamics.

Some of the estimates in [AJ2] lose exponential control of the decay of Fourier
coefficients, and hence are too weak to deal with the small denominators arising
in the regime 8 = 0 (the fight between the decay of Fourier coefficients and the
small denominators happens when we need to solve the cohomological equation
with small error). This is overcome by the systematic use of estimates in a definite
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strip for the truncated “conjugacies”. We then need to relate the control of the
dynamics with absolutely continuous spectrum (as described in the introduction,
[AJ2] invokes the KAM approach at this point, which we can not do). We have
good estimates on cocycle growth in terms of the resonant character of the dual
phase, and bounds on cocycle growth yield upper bounds on the spectral measures.
We still need estimates connecting the “parametrization by dual phase” with the
“parametrization by energy”?, which is done through a third parametrization, by
fibered rotation number.

Another interpretation of the proof is that we give some Holder control (in certain
scales, we do not actually show full Holder continuity here) on the spectral measures,
while showing that the support of the singular part has Hausdorff dimension zero
(with good coverings at the right scales to match the other estimate).

3.1. Strong localization estimates. Let « € R, 0 € R, ¢g > 0. We say that k is
an eg-resonance if || 20 —kal|g/z < e~ ¥l and |20 —ka|r )z = min ;< 20— jcr/z-

Remark 3.1. In particular, there exists always at least one resonance, 0. If 3 = 0,
120 — ka|r/z < e~ Fleo implies ||26 — kallr/z = minjji< g |20 — jol|r/z for k large.

We order the eg-resonances |n1| < |ng| < .... We say that 6 is eg-resonant if the
set of resonances is infinite.

Definition 3.1. We say that {H,\yaﬂg}geﬂg (see §2.3.1) satisfies a strong localization
estimate if there exists Co > 0, ¢g > 0, €1 > 0 such that for every eigenfunction
Hi = Ef satisfying tip = 1 and |dig| < 1+|k|, and for every Co|n;| < k < Cy nji|
we have |ag| < Coe1I¥l,

Theorem 3.1 ([AJ2], Theorem 5.1). If 6 = 0 and 0 < X\ < 1 then {Hx o0} ocr
satisfies a strong localization estimate.

3.2. A generalization. This section can be ignored if one is only interested in the
proof of the Main Theorem.

Let v : R/Z — R be analytic and let H = Hy, o9 : (*(Z) — (*(Z) be the
quasiperiodic Schrodinger operator given by (Hu),, = tn+1 + tn—1 + Av(0 + na)u,.
The almost Mathieu operator corresponds to the special case v(6) = 2\ cos 276 for
some A # 0.

As for the almost Mathieu case, the spectral properties of {H, a,0}ocr are in-
timately connected with the Schrédinger cocycles {(«, Sy, £} Eer, where S, g(z) =

E—v(z) -1
(7
spectral measures §2.3.2, m-functions §2.4 (except for Corollary 2.3 which needs
to be reformulated), integrated density of states §2.5 and bounded eigenfunctions
§2.7.

Most importantly, classical Aubry duality (§2.3.1) can be extended to this set-
ting: the operators f[ua,@ given by (f[d)n =Y Oplp—k+2 cos(2m(0+na)) iy, where

), and several key notions have identical development, including

2Each energy usually (almost everywhere) corresponds to finitely many dual phases, but we
have not been able to rule out (and it is not even heuristically clear that this should be the case,
see footnote 11 of [AJ2]) that for some exceptional set of energies there could be uncountably many
ones. This is closely related to the coexistence of both point and singular continuous spectrum
for the dual model. Happily for us, the exceptional set is very small (with Hausdorff dimension
Z€ro).
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v(z) = Y 0,e?™** have the property that if u : R/Z — C is an £2 function such that
R . 2710
Hy o0l = B4, then S, p(x) - U(x) = 2™PU(z + a), where U(z) = (Z(x u(j)))
Let us say that v is small if the family {IA{U,O‘79}96R is almost localized (the
definition of almost localization being the same as in the almost Mathieu case).
In particular, v(z) = 2Acos27x is small if 0 < A < 1. In general, this notation
is justified by Theorem 5.1 of [AJ2] which shows that if 0 < A < Ag(v) then
{H>v,0,0}oer is almost localized in the whole subexponential regime.
We will actually prove the following more general result in the subexponential
regime.

Theorem 3.2. If v is small and 3 = 0 then the spectral measures of H, ¢ are
absolutely continous.

All the discussion below applies essentially unchanged to operators H, o9 with
small v and § = 0. Besides replacing mentions of A by v and of the bound 0 < A < 1
by the condition that v is small, all the few places where modifications are necessary
will be explicitly pointed out in a footnote.

3.3. Localization and reducibility. Until the end of this section we fix 0 < A <
1, « € R\ Q with 8 = 0. For an energy E € %, it is shown in Theorem 3.3 of
[AJ2] that there exists some 6 € R and @ = (@;)iez such that Ha = Ed, to = 1,
|;] < 1. Until the end of this section, whenever E € ¥ is fixed, we will choose
some arbitrary § and @ with those properties, and we will denote A = S g.

By the strong localization estimate, if € is non-resonant then 4 is localized, that
is, it is the Fourier series of an analytic function. Classical Aubry duality (§2.3.1)
yields a connection between localization and reducibility (see for instance Theorem
2.5 of [AJ2]3):

Theorem 3.3. If 0 is non-resonant then («, A) is reducible.

3.4. Bounds on growth. The starting information on the cocycle growth is given
by Theorem 2.1, that L(a, A) = 0.* In our context this means that for any § > 0
there exists cs > 0, Cs > 0 such that
(3.1) sup || Ag(x)|| < Cse™%F.
|Sz|<es

The constants ¢s and Cs do not depend on F, only on A and a.b All further
constants may depend on « and A (respectively v). In the following C' is big and ¢
is small.

For a bounded analytic function f defined on a strip {|Sz| < €} we let || f|le =
Sup|g, < |f(2)|- If f is a bounded continuous function on R, we let [|fllo =

sup g |f(2)]-
Our goal in this section is to prove:

3Their argument only needs the arithmetical properties of « to solve the cohomological equation
oz + a) — ¢p(z) = b(z) — fol b(x)dx with b analytic, and this can be always done when 8 = 0.

4For the generalization, one applies Theorem 6.2 of [AJ2] whose proof is unchanged in the
B = 0 regime.

5In the case of the almost Mathieu operator it is possible to show that we can take c5 =
7i In . For the generalization, it is possible to show that it is enough to choose cs such that v
holomorphic in a neighborhood of {|Sz| < ¢5} and ¢5 < %61 where €7 is the one in the strong

localization estimate.
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Theorem 3.4. We have | A,|l. < CnC.

Given Fourier coefficients w0 = (g )rez and an interval I C Z, we let w! =
> per Wre*™ % The length of the interval I = [a,b] is |I| = b — a.

We will say that a trigonometrical polynomial p : R/Z — C has essential degree
at most k if its Fourier coefficients outside an interval I of length k are vanishing.

Let p,,/qn be the approximants of a. We recall the basic properties:

(32) lgnatllr/z = oot Ikellr/z,
(3.3) 1> qny1llgne|lr/z > 1/2.
The condition 8 = 0 implies

(3.4) Qg1 < e2lan),

Theorem 3.5 ([AJ2], Theorem 6.1). Let 1 < 7 < [qnt1/qn]- If p has essential
degree k = rq, — 1 and xg € R/Z then

(3.5) Ipllo < Cafy sup [p(xo + jov)l.
0<j<k
In particular, under the condition 8 =0
(3.6) Ipllo < Ce*™ sup [p(z + ja)l.
0<j<k
Lemma 3.6. We have o(|nj11]) > In |20 — njalr/z > c|ny|.
Proof. This follows immediately from 5 = 0. O

Choose Clnj| < n < C7Ynji1| of the form n = rgy — 1 < qgy1, let I =

276
[—[n/2],n — [n/2]] and define u(z) = u!(z). Let U(z) = (Z @ “(Of))) Then
(3.7) A(z) - U(z) — U (z + o) = e*¥ (h(o"””)) ,
where
(3.8) hi = x1(k)2 cos 2m(0 + ka) iy, + Z xr(k — §)tg—j,°

je{-11}
where x is the characteristic function of I. Since Hi = Ed, we also have
(3.9) —hi = xz\1(k)2cos2m(0 + k)i + Y xzni(k = 5)ik—;."
je{-11}

The estimates |i| < Ce*l for C~'n < |k| < Cn, |ax| < 1 for all k then imply
that |hy| < Ce"e~F that is ||h||. < Ce™°".

In the following, 6 and §p will be suitably small constants (much smaller than
the ¢ that appeared so far).

Theorem 3.7. We have inf|s,(<s, [|U ()| > ce™°™.
Proof. Otherwise, by (3.1), |u(z 4 ja)| < ce=%"/2 for some x with Sz = t, |t| < do

and 0 < j < n. Then |lu¢|lo < ce™®/® by Theorem 3.5, where u(z) = u(z + ti).
This contradicts [ u(z)dz = 1. O

6For the generalization one has hj, = x7 (k)2 cos 2m(6 + ka)dy + 32 x1(k — J)05,—j.
"For the generalization one has —hy = xz\1(k)2 cos 27m(0 + ko)t + > xzng (k= 5)jtg_j.
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Let B(x) € SL(2,C) be the matrix whose first column U(z) given by Theorem
2.6. Then

(3.10) Bz +a) ' A(x)B(x) = <€2:9 _Sm-e) * @8 ﬁbal((mw))> '
<

€

where [[b(z)ls, < Ce*", and ||B1(2)ls,, [183(2) 60, | Ba(@)lls, < Ce™". Taking
®(x) the product of B(z)~! and a constant diagonal matrix, ®(z) = DB(z)7!,

where D = g dol), with d? = max{||63||(1;({2, e~} we get

1 6271'1'0 0
(311) ®o + A = (7) S + Q)
where sup|q, <, [|Q(2)[| < Ce™" and sup gy <5, [2(2)[| < Ce. Thus
(3.12) sup || As|ls, < Ce ™.

0<s<cecm

Proof of Theorem 3.4. Let m > C. By Lemma 3.6 we can choose C'lnm < n <
Clnm so that Cln;j| < n < C7tnj41| and n = rgp — 1 < gx41 for some j and k.
By (3.12), |[Am]le < CmC. O

3.5. Triangularization in a definite strip.

Theorem 3.8. Fiz some n = |n;| and let N = |n;y1| if defined, otherwise let
N = co. Then there exists B : R/Z — SL(2,C) analytic with |B|. < e*™ such
that

(3.13) B(z + a)A(2)B(z)~! = (62:9 68,”9) + (g;gg 54(8)) :

with [|B1]le, 18ses 1 Balle < e~ and [b]lc < e=". In particular

(3.14) [Aslle < Ce?™ | 0<s<e™
Proof. Let u(x) = ul(z) for I = [—¢N,cN]. Let rqp > Cn; be minimal with
rqgr — 1 < qry1 and let J = [—[rqp/2],7qx — 1 — [rqx/2]]. Define U(x) as before,

and define also U”(z). Then our previous estimate Theorem 3.7 can be improved
to infjg, <. [|[U7(2)]| > e7°™). The estimate is better since we can use Theorem
3.4 instead of the weaker estimate (3.1). Since |[U — U’||. < e™", we get

(3.15) inf ||U(z)]| > e oM.

|Sz|<c

Moreover, we have A(z)-U(z) = e*™U (z+a)+ (h(()x)) with [|h]|. < e~N. Taking

B given by Theorem 2.6, we get
A a1 (€700 Bi(z)  b(x)
310 Bleraawse = (70" D)+ (510 20,

with [|B1]le, |B3]le, [|Balle < e N and ||b]|. < e°(™). If n < C' we are done, otherwise
let b (z) be obtained by truncating the Fourier series of b, so that it has the
Fourier coefficients with |k] < n — 1. We solve exactly

2710 b(l) _ e2mif 0
i) wera) (700 ) we = (07 )
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with W (z) = (1 ’LU(ZL'>>7 that is b (z) — e 2™ w(z + a) + €2 Pw(x) = 0, or in

0 1
terms of Fourier coefficients, wy = fbkl(i:% So we get ||[W]|. < (M) Tet
B(z) = W(x)é(x) Noticing that ||b — bWl < e~°", we obtain the estimates on

the coefficients of B(x+a)A(z)B(z)~!. The second statement follows immediately
from the first. g

3.6. Lower bounds on the integrated density of states.

Theorem 3.9. Let n = |n;| and let N = |nj41] if defined, otherwise let N = oo.
Let Ce=N < e < e=°"™). Then there exists W : R/Z — SL(2,C) analytic with
|Wl|en-c < Ce=Y4 such that Q(x) = W (x + a)A(x)W ™ satisfies

(3.18) 1@l < 1+ CeV?
Proof. Let B be given by Theorem 3.8. Let D = (E)l dol) where d = || B|.€*/*
Let W(z) = DB(z). If € < e=°") we have |W|o < Ce~ /%, Moreover
276
1 (e 0 @1(z)  go(x)
with [|g1 o, [lgs]lo; lgallo < Ce /2N and [lgaflo < Ce'/?. 1f € > Ce™*N then
1Qllo <1+ Ce'/2. O

Corollary 3.10. The integrated density of states is 1/2-Holder for every §.

Proof. By (2.16), L(E + ie) > ¢(N(E +€) — N(E — ¢)) for every € > 0. So it is
enough to show that for 0 < € < ¢, L(E +i¢) < Ce'/2. The condition 0 < ¢ < ¢
implies that € belongs to the range specified by Theorem 3.9 for some n = |n;|. Let
W and @ be given by Theorem 3.9. Then L(E + ie) = L(a, A) < In |/ Ao where

i) = Q)+ Wi +a) (5 ) W) Cleaty Al < [Qll — 1+ [W5e <

Ce'/?, 5o the result follows. O
Lemma 3.11. If E€ ¥ then for 0 < e <1, N(E +¢) — N(E —¢) > ce®/2.

Proof. Let § = ce3/2. Since L(E) = 0, by Thouless formula we have
52

(3.20) L(E +i6) = / %1111 4

We split the integral in I = I\EfE’\>1’ I, = f€<\E7E/‘<1, I3 = f€4<‘E7E,‘<€ and
1y

= f\EfE’Ke“' We clearly have I} < c2e3. By Corollary 3.10, it easily follows that

L= Yysa fosipopsen 1+ —|EfE,|2dN(E/) < O g /DI + 2172 <
Ce™/A,
Using Corollary 3.10, we can also estimate, with m = [—In€],

(3.21) I < Z/ mdN(E’)

< Czczesezkw —k/2 < O 3m B2 < 026,
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It follows that I3 > L(E +id) — ¢d. It is well known that L(F + id) > §/10 for
0 < d <1 (see Theorem 1.7 of [DS]). Thus I3 > §/20. Since Iy < C(N(E +¢€) —
N(E —¢))Ine !, the result follows. O

3.7. Real conjugacies. Again, fix n = |n;|, N = |nj11| and let u(z) = u!(x),
I = [~cN,cN]. Let U(x) be defined as before, and let U(z) = e™*U(x). Let

0 =60 —nja/2. Let B(z) be the matrix with columns U(x) and U(z). Let L™! =
120 — njal|g/z. Notice that

(3.22) A(z) - U(z) = 20 (2 + ) + (h(o‘"”>)

with [|A(z)]|. < e “N. Notice that in the considerations below, we must pass to a
double cover where the dynamics is like z — = + «/2, but the condition 8 = 0 is
independent of working with « or «/2.

Theorem 3.12. We have

(3.23) inf |det B(z)| > L.
z€ER/Z

Proof. Recall the estimate

3.24 inf ||U(z)]| > ™™,

(3:24) nf V()] = e

Minimize over A € C, z € R/2Z the quantity ||U(x) — AU(z)|. This gives some g,
zo. If the result does not hold then

(3.25) |l 200 (wo + jor) — 2" XU (o + jo)|| < cL™C, 0<j<CLC.
This implies that ||U(zo 4 ja)—XoU (zo+ja)|| < cL™¢ for 0 < j < ¢L'~°, and as be-
fore (first truncating the Fourier series at scale C'In L) sup,¢cp 7 1T (z) = MU (z)]| <

cL=°. But taking j = [L/4] in (3.25), we get |[iU(z) + iAoU ()| < cL™, so that
|U(x)|| < cL=¢. This contradicts |U(x)|| = ||U(z)|| > ce=°"). O

Take now S = RU, T = SU, and let W be the matrix with columns S and +7,
so to have det W > 0. Then

(3.26) Alz) - W(z) =W(z +a) - R_j+ O(e™Y), zeR/Z.
Let W (z) = | det B(z)/2|~/2W () so to have det W = 1. Then

| det Bz + C¥)|1/2
321) A wio) = [N

Since det W (x) = 1, this gives
(3.28) Alx) - W(z) =W(z+a) R+ O(e™Y), zeR/Z.

Assume first that n; is even so that W(z + 1) = W(x) and everything is de-
fined in R/Z. Letting ®(z) = W(x + a) ' A(z)W (z), we get ||p(a, ®) £ 0||g/z <

W(z+a) R+ O(e~N), z€R/Z.

Ce=°N. Assume now that n; is odd, so that W(x + 1) = —W(z). Letting
®(2) = Rigya)y2W(r+ a) PA(x)W (z)R_, )2, we get ® defined in R/Z with
(3.29) O(2) = Ry 15+ 0(e™ ), [Sz] < L=,

Then ||p(o, @) — § £ é||R/Z < Ce N,
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In either case, for some k with [|k| —n| <1
(3.30) 1126 = njallr/z — [12p(cr, @) — kalgyz| < 120 — njallr/z/10.

To estimate the topological degree of W, it is enough to estimate the degree of
|\M(z)|| for M = S or for M = T Notice that || [ e~ ™"*(S(z)+iT(x))dz| > 1, and
select M = S or M =T so that [ |[|M(z)| > 1/2. We have of course A(z) - M(x) =
M(z + a) + O(e™“"), |Sz| < ¢, which allows us to estimate

3.31 inf || M > ce—0(M),
(3.31) zé%/ZH ()| > ce

as before. Truncating the Fourier series of M keeping the |k| < Cn the resulting
M (z) is such that ||M(x) — M(z)|| < ||M(x)]|/2, so we just have to estimate the

degree of ”%ECE;H We do this by counting the number of zeroes of the coordinates
of M(z), and we get | deg W| < Cn. Then
(3.32)

1120 — njalr/z — |12p(a, A) — mallr/z| < (|20 — njallrz/10, for some [m| < Cn.
This implies the following result.

Lemma 3.13. If 6 has a resonance n; then there exists |m| < C|n;| such that
12p(cx, A) — ma|p/z < 2e7<™.

3.8. Proof of the Main Theorem in the case § = 0. Let B be the set of E € 3
such that («, Sy g) is bounded, and R be the set of E € ¥ such that («, S\ g) is
reducible. By Theorem 2.4, it is enough to prove that for every £ € R, 1 = iy ¢
is such that u(X\ B) = 0.

Notice that R \ B has only E such that («,S, g) is analytically reducible to
parabolic. It follows that R\B is countable: indeed for any such FE there exists k € Z
such that 2p(a, Sy g) = ka in R/Z. If E € R, any non-zero solution H) o ¢cu = Eu
satisfies inf ez |un|? + [un+1|? > 0. In particular there are no eigenvalues in R, and
#(R\ B) = 0. Thus it is enough to prove that u(X\ R) = 0.

Let K,, C ¥, m > 0 be the set of E such that there exists # € R and a bounded
normalized solution IA{A 0,00 = E4 with a resonance 2™ < |n;| < 2mT1. We are
going to show that > ju(K,,) < co. By Theorem 3.3, ¥ \ R C limsup K,,,. By the
Borel-Cantelli Lemma, Y u(K,,) < oo implies that M(E \R)=0.

To every E € K, let J,,(E ) be an open €, = Ce~°?" neighborhood of E. This
is chosen so to have sup;. o1 [[Asllo < e°?") by (3.14). By Lemma 2.5,

(3.33) (I (E)) < e’ (B),

where |- | is used for Lebesgue measure. Take a finite subcover K,,, C Ui—odm (Ej).
Refining this subcover if necessary, we may assume that every x € R is contained
in at most 2 different J,,(Ej;).

By Lemma 3.11, |[N(J,n(E))| > ¢|Jm(E)|>. By Lemma 3.13, if E € K,, then
|N(E) — kallg/z < Ce=2" for some |k| < C2™. This shows that N(K,,) can
be covered by C2™ intervals T of length Ce=°*". Since |Ts| < C|N(Jn(E))| for
any s, E € K,,, there are at most 2C + 4 intervals J,,(E;) such that N(J,(E;))
intersects T5. We conclude that there are at most C2™ mtervals Jm(Ej). Then

(3.34) ) < Z ne; ) < C2meo@™ g™
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which gives > u(K,,) < C.

Remark 3.2. In fact this argument shows that the set of energies for which the
cocycle is unbounded has Hausdorff dimension zero. By Theorem 2.5, this set
contains the set of energies where the spectral measures (and the integrated density
of states) are not Lipschitz.

4. THE 8 > 0 REGIME

Our work on the case 3 > 0 starts with the idea of [AD] to prove absolute
continuity of the integrated density of states. There it is shown that for a ratio-
nal approximant, a large set of the spectrum can be selected where we have the
pointwise estimate

4 d N < d N,

(4.1) dE - Ae/a = (1 +0(1))E A,

as long as « is exponentially close to p/q, which easily implies that the absolutely
continuous part of dN) o has mass close to 1.

It seems a very hard problem to obtain pointwise estimates for the spectral
measures themselves, and for the moment we can not prevent

d d
(42) EM)\,p/q,G Z (1 + 6)@/&\@,9-

However, we are able to show that this can not happen for too many energies. The
idea is to show that such bad situation leads to improved estimates

(43) diE:uk,p/q,H/ < (1 - 5)diEM)\,a,0/a

for some other #’. Then, integrating on E, we conclude that if for some phase 6
the total mass of the absolutely continuous part is less than 1 — € then we can find
another ¢’ for which the total mass of the absolutely continuous part is greater than
14 9, which is clearly impossible.

4.1. Proof of the Main Theorem assuming § > 0. Throughout this section,
we fix A, « and 0, and we assume 3 > 0.
Let Y C ¥ o and m be as in Theorem 2.3. It is enough to prove that

d
4.4 —o(m(0, E))dE = 27.
(4.4) | 25etm(o. B)iE = 2
The hypothesis implies that

(4.5)

o — 1_9’ < e~ (B—0(1))q
q
for arbitrarily large ¢. Fix some p/q with this property and ¢ large.
For a fixed energy E, write A = AMF) A, = A%A"p/q’E) and A,, = As{\’a"E).
Let ¢ = min{3/2, —In \/2}.
Let X ,/q.0 be the set of E such that trA,(6) = 2 cos2mp(0) with 1/¢* < p(0) <
1/2—1/¢%
The following plays the role of Lemma 3.1 of [AD].

Lemma 4.1. We have iy p/q.0(Exp/q.0 \ Xap/a.0) < 4/q.

Proof. We have dN» p,/4.0 = % Zz;é Bxp/q,04+ka AAd ANy prq 0(Ex 5/q.0 \ Xxp/q,0) =
4/q2. O
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Lemma 4.2 ([AD], Lemma 3.2). We have

(4.6) 1Zap/q \ Sral < e lemo@a,

In particular,
(4.7) 1 X p/a.6 \ el < emlemoa,

The following is the appropriate version of Lemma 3.3 of [AD] that we need.
Though the claim is formally different, since our set X /49 is somewhat larger
than the set X, , /4 given in [AD], the proof is exactly the same.

If £ belongs to the interior of ¥, /4.0, let m(6, E) be the fixed point of A,(6)
in H, as in §2.6.

Lemma 4.3. We have
(4.8) sup  suplno(m(x, E)) = o(q).

EEXy ,/q.0 TER

The analogous of Lemma 3.4 of [AD] holds again with same proof.
Lemma 4.4. We have jix p/q.0(Xxp/q0 \Y) = o(1).

It follows from Lemmas 4.1 and 4.4 that

(4.9) /X § $(m(0, E))dE > 21 — o(1).
X.p/q,60

We will need to estimate how well the cocycle can be compared with the rational
case. By Lemma 4.4, we have A(0+ka) = B(0+(k+1)p/q) Ry (o-+kp/q B(0+kp/q) ™!
with In||B(6)|| = o(q), by taking B(§ + kp/q) - i = m(0 + kp/q, E). We have
H?:(kl Ry(o+ip/q) = B(0) "1 Ag(0)B(0) = Ry 9. The following is the appropriate
version of Lemma 4.1 of [AD]. Let b = [e*/199].

Lemma 4.5. For 0 <k < b we have ||B(6) ™' Ay, (0)B(#) — Ryl = O(e—ca/).

Proof. Write

0 0
(410) A0 = [ A@+ie)= ] BO+ i+ 1)p/q)Q:B(0 +ip/q)~".
i=k—1 i=k—1

Then [|Q; — Ry(orip/q)l = O(e=G/270MW0) for 0 < i < bg. Thus Ay(0) =
B(0)QB(#)~" where Q = ngkq_l Qi satisfies |Q — Ryy,(q)|| = O(e~(c7oMa) O

We now diverge from [AD]. The cancellation mechanism will evolve along the
next four lemmas. The basis is an equality for periodic elliptic matrices in SL(2, R):

Lemma 4.6. Let ¢/d be a rational number which is not an integer multiple of 1/2,
and let zo € H. If By € SL(2 R)

d—
1 .
(4.11) p Z (Bo * Repya - 20) = ¢(20)9(Bo - 4).
k=
Proof. Let Z € SL(2,R) be a matrix taking ¢ to zo. We want to estimate
1= 1
(4.12) P 1Bo - Reja - Zlas = §||ZH12{SHBO|\12{S-



18 ARTUR AVILA

By considering rotations, this is the same as showing
(4.13)

1 = v 0 I/I 0 2 1 VI 0 2 v 0 2
d Z | 0 p-! R pekyar 0 -1 s = 5” 0 -1 sl 0 p! s
k=0

for any z, v and v/. A direct computation gives

d—1
1 v 0 v 0
(414 > (0 1/1) Ryson/a- (0 V,l) s =

VU v 4 (2 =) (2 — V7 ?) (cos? 2n (@ + ke/d) — 1)

since
d—1 d—1
1 5 1 1+ cosdn(x + ck/d)
(4.15) p ,;_0 cos” 2m(x + ck/d) = p ,;_0 5 =1/2.

Next we obtain an estimate on general elliptic SL(2, R) matrices:

Lemma 4.7. For every ¢ > 0 there exists 6 > 0 such that if By € SL(2,R) with
| Boll < €%, 7% < p < 1/2—e7%, zy € H with ¢(20) < €°? and by > e“? then as
q grows we have

bo—1

(4.16) 1 > @(Bo - Rikp - 20) > (1= 0(1))é(20)p(Bo - 9).

b
0 k=0

Proof. Let ¢/d, d < bé/ 2 maximal, be an approximant of p. It is enough to show
that

d—1
(4.17) > 6(Bo - Rary - 20) > (1 — 0(1))(20)$(Bo - ).
k=0

Ul

Consider the points wj, = By R e/ 20, Wk = Bo- Rikp-2z0. Then distg(wy, wy,) =
o(1). It follows that it is enough to show that

d—1
(118) =37 Bl > (1 - o(1))0(=0)0(Bo - ).
k=0
This follows from Lemma 4.6. O

We now apply the previous estimates to the cocycle, using that it is well shadowed
by rotations by Lemma 4.5.

Lemma 4.8 (Cancellation along orbits, fixed energy). Let z € H, E € X, ,/q0. If
1 < k <2 is such that

(4.19) [Ing(z) —Ind(m(6, E))| > Ink
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then
(4.20) Ekz (Apg(0) - 2) > (1;: —0(1))p(m(0, E)).

—

Proof. There are two cases to consider. If ¢(z) is not e°(@) | then by the previous
lemma, ¢(Ax,(0) - 2) is not €@ for 0 <k < b—1 and

(421) bzmkq 2) 2 26(m(0, B)).

Assume now that ¢(z) = e®@. Set By = B(f), zo = B(0)~' -z, p = p(0), bg = b
in the previous lemma. Then

(4.22) T Z¢ ) Ragep(oy B(0) ™" - 2) > (1 = 0(1))(20)$(B(0) - ).

We have B(f) - i = m(0, E). Moreover distg(z,m(0, F)) > Ink (since In¢ is 1-
Lipschitz in the hyperbolic metric), so we also have disty(z0,4) > Ink. It follows
that ¢(z0) > (1 + £?%)/2k, so we have

T’
L

1+ k2

(4.23) $(B(6) - Rinp(e)B(O) ™" - 2) > (1 —o(1))

0
We now notice that distu(B(6) - Ry B(0)~" -z, Ay - 2) = o(1) by Lemma 4.5
and ¢(z) = e°@ 5o (1 —o(1))d(B(H) - RipoyB(0)™" - 2) < ¢(Apg - 2), which gives
—1

¢(Arg - 2) > (1= o(1))

0

o(m(0, E)).

S =
ol
I

<

1+ k2

(4.24) $(m(0, E)).

S =
>
Il

This estimate can be applied to the case z = m(f) and integrated to yield:

Lemma 4.9 (Cancellation along orbits, integrated version). For every e > 0 there
exists 6 > 0 such that if

(4.25) / 6(R(0, E)) < (1 — € — o(1))2r
Xx,p/q6NY
then
1 b—1 )
(4.26) ng_O/XA oy d(m(0 + ka, E)) > (1+6 — o(1))2n.

Proof. Let W C X ,/4,0NY be the set such that ¢(m (0, E)) < (1—¢/2)p(m(0, E)).
Then by (4.9)

(4.27) /W o(m(0,E)) > em — o(1).

Applying the previous lemma with z = m(6, E) we get

Q“
,_.

(4.28) % (7 (0 1 ke, B)) > (146 — o(1))6(m(0, ), E € XnpjqoNY \ W,
0

b
Il
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(4.29)

ARTUR AVILA

SH
|

om0 +ka, E)) > (1+5—0(1))p(m(0,E)), EeW,
0

S =
ES
Il

Integrating and using (4.9) we get

(4.30)

b—1

% Z /X d(m(0 + ka, E)) > (1 —o(1))27 + (6 — o(1))(em — o(1)).

k=07 Xx,p/q,6NY

O

The conclusion of this lemma being obviously impossible for ¢ large, we must

have

(4.31)

/ o(m(6, E)) > (1 — o(1))2m,
Xx,p/q,6NY

which implies (4.4) as ¢ grows.
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